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PREFACE 


This book covers six aspects of graduate school mathematics: Algebra, 
Topology, Differential Geometry, Real Analysis, Complex Analysis and Par- 
tial Differential Equations. It contains a selection of more than 500 problems 
and solutions based on the Ph.D. qualifying test papers of a decade of in- 
fluential universities in North America. The mathematical problems under 
discussion are kept within the scope of the textbooks for graduate students. 
Finding solutions to these problems, however, involves a deep understanding 
of mathematical principles as well as an acquisition of skills in analysis and 
computation. As a supplement to textbooks, this book may prove to be of 
some help to the students in taking relevant courses. It may also serve as a 
reference book for the teachers concerned. 

It has to be pointed out that this book should not be regarded as an all- 
purpose troubleshooter. Nor is it advisable to take the book as an exemplary 
text and commit to memory all the problems and solutions and make an indis- 
criminate use of them. Instead, the students are expected to make a selective 
survey of the problems, take a do-it-yourself approach and arrive at their own 
solutions which they may check against those listed in the book. It would be 
gratifying to see that the students can work out the problems on their own and 
come up with better solutions than those provided by the book. If the students 
fail to do so or their solutions may turn out to be incomplete, it may reveal 
the inadequacy of their knowledge or approach, thus spurring them to greater 
efforts to promote their skills. The very purpose of the authors in writing the 
book is just to help the students to discover the truth by trial and error. 

This book was inspired by Professor K. K. Phua’s proposals. We are par- 
ticularly grateful to him for his support. We also wish to thank Dr. Xu Pei- 
jun, Professors Zhang Yin-nan, Hong Jia-xing and Chen Xiao-man for their 
painstaking efforts to collect test-oriented data. For selecting problems and 
providing solutions, we wish to acknowledge the following professors respec- 
tively: Wu Quan-shui (Part I), Pan Yang-lian (Part II), Jiang Guo-ying (Part 



Ill), Tong Yu-sun, Xu Sheng-zhi (Part IV), Chen Ji-xiu (Part V) and Qin 
Tie-hu (Part VI). We are also indebted to Professor Guo Yu-tao for carefully 
reading and correcting the manuscript. Finally, we pay tribute to Dr. Cai 
Zhi-jie for printing out the manuscript. 


Li Ta-tsien 

Department of Mathematics 
Fudan University 
Shanghai 200433 
China 
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Section 1 Linear Algebra 


1101 

Let V be a real vector space of dimension at least 3 and let T 6 Endjj(F). 
Prove that there is a non-zero subspace W of V , W ^ V, such that T(W) C W. 

( Indiana ) 

Solution. 

Make V into an lR[A]-module by defining A • v = T(v) for all v £ V. Thus 
for QiA* G 1R[A] and v G V 

i=0 


(S^A’) ■v = jTa i T i (v). 

\i=0 ) t=0 

It is clear that a subspace W of V is an 2R[A]-submodule of V if and only if 
T{W) C W. 

Now suppose V is a simple 2R[A]-module. Then V ~ 1R[X]/I for some 
maximal ideal of 2R[A]. Since M[X] is a P.I.D., there exists an irreducible 
polynomial /(A) of JR[A] such that I = (/(A)). So 

3 < dimjR(V) = dimjR 2R[A]/(/(A)) = deg /(A). 

This implies that we have an irreducible polynomial /(A) with degree > 3 in 
-K[A]. This is a contradiction. Hence V is not a simple 2R(A)-module, that is, 
there is a non-zero subspace W of V, W ^ V, such that T(W) C W. 


1102 

Let V be a finite dimensional vector space over a field K. 

Let S be a linear transformation of V into itself. Let W be an invariant 
subspace of V (that is, SW C W ). Let m(t), mi(t), and ni 2 (t) be the minimal 
polynomial of S as linear transformation of V, W and V/W respectively. 

(a) Prove that m(t) divides rri\(t) ■ m 2 (t). 
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(b) Prove that if mj(t) and m 2 (t) are relatively prime, then 

m(t) = rai(<) • m 2 (i). 

(c) Give an example of a case in which m(t ) ^ m^i) • m 2 (t). 

(Indiana) 

Solution. 

As usual, V can be viewed as a if [t]-module via the linear transformation 
S. Since W is an S-invariant subspace of V, W is a K [t]-submodule of V . 
Then it is clear that (m(<)) = Ann^F, (ra^f)) = Annx[t]W and ( m 2 (t )) = 
Ann m V/W. 

(a) Since 


mi(t) • m 2 (t) • V C mi(t) • W = 0, 
mi(t) • m 2 (t) E Annjf [(] y = (m(t)). 

Hence m(t) divides m 2 ({) •m 2 (t). 

(b) Since 

m(t) G Ann^jV C Ann^jW = (mi(t)), 

rai(t) divides m(t). Similarly, m 2 (t) divides m(t). Since m\(t) and m 2 (t) are 
relatively prime, m 1 (t)-m 2 (f) divides m(t). Then we have m(t) = 
since m(t), m,i(t) and m 2 (t) are all monic polynomials. 

(c) Let W be a 2-dimensional vector space over the field Q of rational 
numbers and S : W —* W be a linear transformation with minimal polynomial 
t 2 + 1. Let V = W © W and 5 : V — * V be the natural extenaion of S to V. 
Then it is clear that m(t) = m 2 (t) = m 2 (t) = t 2 + 1. So m(t) m i(<) • m 2 (t) 
in this example. 


1103 

Let V be a finite dimensional vector space over M and T : V — * V be a 
linear transformation such that (a) the minimal polynomial of T is irreducible 
and (b) there exists a vector v E V such that {T'v | i > 0} spans V. Show 
that V doesn’t have proper T-invariant subspace. 

( Indiana ) 

Solution. 

V can be viewed as a module over the polynomial ring JR[A] via /(A) • x = 
f(T) ■ (e), for any /(A) E JR[A] and x E V. Then we have V = M[ A] ■ v, a 
cyclic module, since {T'v | i > 0} spans V by (b). Let m(A) be the minimal 
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polynomial of the linear transformation T : V — * V. Then m(A) £ Ann K ^(v). 
Since m( A) is irreducible, we have 

2R[A]/(m(A)) ~ 1R[\] -v = V 

(we may assume that V ^ 0). So V is an irreducible JR[A]-module. Thus, V 
does not have proper T-invariant subspace. 


1104 

Let A be an n x n matrix with entries in <F. Show that A has n distinct 
eigenvalues in (E if and only if A commutes with no nonzero nilpotent matrix. 

(Indiana) 

Solution. 

Necessity. Suppose that A has n distinct eigenvalues A l5 A 2 , • • • , A n in (T. 
Then there exists an invertible n x n matrix P such that 

PAP- 1 =diag{A 1 ,---,A n }. 

If A commutes with some nilpotent matrix B , we have to show B = 0. Since 
Ax, A 2 , • • • , A„ are distinct and 

PAP- 1 = diag{Ax,---,A n } 

commutes with P -1 BP, P~ 1 BP is a diagonal matrix. But the nilpontency of 
B implies that P~ X BP is nilpotent. Hence we have P~ 1 BP = 0. So B = 0. 

Sufficiency. Suppose that the characteristic polynomial of A has multiple 
roots. We have to show that A commutes with some nonzero nilpotent matrix. 
Let diag(Ji, J 2 , • • • , J t ) be the Jordan canonical form of A and 

PAP- 1 =diag(J 1 ,J 2 ,---, J t ), 

where P is an n x n invertible matrix and Ji is a Jordan block of order e,-. 
Without loss of generality, we may assume that > 1 (If all the e, • = 1, then 
it is easy to see that A commutes with some nonzero nilpotent matrix). 

Let Bi be the Jordan block of order ex, with 0 on the diagonal. Then 
JiBi = BiJi and f?i(y= 0) is nilpotent. Let 

B' = diag(£i, B 2 , ■ ■ ■ , B t ) 
where B,(i > 2) = 0 6 M e .((E). Then 

B' ■ PAP- 1 = PAP- 1 ■ B' . 

Taking B = P~ 1 B'P, we have B ^ 0, which is nilpotent, and AB = BA. 
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1105 

Suppose V is a finite dimensional vector space over a field K, T : V — ► 
V a linear map such that the minimal polynomial of T coincides with the 
characteristic polynomial, which is the square of an irreducible polynomial in 
K[T). Show that if T?, ~v* and Ttf are any three non-zero vectors in V, then at 
least two of the three subspaces spaned by the sets {T‘!?},'>o, {T l U*},>o and 
{T l o coincide. 

(Stanford) 

Solution. 

V can be viewed as a module over the polynomial ring F[ A] simply by 
/(A) • x = f(T) • ( x ) for any x £ V, /(A) £ -F[A]. Let {iq, u 2 , ■ ■ • , u n } be a base 
of V over F, A = (a,y ) nxn he the matrix of T relative to the base. In general, 
a normal form for XI — A in M n (F[ A]) has the form 

diagjl, • • ■ , Ld^A), • • • ,d s (A)} 

where the d;(A) are monic of positive degree and <l t (\)\d J (\) if i < j. By 
the structure theory of finite generated modules over P.I.D., there exist z,-(* = 
1, 2, • ■ ■ , s) £ V such that V = .F[A]-Zi®-F[A]-Z2©- ■ -©^[A]-^ where Ann(z,) = 
(di( A)). Here, according to the assumptions, the minimal polynomial m(A) of 
T is det(A7 - A), so 

m(A) = d s ( A) = det(A7 — A). 

Hence s = 1 and 

V = F[A] • Z! - F[A]/(m(A)) 

is cyclic. Since m( A) is the square of some irreducible polynomial, V = F[X\-zx 
has exactly two non-zero submodules. Obviously, the three subspaces gener- 
ated by the sets {T*T?};>o, {T* and {T’uf}i> 0 are non-zero submodules 

of V over T’fA]. So at least two of them coincide. 

1106 

Let V be a finite dimensional vector space over W with basis {rq, • • • , v n }. 
Let crbea permutation on {rq, • • • , w„} and thus induce a linear transformation 
A on V. Show that A is diagonalizable. 


(Harvard) 
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Solution. 

By re-ordering the elements «i, v 2 , • • ■ , v n , we assume that 

a = (v 1 ---v il )(vi 1+ i---vi 2 )---(v i ' +1 ---i} n ), (1 < ii < i 2 < ■ ■ ■ < i, < n), 

when cr is expressed as the product of disjoint cycles (This decomposition may 
have 1-cycles). Let Wj be the subspace of V generated by {V^., + 1, • • • , 
for j = 1 , 2 , •••,* + 1 (io — 0 , i, + i — n). Then the Wj are invariant subspaces 
of A and V = Wi ® W 2 ® ••• ® W,+i. Let Mj be the matrix of A\wj ■ 
Wj —> Wj relative to the base {v tj ._ 1+ i, • • • , v tj . } of Wj over <E. Then M = 
diag{Mi, ■ • • , M J+ i} is the matrix of A relative to the base v 2 , • • • , n„}. So 
it suffices to prove that every Mj is diagonalizable. 

Hence, without loss of generality, we may assume that cr is the n-cycle 
(vi, v 2> ■ ■ • , v„). The matrix of A relative to the base {«i, v 2 , • • • ,v n } is 


( 

0 

1 

0 

0 

> 


0 

0 

1 

0 





0 

1 


l 

1 

0 

0 ••• 0 

0 

J 


It is easy to see that the minimal polynomial of M is A" — 1, and thus M is 
diagonalizable. 

This completes the proof that A is diagonalizable. 


1107 


Let V be a finite dimensional vector space over the field of rational numbers. 
Suppose T is a non-singular linear transformation of V such that T~ 1 = T 2 +T. 
Prove that 3 divides the dimension of V, and prove that if dim V = 3, then all 
such T’s are similar. 

( Harvard) 

Solution. 

Since T~ 1 = T 2 + T, T is annihilated by the polynomial A 3 + A 2 — 1. 
Obviously, A 3 + A 2 — 1 is irreducible over the field Q of rational numbers. Thus 
A 3 + A 2 - 1 is the minimal polynomial m(A) of T. 

Now let n be the dimension of V over Q, Abe the matrix of T relative to 

some base of V, diag{l, di(A), • • - , d, (A)} be the normal form for XI — A 



8 


where the di( A) are monic of positive degree and d;(A) |dy (A) if i < j. By the 
irreduciblity of d,( A) = rn(A) = A 3 + A 2 — 1, we have 

di(A) = d 2 (\) = ■■■ = d t ( A) = A 3 + A 2 - 1. 

Since det(A7 - A) = di(A) • ■ • d a (A), 

3 • s — deg(det(A7 — A)) = n. 

Thus we have proved that 3 divides the dimension of V. 

If dimy = 3, then XI — A is equivalent to diag{l, 1, A 3 + A 2 — 1}. The 

(0 1 0 \ 

rational canonical form for A (or T) is I 0 0 1 I . It follows that all the 

V 1 0 -1 / 

T’s are similar when dimF = 3. 


1108 


Let F g be a finite field with q = p n elements, where p is a prime. Let 
II : F q — * F q be the Frobenius automorphism II(x) = x p . Prove that II 
considered as a linear map over F p is diagonalizable if and only if n divides 
p n — 1. (Here is a misprint. It should be “n divides p— 1”.) 

( Harvard ) 

Solution. 

It is wellknown that F p C F q is a Galois extension with 

Gal (f 9 /f 9 ) = {i, n, n 2 , • • • , n"- 1 }. 


By the Normal Base Theorem, there exists a u 6 F q such that {u, n(u), II 2 (it), 
is a base for F q over F p . When n is considered as a linear map of 
F g over F p , the matrix of II relative to the base { u , II(tt), II 2 ('u), • • • , n n " 1 (u)} 

/ 0 1 0 ••• 0 \ 

0 0 1 ••• 0 


M = 


0 0 0 ••• 1 

\ 1 0 0 0 / 


The normal form for A E — M is diag{l, • • • , 1, A" — 1} and the minimal poly- 
nomial m(A) of M is A” — 1 = det(A7£ — M). 

Suppose that II is diagonalizable as a linear map over F p . Then m(A) = 
A" — 1 has no multiple root, and all the roots of A” — 1 are in F p . On the other 



9 


hand, all the root of A” — 1 forms a subgroup of F* = J J, p \{0}. Thus n divides 

p-1. 

Conversely, if n divides p— 1, A" — 1 has no multiple root and 
A” — 1 = (A — 1) ■ (A — a d )(A - a 2d ) • • • (A - a^- 1 ^) 

where d = and a is the generator of the group F* . Hence M is similar 
to diagf^a^, ■ • • ,a^ n ~^ d } in M„(F p ). So II is diagonalizable as a linear map 
over F p . 


1109 


Let A(t) be a non-singular matrix ..nose elements are differentiable func- 
tions of real variable t . Let A'(t) denote the matrix formed by the derivatives 
of the elements. Show that the derivative of the determinant det A satisfies 


^ (det A) = det A • trace(.A' • A 1 ) . 


Solution. 

Let 


Then 


and 



“n(f) 

012 (*) ■ • • 

“in (f ) \ 


A(t) = 

“21(f) 

022(f) • • • 

“2 n(f) 



y. “nl(f) 

a„ 2 (f) • • • 

o„„(f) J 



/ a' n (t) 

“12(f) • • 

“in (f ) 


A'(t) = 

a 2 i(t) 

“22(f) 

“2n(f) 



V “'mM 

“5.2(f) •• 

<„(<) 



( 

-dll A21 

••• -d„i 

\ 

A - 1 = (det^)" 1 

A \2 A22 

••• -d„2 



\ 

Ain -d-2n 

• • ■ A nn 

/ 


where A rj is the algebraic cofactor of a^- (t). Hence 


( Harvard ) 


det A • trace(j4 , J 4 *) = ^ “if + X/ a ' 2 i d h T"! a nj(*)^»j 

1 = 1 j = i 3 = 1 

= Y.Y, a 'n = X) (s • 
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For 1 < k < n, let 



( an(t) ai 2 (t) 

■■■ a ln(t) ^ 

A k - 

a JtlM a k2^) 

••• “U(*) 


\ a nl(t) a n 2 (t ) 

a nn (t) ) 


So, 

det A • traced' .A -1 ) = det A\ + det A2 + h det A n . 

On the other hand, by definition, 


^(det4) = j t E ( — !) r(pi Pn)a ipi(*) a 2p 3 (<) • • • Onp„ (t) 

(pi— j>») 


(Pf-Pn) \k=l 

= E( E (-1 )*'"*'>a lpi (t)... a ' kpk (t)---a npn (t) 

* = 1 \(pi~P») 

= det Ai + det A2 + • • • + det A n . 

Hence we have proved that 

-f- (det A) = det A • trace(A' • -A -1 ). 
at 


1110 

Let V be the vector space of polynomials p(x) = a + bx + cx 2 with real 
coefficients a, b , and c. Define an inner product on V by 
1 t 1 

(p>«) = j J 

(a) Find an orthonormal basis for V consisting of polynomials </>o(x), <j>i(x), 
and $2(2), having degree 0 , 1 , and 2 , respectively. 

(b) Use the answer to (a) to find the second degree polynomial that solves 
the minimization problem 

min f (p(x) - x 3 ) 2 dx. 


( Courant Inst.) 
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Solution. 

(a) Since l,x,x 2 is a base of V, we can orthonormalization 1, x. x 2 to get 
an orthonormal basis 

<t>o( x ) = 1 , <t>i{ x ) = a / 3 ®, <j> 2 {x) = + ^~x 2 

of V with degree 0, 1 and 2 respectively as usual. 

(b) Let 

Po(x) = c 0 <f>o(x) + ci<f>i(x) + c 2 </> 2 (x) £ V (d € JK) 

and 

q 0 {x) = x 3 - po(x) 

such that qo(x) is orthogonal to V , that is 

(* 3 - Po(a:)> M*)) = 0 (i = 0,1,2). 

Then for any p(x) 6 V, 

j{p{x)-x>Ydx = 2|x 3 — p(x)| 2 

= 2|x 3 — po(x) + po(x) — p(x)| 2 

= 2\q 0 (x) + p 0 (x) - p(x)\ 2 . 

Since (go(®),Po(s) - p(fc)) = 0, 

J ip( x ) ~ x 3 ) 2 dx = 2\q 0 (x)\ 2 + 2\p 0 (x) - p(x) \ 2 . 

It follows that ^ 

mk f (p( x) - x 3 ) 2 dx = 2|g 0 (a:)| 2 . 
p €V J - i 

Since (qo(x), 0»( as )) = 0 if and only if 

(x 3 , <f>i(x)) - (po(x), <f>i(x)) = a (i = 0, 1, 2). 

By an easy calculation, we get c 0 = 0, ci = ^ and c 2 = 0. Hence po(x) = |x 
and qo{x) = x 3 - |x. Obviously, 
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Thus, when p{x) = |x, 


is minimal, and 


J (Pte) - x 3 ) 2 dx 

/»1 Q 

nin / (p(x) — x 3 ) 2 dx = . 

*vj-i 175 


1111 


Suppose that i is an n x n matrix and that 


( X1 \ 

j 

' yi \ 


x = : 

, y- J 

i , y* = (j/i, • • 

‘ i Vn ) • 

\ x n / 

' 

V Vn / 


Suppose that all the entries of A, x, 

and y are real. 



(a) Show that there exist numbers a and 6 so that 
det(j4 + sxy*) = a + bs. 


(b) Show that if det(.A) ± 0 then a = det(j4) and b = det(.A) • y*A~ 1 x. 

(c) Is it true that a = 0 if det(.A) = 0? 

( Courant Inst.) 

Solution. 

(a) Directly, 


det (.A + sxy*) 

an + sxiyi 


= det 


= det 


+s • 


a.nl + sx„yx ■ 

ail • • • a i„ 


det 


/ *i2/i 
“21 

\ a„i 


a ln + «*l2/n 
a„„ + sx„y„ 


*1 2/n \ 
«2n 

«n„ j 


-h det 


( On 
*22/1 
a 3 i 

V «m 


ain ^ 
* 22 /n 
&3n 

a„„ / 
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+ 1- det 


a 11 ‘ ' • «1 n \ 

«n-l,l ••• «n-l,n 

\ a n y ! ••• x n y n ) 


Hence det(.A + sxy*) = a + bs for some a and b, for any s. 

(b) Since for any s, det(.4 + sxy*) = a + bs as in (a), we have a = det(A) 

and 


b = det 


xiyi ■■■ xiy n \ 

«21 ’ ’ ' 0, 2 „ 


+ det 


( oil 
222/1 
«31 


+ h det 


a n 


\ o n 1 

Oln \ 


am \ 
x 2 y n 
a 3 n 

a nn ) 


On-11 ••• «n- In 

\ x n yi ••• x n y n ) 


= Y xi yj Ai J + Y x 2Vj A 2j + • • • + Y x nVj A "j 

i = 1 i = 1 i = 1 

where A %] is the algebraic cofactor of a,y. If det A ^ 0, 

An A n 


A- 1 = 


1 


det(.A) 


A n 


Thus 


b - Y x ' Y y i A '3 

i=i \i=i 


= y ■ 


•• A nl 

•• Ann 


— y*(det(A) ■ A x )x 

— det(.A) • y*A~ 1 x. 
(c) If det(j4) = 0, a - det(,4) = 0. 
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1112 

Let A be an n x n real matrix with distinct (possibly complex) eigenvalues, 
Ai, A2, ■ • ■ , A„, and corresponding eigenvector vi,v 2 , ■ ■ ■ ,v n . Assume that Ai = 
1 and that \\j\ < 1 for 2 < j < n. Prove that lim A n v exists. Define 
T : W n —> (T n by T(v) = lim A n v. Find the dimensions of the kernel and 
image of T and give basis for both. 

( Courant Inst.) 

Solution. 

Let P = («!, i>2, • • • > v n ). Since Ai, A2, ■ • • , A n are distinct, P is an invertible 
matrix in M n (W) and P -1 AP = diagjAi, A2, • • • , A n }. 

For any v € <F n , 

lim A n v = lim PdiagjA”, A^, • • • , A£} • P _1 • v 

n—* 00 n—*oo 

= P ■ diag{l,0, • • • , 0} • P -1 • v 

(Since lim (X n y„) = lim X n ■ Um y n ). Let (ei,e2, • • • ,e n ) be the standard 

n—*oo n-+ 00 n — »oo 

orthonormal basis of (T" . Then the matrix of T with respect to this basis is 
P ,_1 diag(l, 0, • • • , 0) • P' . Let 



Then (/1 , fi, ■ ■ • , f n ) is a basis of <F" and 

diag(l, 0, • • • , 0 ) = P' ■ P ,_1 • diag(l, 0, • • • , 

is the matrix of T with respect to the basis (/1, /2> ■ ■ • , f n )- Hence {A} is 
a basis of Im(T), {A.'-'i/n} is a basis of ker(T), and dim(Im(T)) = 1, 
dim(ker(T)) = n — 1. 


1113 


Let A be a matrix. Define 


For 


sin(A) = A - ^A 3 + ^A 5 


v>. 
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express sin(.A) in closed form. 

( Courant Inst.) 

Solution. 

Denote 



Then B is similar to 



Obviously, 


Hence 


where 
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1114 


Let A be the 9x9 tridiagonal matrix 




A = 


1 

-2 

1 


1 


V 

All entries not shown are zero, 

(a) Show that 


\ 


-2 1 
1 -2 ) 


x t Ax - ~{x\ + (x 2 - Xx) 2 H h (zg - x 8 ) 2 + X 2 ). 


(b) Use part (a) to show that A has all negative eigenvalues. 

(c) Let B be the following 10 x 10 tridiagonal matrix, which agrees with A 
except in the first row and column: 

-3 \ 

-2 1 
1 -2 1 

1 •• 

'• / 

Let A max (B) be the largest eigenvalue of B. Show that A max (5) > 1. 

(d) Show that B has 9 negative eigenvalues. 

( Courant Inst.) 

Solution. 

(a) A direct verification shows that (a) is true. 

(b) Since x T Ax < 0 for all x £ M 9 and x T Ax = 0 if and only if x = 0, all 
the eigenvalues of A are negative. 

(c) Obviously, the symmetric matrix A max 7 — B is semi-definite positive. 
Then for any 7 £ JR 10 , Y T (A max I - B)Y > 0, this is, Y T BY < A max Y T Y. 
Taking Y T = (1, -1, 0, • • • , 0), we have Y T BY = 5 < A max • 2. Thus A max > 1. 

(d) Let Vi = {(0, Xi, •• • , xg) | a;, £ M} C M 10 . Then for any Y £ Vi, 
Y T BY < 0 and Y T BY = 0 if and only if Y — 0. If B has more than two non- 
negative eigenvalues. Let Ai and A 2 be two of them, we have y 1 , 1/2 £ R 10 such 


/ 1 
-3 


B = 
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that 2/1 -L t/2, i/fyi = 2/2 Z/2 = 1 and By { — \iy t ( i = 1,2). Let V 2 = (2/1, 2/2), 
the subspace spaned by 2/1 and y 2 . Then for any y = axyi + a 2 y 2 G V 2 , 
y T By = a\\\ + a| • A 2 > 0. 

Since 

dim VI + dim V2 = 9 + 2 = 11 > 10, 

there exists 0 ± y E Vi fl V2. Then we have y T By < 0 (y ^ 0, y E Vl) and 
y T By > 0 (2/ G V2), a contradiction. Thus B has 9 negative eigenvalues. 


1115 


Let T be a real symmetric, positive-definite, n x n matrix with distinct 
eigenvalues Ai > A2 > • • • > A„. Show that 


A2 = max min 
v xe v-{o] 


\Tx\ 

1*1 


where V ranges over all two dimensional subspaces of lR n and |x| is the Eu- 
clidean norm of x. 

Hint. Show = by showing < and > separately. You may wish to express T 
in a basis of eigenvectors. 

( Courant Inst.) 

Solution. 

By assumption, there exists an nxn orthogonal matrix P such that P'TP = 
diag(Ai, A2, • ■ ■ , A„). Since for any orthogonal matrix H and any y G M n , 
\Hy\ — |2/|, we have 


min 

*ev — {0} 


\Tx i 

Ixl 


min 

x 6 v-{o} 


I P' 1 diag(Ai, A 2 , • • • , A„) 
Ixl 


P~ 1 x\ 


min 

xev-{o} 


|diag(Ai,---,A„)-P x x| 

IP-^I 


If V is a 2-dimensional subspace, P 1 V is cdso two-dimensional. Hence 


• \Tx\ 

max mm -—r = max min 
V xev-{0 } | X | V x6V-{0} 


|diag(Ai, • • • , A n ) • x 
Ixl 


when V ranges over all two dimensional subspaces of IR n . 

Now let {ei,e 2 , • ■ ■ , e„} be the standard orthonormal basis of M n . and 
V = (ei,e 2 ). Then 

|diag(Ai, • • • , A n )x| 
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• j \/^l a l + ^ 2 a 2 
min 1 — — — *—*- 


\/ a l + a 2 

= A2 (Aj > A2 > 0 ). 


0 ^ (ai, 02) G -ffi 2 


It follows that 


|Tx 


max mm 1 > A 2 . 
v ®ev-{o} |x| 


On the other hand, for any two dimensional subspace V of JR n . we can 
find an orthogonal basis {f lt f 2 , ■ ■ ■ , /„} of M n such that V = (/1, f 2 ). Let 

(fi,hr--,fn) T = Q{e i,e 2 ,---,e n ) T . 

Then Q = (<?ij)nxn is an orthogonal matrix, and if 0 ^ a: = ai/i + 02/2 G V. 
|diag(Ai, • • ■ , A„) • x\ 

1*1 


E (-^l a l<Zlfc + ^ 2 a 2 ? 2 fc ) 2 

fc=l 


i/afTaf 


E + w E A i“ 2 ? 2 2 * 

*1=1 v fc=! 


So, 


mm 

*€V-{0} 


V ' a l + a| 

\/ A i a i + 

\J a\ + 

|diag(Ai, • • • , A n )a;| 


{ ,/ 12^2 1 ,/T272 

V «1 +«2 


and 


Thus 


max mm Vr < ^2- 

V i6F-{0} |x| ~ 


0 ^ (0102) G JR' 

|T*I 

|as| 

|r*l 




max mm V - — = A2 
v x€V-{0} |a: | 


when V ranges over all two dimensional subspace of JR n . 
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1116 


For any n x n matrix P, consider the sum 

R(P) = f2P k - 


(a) Prove that if ^ ||P*|| < oo, then (I— P) _1 exist and R(P) = ( I—P ) _1 . 

*=o 

(b) Assume that ||P|| < 1 in a matrix norm induced by a vector norm. 
Prove that ||(I - P)-^] < 

(c) Use part (a) to compute the inverse of 


A = 


( Courant Inst.) 

Solution. 

(a) First, we claim that the norms of all eigenvalues of P are < 1. Let 
Ai, A 2 , • • • , A„ be the n eigenvalues of P and 

Ai 


< 1 

1 

0 

0 \ 

0 

1 

1 

0 

0 

0 

1 

1 

^ 0 

0 

0 

1 / 


Q~ l PQ = 


0 


A„ 


be the Jordan form of P. Denote 

4 ) = l + a; + --- + a; m . 

Then ^> m (Ai), 4>m{ A 2 )) • • • ,4>m( A n ) are the n eigenvalues of 
S m = E + P + P 2 + ■ ■ ■ + P m 

and 


Q^SmQ = 


4>m{ Ai 


0 4>m{ A„) 

Since ^ ||P*|| < 00 and the norms over vector space are all equivalent, 


P(P) = VP*= lim S m 

/ m—*oo 
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is convergent. Since 

lim Q-'SmQ = Q- 1 ( lim S m ) Q, 

m—*00 \ 771—* oo / 

lim exists, that is, ^ A™ is convergent ( i = 1,2, •••,«). Hence 

|A<| < 1 (1 < i < n). 

Thus all the eigenvalues of I — P are non-zero, and (7 — P) is invertible. 
Since 


Sm{I~P) 
lim S m 


j _ p m +i 

lim (I - P m+1 )(I - P)- 1 

m—*oo 

(7-0)(7-P)- 1 

(7-P)- 1 . 


Thus 

OO 

R(P) = J2P k = (I- P)- 1 . 

k = 0 

(b) By definition, 


||P|| = sup 


11*11 


\v non-zero vector 


}' 


Since ||P|| < 1, for any non-zero vector u, ||P«|| < ||P|| • ||u|| < ||u|| for the 
corresponding vector norm. 

Now suppose (7 — P) • u = 0 for some vector u. Then IHI = \\!- u \\ = \\ Pu \\- 
We must have u = 0. The matrix 7 — P is therefore invertible, and we can 
write (7 - P) _1 = 7 + P(7 — P) -1 . Then we have 

m - p)- x n < m\ + ii^ii • m - = i + \\n • ik* - 

Thus ||(7 - P)" 1 !! < rrpH- since ||P|| < 1. 

(c) Denote 


( 0 

-1 

0 

0 


0 

0 

-1 

0 


0 

0 

0 

-1 


l 0 

0 

0 

0 

) 


N = 
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Then A = I - N. So 

A- 1 = (I-N)~ 1 =I + N + N 2 + N 3 + ---=I + N + N 2 + N 3 

( 1-1 1 -1 \ 

0 1-11 
00 1 -1 • 

\ 0 0 0 1 / 


1117 

Let G be a p-group and G x V -* 7 be a linear action of G on a finite 
vector space over a finite field T p n. Using Sylow theory, prove that there exist 
a basis of V in which all the transformation v — > <t ■ v(a £ G) are unipotent 
matrices. 

( Columbia) 

Solution. 

Let 

G' = {V — ► F, v — > <r • v\o G £?}. 

Then G' is a p-group, since there is a surjective homomorphism G —* G' 
(< Endj’(F)). We fix a base of V over T p ». Then G' is isomorphic to a 
subgroup H of GL(m,T p »), where m = dim^ p „ V. 

It is well known that 

\GL{m,T p n)\ = (p" m - l)(p" m - p n ) • • • (p nra - p^™" 1 )) 

= p nmi ™ u ■ n^ n _ 

j = i 

* \ 

i 

i ) . 

is a Sylow p-subgroup of GL(m, T p ^). By Sylow’s Theorem, there exists some 
P 6 GL„(m,P p n) such that PHP _1 C U. Thus, if we change the base of V 
via P, the corresponding matrices of the linear transformations in G' are in U, 
which are unipotent matrices. 


and 


17 = 


/ 1 


V o 
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1118 

Let S be an endomorphism of a finite dimensional vector space V over a 
field F whose characteristic polynomial is not equal to its minimal polynomial. 
Show that there is an endomorphism T of V so that T commutes with S but T is 

not a polynomial in S (T is a polynomial in 5 ifT = a 0 I+aiS+a 2 S 2 -\ \-a,kS k 

for some k and a,- £ F.) 

( Stanford ) 

Solution. 

Let 

F[S] = {/(5) : V -> V | /(A) € F[ A]}. 

Then as F- vector space, dimj? F[S] = degm(A), where m(A) is the minimal 
polynomial of S. Since the minimal polynomial of 5 is not equal to its char- 
acteristic polynomial, dirnp F[S] < dimjr V. 

On the other hand, let di(A), ^(A), • • • , d«(A) be the invariant factors ^ 1 
of S and let rii = degdj(A), then by Frobenius theorem, the dimension of the 
vector spcae over F of matrices commutative with the matrix of S is 

N = £(2s - 2 j + 1 )nj. 

j = i 

Obviously, 

N > ^2 nj = dim F V. 

3 = 1 

So there is a linear transformation T of V such that T commutes with S but 
T is not a polynomial in S. 


1119 

Let A be an n x n real matrix, all of whose (complex) eigenvalues are real 
and positive. Show that for any integer m > 1, there exists at least one n X n 
real matrix B with B m = A. 

Hint. Make use of the Jordan form S + N of a conjugate of A , where S is 
diagonal and N is strictly triangular. 


( Stanford ) 
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Solution. 

Suppose first that 


A = 

0 

\o 

be a Jordan block with a real and 
and 

( 6 

0 

B = 

0 

V o 

It is easy to see that 


( h m O — > 
0 6 m 


B m = 


V 0 


1 °\ 

a 1 


0 ••• a 1 

0 0 a j 

positive. For any integer m > 1, let b = '^fa 

1 °\ 
b 1 


0 ••• b 1 

0 ••• 0 b ) 


Cl l b m ~ 1 ■■■ C'”- 1 6 m - n+1 \ 
c l m b m ~' ••• c ”- 2 * m - n+2 


ci r ) 


Obviously, \E— A and A E—B m have the same invariant divisors {1, ■ • • , 1, (A — 
a)"}, A and B m are similar. Thus 


A = Q~ 1 B m Q = {Q-'BQ)™ 


for some invertible n x n real matrix Q. 

Now let A be an n x n real matrix, all of whose eigenvalues are real and 
positive. Then there exists an n x n invertible real matrix P such that 

P~ 1 AP — diag(Ji, J 2 t • • • i Jk) 

where J,- (1 < i < k) are Jordan blocks with diagonal elements real and 
positive. As proved in the above, for any integer m > 1, any 1 < i < k. there 
exists real matrix B, such that = J,- (1 < i < k). Hence 


P~ 1 AP = (diag(B l5 B 2 , • • • , Bk))‘ 
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and 


where 


A = 

/ 

P- 

( Bl 

b 2 

•) 

\ 

p-1 


\ 

\ 0 

B k J 

/ 


B = P 1 • diag(B l5 S 2 , • - - , Bk) • P- 


1120 

Let V be a finite dimensional vector space over an algebraically closed field 
K, and let T : V — * V be a linear transformation. 

(a) Show that there are T-invariant subspaces Vi C V and elements of 
a, G K such that V is the direct sum of the Vi and (T — a, I) : Vi — ► Vi is 
nilpotent. (A transformation N is nilpotent if N n = 0, for some n > 1.) 

(b) show that there are polynomials S(T),N(T) € K[T] such that T = 
S(T) + N(T), S(T ) : V — V is diagonalizable, and N(T) : V — V is nilpotent. 

Hint. Use the Chinese Remainder Theorem. 

( Stanford ) 

Solution. 

Viewing V as a module over the polynomial ring K[X] via T. Let (A — 
«i) en , • • • , (A— ai)* 1 ’' 1 ; (A— a 2 ) e31 , • • • , (A -a 2 ) e2r * ; (A-a n ) e » l , • • ■ , ( A-a: n ) e ’ 1 ’-" 
be the elementary divisors of Vk[a]> where 01 , 0 : 2 , • • • , o n are distinct and 

0 < eu < ei 2 < • ■ ■ < ei ri ; • ■ • ; 0 < e„i < e „2 < ■ ■ • < e nTn . 

By the structure theorem of finitely generated modules over PID, we may write 

V = K[X]w n © • • • © AT[A]io lri © JV[A]to 2 i © • • • © K[X]w2t 2 
© ■ • • © -BT[A]u>„i © • • • © if[A]io nrn , 

where all the w 2 j € V and 


Ann(wij) — ((A — a,) 6 ^). 

Denote Vij = K[X]wij. Then 

V = Vu © • • • © V lri © • • • © V nl © ■ • • © V„ 
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The Vij ’s are T- invariant subspace and ( T-a.il ) : v a -» Vij is nilpotent. Thus 
(a) is proved. 

Since 

(A - ai y ‘M , (A - a 2 y ^ , • • • (A — a„) e — 
are pairwise relatively prime, there exists some 5(A) £ K[X] such that 
5(A) = a<( mod (A — aj) 6 "* ), (1 < i < n), 

by Chinese Remainder Theorem. Then 

5(T) • Wij = a, • Wij 

for all and it is easy to see that S(T) : V — * V is diagonalizable. Let 
N( A) = A - 5(A). Obviously, T = 5(T) + N(T) and A - on \ N( A) for any 
1 < i < n. So the minimal polynomial m(A) | N(X) h for some positive integer 
h. Thus N (T) : V — * V is nilpotent. Thus (b) is proved. 
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SECTION 2 
GROUP THEORY 

1201 


Let G be the group of real 2x2 matrices, of determinant one. Describe 
the set of conjugacy classes of elements of G- 

( Harvard ) 

Solution. 

Let g E G, \i and A 2 be the eigenvalues of g viewed in M 2 ((F). Then 

Ai • A 2 = 1. 

i) If Aj = A 2 , then Aj = A 2 = 1 or Ai = A 2 = —1. g is similar to 



in GL 2 (JZ). 

In case a), g - ^ ® ^ ; 

In case b) g = 


-1 0 
° -1 

In case c), let A be an invertible 2x2 matrix with real entries such that 


AgA 


■'-(ID- 


We take N = d, 2 . A if d = det A > 0, or 

if d = det A < 0, then N EG and 

»» r ‘=(l !) 

W‘ = (J “i 1 )- 


or 
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Hence g is conjugate to 
conjugate to ( J 1 


in G, for if 


A • 

(1 

' — 1 

{ J 



v 0 1 ; 


1 0 

1 ) 


where A = ( ) £ G, then we have « 2 i = 0, an = —022 and 

V <*21 <*22 / 

det A = -ajj = 1 which is a contradiction. Thus in case c), we have two 
conjugacy classes J )] and [( ^ ^ )]. 

In case d), g is similar to ^ ^ ^ ^ in GLi^lR). As in case c), g is 

similar (conjugate) to ( 1 \ 1 or ( 1 M in G and ( 1 1 ) 


{ - 1 

1 n 

) or ( 

} ] in G sind ( 

' -1 

\) 

V 0 

- 1 , 

1 V 

, 0 - 1 J \ 

0 

- 1 J 


is not conjugate to ^ ^ J in G. Thus in case d), we have two conjugacy 

classes \( ~} \ ^1 and \( ~} “} ^1. 


[(-* 

n 

j and | | 

' -1 

)} 

K » 

- 1 ) 

k 0 



ii) If Ai ^ A 2 and A* £ 1R (i = 1,2), then g is similar to 
GL 2 {M). 

There exists M € GL 2 {JR) such that 


MgM- 1 = ^ q 
W e take N = d~ 2 ■ M if d = det M > 0 or 

jv = (-d)-i ( - 1 

if det M = d < 0. Then N G G and 

NgN-'=( A ‘ 


Thus g is conjugate to ( ( 


in G. So in this case, we have the conjugacy 
1 |a e M and A ± ill . 
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iii) If Ai / A 2 and A,- G (T\1R (i = 1, 2), we denote Ai = cos # + isin# and 
A 2 = cos 8 - isin# (since A x • A 2 = 1 and trace ( g ) = A x + A 2 G 2R), where 

cos # + i sin # 0 A . _ T 

n a • • n 1 in GL 2 (( Z-A, 

0 cos# — ism# y v 


< 7 r, 0 / 0 . 3 is similar to 


and also similar to ( C °f ® a S * n ^ ^ in GL 2 ((C). 

\ — sm# cos 8 J v ' 


As it is well known, that two matrices A, B 6 M 2 (JR) are similar in M 2 ((T) 
implies that A and B are similar in Af 2 (2R). So there exists Af G GL 2 (1R) such 
that 

1 _ f cos # sin# 

" V - £ 


MgM 


- sin # cos 8 

As in the above, we conclude that g is conjugate to 


in G. But 

and 

are not conjugate in G, for if 
A = 

such that 

( cos 8 sii 
\ — sin 8 co 

then ai 2 = o 2 i, an - -a 22 and 


cos# 

sin# 

A 

— sin# 

cos# 

) 

cos 8 

— sin# 

A 

sin# 

cos# 

) 

cos# 

sin# 

A 

— sin# 

cos# 

) 

cos # 

— sin# 

A 

sin# 

cos# 

) 

( ail 

a 12 A 

eG 

V °21 

a 22 J 




cos# 

sin# 


— sin 8 
cos 9 


det A = — (an + a 21 ) = 1, 

which is a contradiction. So in this case, we have the conjugacy classes 

T ( cos 8 sin 8 A 1 
[ \ — sin 8 cos 8 J J 
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and 


[( 


cos 6 — sin & 

sin 0 cos 6 


To sum up, the set of conjugate classes of elements of G is 


U 

U 


Ai 0 
0 A 2 

A ±1 
0 A 

cos 0 sin 0 
— sin 9 cos 9 


A i , A 2 G -IK and A 2 • A 2 
A = ±1^ 




0 < 101 < 


*}• 


1202 


Let G = GL n (F q ), the group of invertible n x n matrices over the finite 
field F q with q = p T , p a prime, U — U„(F q ), the subgroup of upper triangular 
matrices with l’s on the diagonal 

a) Calculate the orders of G and U. Deduce that U is a Sylow p-subgroup 
of G. 

b) Deduce that every p-subgroup of G is conjugate to a subgroup of U ■ 

c) Determine the number of G-conjugates of U. 

d) Show that g G G has p-power order iff g = I + N with N n = 0. 

e) Show that G contains elements of order q n — 1 

Hint. Make use of F q ». 

( Columbia ) 

Solution. 

a) When forming a matrix in GL n (F q ), we may choose the first row in 
q n -l ways (a row of zeros not being allowed), the second row in q n - q ways 
(no multiple of the first row being allowed), the third row in q n — q 2 ways (no 
linear combination of the first two rows being allowed), and so on. Thus we 
can conclude that the order of GL n {F q ) is 

n 

(q n -l)(q n -q)(q n -q 2 )---(q n -q" -1 ) = 

t=i 

= p^.n(p^i). 
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When forming a matrix in U n (F q ), we may choose the first row in g n_1 
ways, the second row in q n ~ 2 ways: the third rows in q n ~ 3 ways and so on. 
Hence the order of U n (F q ) is 

g "- 1 .q n ~ 2 ... q = q-^f 11 = p ( 2 _1) . 

So U — U„(F q ) is a p-subgroup of G = GL n (F q ). Since p \ [G : U\ = 
n(p” — 1 ) , U is a Sylow p-subgroup of G. 

i=i 

b) It follows directly from Sylow’s Theorem. 

c) By Sylow’s Theorem, the number of G-conjugates of U is equal to [G : 
Ng{U )] where Ng(U ) is the normalizer of U in G. 

Suppose g = (gij)nxn £ Ng(U), or gUg -1 = U. Then for any 1 < i < j < 
n, there exists some 


( 

1 

U 12 


• • • «ln 

\ 


0 

1 

«23 

• • • u 2 „ 



0 

0 

1 

U 3n 


V 

0 

0 

0 

... 1 

/ 


such that g{I + Eij) — ug where Eij is the matrix with a lone 1 in the (i,j) 
place, 0’s elsewhere. Checking the last row of g(I + Eij) and ug, we get g n i = 0. 
So g n i = 0 if i < n. Then checking the (n — l)th row, we get g n -\,i = 0 if 
i < n — 1. By this way, we get gij = 0 if i > j. Hence g € T = T n (F q ), the set 
of matrices (a ; j ) E G with a,j = 0 (0 < j < i < n). 

Conversely, if g £ T'. It is easy to see that gUg -1 C U (by matrix multi- 
plication). So g £ Ng(U) and we have Ng(U) = T. 

We can define a map 6 :T — ► F q x • • • x F* by mapping a matrix onto its 
principal diagonal, matrix multiplication shows that 0 is a group epimorphism 
whose kernel is precisely U = U n (F q ). So the order of T is 

(q - l) n -q^^ = (p r - 1)" •p , ‘ n< 2 ” 1) . 

Hence the number of G-conjugates of U is (q‘ — 1 )/{q — l) n . 

i=l 

d) Suppose g E G has p-power order. Then (g) is a p-subgroup and (g) 
is conjugate to a subgroup of U by b). There exists an h £ G such that 
hgh _1 £ U. Denote hgh -1 = I + M where M is a matrix with zero on and 
below the diagonal. Obviously M n = 0 and g = I + h _1 Mh = I + N where 
N = h~ 1 Mh and N n = h~ 1 M n h = 0. 
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Conversely, if g = I + N with N n = 0, the Jordan canonical form for N is 
a matrix with zero on and below the diagenal. Thus g is similar (conjugate) 
to some matrix in U. So the order of g is p- power. 

e) Consider the finite field F q «. as an extension of the field F q and as a vector 
space over F q . For any a(/ 0) G F qn , we have a linear map a; : F q n — > F q n, 
ai(x) = ax (over F q ) which is invertible. We fix a base of F q n over F q , then 
we can obtain a group homomorphism a : F* n — > G = G n (F q ), a(a) = a;. 
Obviously, a is injective. It is well known that F* n has an element with order 
q n — 1. It follows that G contains element of order q n — 1. 


1203 


(a) Let G be a finite group and H a subgroup. Prove that if G — (J gHg *, 
then H = G. 

(b) Recall that a subgroup M of a group G is said to be maximal if the 
only subgroups H satisfying M C. H C G are H — M and H = G. Let G be a 
finite group with the property that all of its maximal subgroups are conjugate. 
Prove that G is cyclic of prime power order. 

( Indiana ) 

Solution. 

(a) Let S be the set of all subgroups of G. Then we have an action of G on 
the set S defined to be g ■ K = gKg~ l for any g G G and K G 5. Obviously, 
the stabilizer of H under this action is the normalizer N(H ) of H in G, and 
the length of the orbit defined by H is [G : JV (J5T)]. 

If G = U gHg- 1 , then 

g€G 


|G| = 


U gHg- 1 

j€G 


< [G : N(H)] ■ (|.Hj — 1) + 1. 


If H is not normal in G, then [ G : N(H)] > 1. Hence 


\G\ < [G:N(H)]-\H\-[G:N(H)] + 1 

< [G:W(tf)]-|ff| 

< [G : H) ■ \H\ = |G|. 


This is a contradition. So H is normal in G. Hence 
G = IJ gHg- 1 = H. 

g€G 
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(b) First we claim that G is cyclic. Suppose that G is not cyclic. Then for 
any a 6 G, (a) < G. So (a) is contained in some maximal subgroup of G (since 
G is finite). Let H be a maximal subgroup of G. Then we have G = (J gHg _1 

g£ G 

by assumption. By (a) G = H. This contradicts the maximality of H. Hence 
G is cyclic. Now, it is easy to see that G is cyclic of prime power order since 
all of its maximal subgroup are conjugate. 


1204 

Suppose that H and K are normal subgroups of a finite group G and that 
G/H ~ K. 

(a) Give an example to show that G/K need not be isomorphic to H. 

(b) Show that if H is simple, then G/K ~ H. 

( Columbia ) 

Solution. 

(a) Let G = Qq — {±1, ±i, ±j, ±&) be the Hamilton’s Quaternion group 
and H = (i) = {±l,±t}, K = (-1) = {±1} be the subgroups of G generated 
by i and - 1 respectively. Obviously, we have H < G, K < G and G/H is cyclic 
of order 2, so it is isomorphic to K. But G/K = {1, i, j, k} ~ K 4 (Klein four 
group), K is not isomorphic to H. 

(b) Let {1} = Kq < Ki <! • • • < K n - 1 < K n = K be a composition series of 
K. Since G/H ~ K, there exist subgroups Hj such that Hi D H, Hi/ H ~ Ki 
(i = 0 , 1, • • • ,n) and Hi <1 JT,+i (t = 0 , • ■ ■ ,n — 1). 

Suppose H is simple, then 

{1} <3 H < Hi < ■ ■ ■ < J? n _! <1 H n = G 

is a composition series of G with composition factors H and H,/ Hi_i ~ 
Ki/Ki-i (i = 1, 2, • • • , n). On the other hand, 

{1} = K 0 <\ Ki < ■ ■ ■ <1 K n _ i <1 K <1 G 

is a normal series of G with factors Ki/Ki^x (i — 1,2, ■ ■ ■ ,n) and G/K. By 
the Jordan-Holder Theorem, we have the isomorphism G/K ~ H. 


1205 

Prove that if G is a finitely generated infinite group then for each positive 
integer n, G has only finitely many subgroups of index n. 
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Hint. Let H < G and define H G = |") S' 1 Sg. Show that if H < G 

gGG 

(finite index) then there exists a homomorphism of G/H g into S[g-.h]i where 
S n denotes the symmetric group on n letters. 

( Columbia) 

Solution. 

Let H be any subgroup of G such that [G : if] = n. Then GxG/H —>G/H, 
g • ( xH ) = ( gx ) • H defines an action of G on G/H, where G/H denotes the 
set of all left cosets xH(x € G). The kernel of this action is H g = p| g~ 1 Hg. 

gGG 

Hence the group G/H g is isomorphic to a subgroup of S n , the symmetric group 
on n letters. This induces a homomorphism G — » S n with Hq as its kernel. 

Since G is finite generated, there are only finite number of homomorphisms 
from G to S n . It follows that the set 

{H G \H <G, [G:ff] = n> 

is finite. Since G/H g is finite, G/H g has only finitely many subgroups of 
index n. Thus G has only finitely many subgroups of index n. 


1206 

Let 

G={( ; Ju ) CGL(2, 

Show that G is solvable but not nilpotent. 

Solution. 

Let 6 be the map G —> IR* x M* mapping ^ ^ l 
(a, a -1 ). Matrix multiplication shows that 6 is a homomorphism, and 

Obviously, N = kerf? (~ (JR, +)) is an abelian subgroup of G, and G/N ~ 
M* x M* is also abelian. Hence G is a solvable group. 

Suppose 


( Columbia ) 
J to its diagonal 


a b 
0 a" 1 


G C(G), 
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the center of G. Then for any ( * J £ G, 



So ay + bx 1 = xb + ya 1 for any x ^ 0 , y £ M. It follows that b = 0, a = ±1. 
Thus 


C < G > = {(J ?)•("• -')}• 

A direct discussion as above shows that C(G/C(G)) = {1}. Hence 
Ci(G) = C 2 (G) = ••• = C n (G) = ••• g G 
where C,+i(G)/C,(G) = G(G/G,(G)) (G 0 (G) = 1). So G is not nilpotent. 


1207 

Let p be a prime and let V be an n-dimensional vector space over F p . Let 
G = GL Fp (V). Recall that |G| = (p n - l)(p n - p) • • • (p" - p”" 1 ). 

(a) Recall that a linear transformation is called semisimple if its minimal 
polynomial is separable. Prove that a transformation T £ G is semisimple if 
and only if T p -1 = 1 for some positive integer m. 

(b) Let H be a subgroup of G of order a power of p. Show that H can be 
simultaneously upper triangularized, that is, there is a basis of V with respect 
to which all of the elements of H are upper triangular. 

Hint. Find a Sylow p-subgroup of G. 

( Indiana ) 

Solution. 

(a) Let T £ G and /(A) be the minimal polynomial of T over F p . Then A 
| /(A). If T is semisimple, that is, /(A) is separable (remark: here separability 
means that /(A) has no multiple roots), then /(A) = /i(A)/ 2 (A) • • ■ /jt(A) for 
some distinct irreducible polynomials /« (1 < i < k). Denote n, = deg /,(A) 
and m = ni • n 2 • • • njt. Let £ be a splitting subfield of A p — A over F p and 
Ei = Pp[A]/(/i(A)) (1 < i < k). Then |I?| = p ra and E { is a field of order 
p ni . Since n, |m, Ei is isomorphic to a subfield of E. So E contains an element 
ri whose minimal polynomial over F p is fi(x). Since r, ^ 0 and rf = 1, 
/,(A)|(A pm - 1 -l), (1 <i< k). Hence /(A) = /i(A)-/ 2 (A) • - • /*(A)|(A p ’ n - 1 - 1). 
Thus TP”- 1 = 1. 
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Next suppose T p -1 = 1 for some positive integer m. Then /(A)|(A p ’ n ~ 1 — 
1). Since (A p _1 — 1)' = —\ p ~ 2 ^ 0, /(A) has no multiple roots. Thus T is 
semisimple. 

(b) Let U = Uf p (V), the subgroup of upper triangular matrices with l’s 
on the diagonal. Then 

\u\ = p”- 1 -p n - 2 ...p = p ^ 

(when forming a matrix in U , we may choose the first row in p n ~ 1 ways, the 
second row in p n ~ 2 ways and so on). Since 

|G| = (p n - l)(p n -p) •■•{p n -p” -1 ) 

= -{p n - 1) -(p n-1 - 1) •••(?- 1), 

U is a Sylow p-subgroup of G. 

Now let H be a subgroup of G of order a power of p. By Sylow ’s Theorem, 
H is contained in some Sylow p-subgroup K of G and K is conjugate to U. 
Hence there exists an element g in G such that gHg -1 C gKg -1 = U. Thus 
we have proved that H can be simultaneously upper triangularized. 


1208 

Let p and q be distinct prime numbers. Let G be a group of order p 3 • q such 
that its commutator subgroup K is of order q. Let H be a p-Sylow subgroup 
of G. 

(a) Show that H is abelian and G — HK. 

(b) Show that there are elements h£ H and k € K such that hk ^ kh. 

(c) From (b) show that p divides q — 1. 

{Indiana) 

Solution. 

(a) Since K is the commutator subgroup of G. K is normal in G and G/K 
is abelian. So H • K = KH is a subgroup of G. Since \K\ = q, |ff| = p 3 , 
H n K = {e} and \HK\ = p 3 • q = |G|. Hence G = HK and H ~ H/{e) = 
H/H n K ~ HK/K ~ G/K is abelian. 

(b) Suppose that for any elements h € H and k 6 K holds hk = kh. Since 
K is abelian and H is abelian, G = HK is abelian. This contradicts the fact 
that the commutator subgroup K of G is of order q. This proves (b). 

(c) First we claim that H is not normal in G. Otherwise, for any h G H 
and k £ K, hkh £ H fl K = {e} and so hk = kh. By Sylow Theorem, 
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the number of p-Sylow subgroups of G is greater than 1 and divides q. So it is 
q. Again by Sylow Theorem, p\q — 1. 

1209 

(a) Let p, q be primes, p > q > 2. Let G be a group of order pq 2 . Show G 
has a subgroup of order pq. 

(b) What can you say if q = 2 (and p > q)l 

( Indiana ) 

Solution. 

(a) Let r p be the number of Sylow p-subgroups of G. Then, by Sylow’s 
Theorem, r p \q 2 and p\r p — 1. Since p,q are primes and p > q > 2, it is easy to 
see that r p = 1. So G has only one Sylow p-subgroup H, which is normal in 
G and of order p. By Cauchy’s Theorem, G also contains an element of order 
q. So G has a subgroup K of order q. Thus H • K is a subgroup of order p • q 
since H is normal in G. 

(b) If q = 2, G may not contain a subgroup of order p-q. For example, A±, 
the alternating group of degree 4, is a group of order 3 • 2 2 . A\ does not have 
a subgroup of order 6 . 

1210 

Let A be the abelian group on generators e, /, and g , subject to the relations 

9e + 3/ + 6 g — 0, 

3e + 3/ = 0, 

3e — 3/ + 6g = 0. 

Give a decomposition of A as a direct sum of cyclic groups of prime order or 
infinite order. 

( Stanford ) 

Solution. 

Let F be the free abelian group Ze\ ®Ze 2 ©^ 3 , K be the subgroup of F 
generated by f\ — 9ei + 3e 2 + 6 e 3 , / 2 = 3ei + 3e 2 and / 3 = 3ei — 3e 2 + 6 e 3 . 
Obviously A~ F/K. Denote 

/ 9 3 6 \ 

M = 3 3 0 € M 3 (Z). 

\ 3 -3 6 / 
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It is easy to get the normal form diag{3, 6, 0} of M in M 3 (Z) and to find 


and 


1 0 -1 

0 0 1 

0 1 1 


0 1 0 
Q= | 0 -1 1 

1 -2 -1 


such that QMP = diag{3,6,0} (P and Q are invertible matrices in M 3 (Z)). 


Let 

(ei ,e' 2 ,e' 3 y = P 1 (ei,e 2 ,e 3 )' 

and 


Then 

F — Zc-^ ® Zc 2 ® Z c 3 

and 

K = Zh +Zfz = ® 6Ze' 2 . 

So 



A “ F/K = Ze\ 0 Ze' 2 ®Ze' 3 /ZZe[ ® 6Ze' 2 
~ Z/(3)®Z/(6)@Z 

— 2 2 ® Z 3 ® z 3 ® z . 


1211 

Let M be an n x n matrix of integers. Suppose that M is invertible when 
viewed as a matrix of rational numbers, i.e., that there exists an n x n matrix 
N with rational entries so that MN equals the n x n identity matrix. View 
M as an endomorphism of Z n . 

a) Show that Z n /MZ n is finite. 

b) Show that the order of Z n /MZ n is equal to the absolute value of the 
determinant of M. 


( Stanford ) 
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Solution. 

a) It follows directly from b). It is also obvious from the facts that the 
map g : Z n /MZ n — > Z n /\M\Z n , S(X) = M*X is injective, where \M\ is 
the determinant of M, M* is the adjoint of M, and the fact |Z"/|M|# n j = 
(| det M\) n . 

b) Let D = diagjdi, d 2 , ■ ■ ■ , d n } be the normal form of M in M„(Z), where 
the di ^ 0 and di|d, +1 (i = 1, 2, • • • , n — 1), and P,Q £ M n (Z) be invertible 
matrices in M n (Z) such that D = QMP. Obviously 

det D = di • d 2 - • • d„ — det Q • det M ■ det P = det M or — det M. 

Let {ei , e 2 , ■ • • , e n } be a base for the free module Z n . Denote 

(ei,e' 2 ,---,e;)' = P -1 (e i,e 2 , ■ • • , e„)'. 

Then {e'^e^, • • ■ ,e(,} is another base ofZ n . Let 

(A, A, •”,/»)' = M • ( ei , e 2 , • • • , e„)' = MP • (e'^e', • • • , e'J . 

Then MZ n is generated by {/i, A, ■ ■ • , /„}. Since Q is invertible in M n {Z), 
MZ n can be generated by {/■[, f 2 ,---,fh} where 

(A, A, ■■■Jn)' = Q (fl, A, •••,/»)'■ 

Obviously, 

(A, A = Q-(fu A, ■■■,/«)' 

= QAfP-(ei,e' 2 , 

= diag{dx, d 2 > • • • ,^n} ' ( e i> e 2 , ‘ ' , e ») ,> 

Hence 

Z n /MZ n = ®^e 2 $ • • • ®^e(,/(die^, d 2 e 2 , • • • , d n e ' n ) 

— Z/(di) @Z/{d 2 ) © • • • (&Z/{d n ). 

It follows that the order oiZ n /MZ n is |dx| • \d 2 \ |d„| = |detAf|. 

1212 

Let D = Z[£] with £ = Calculate the order of the additive group 

G — D 2 /K where K is the D-submodule of D 2 generated by (2£ + 1,£ — 1), 
(£ + 2, £ - 4) and (21, 21). Then express G as a product of cyclic groups. 

{Harvard) 
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Solution. 

Since £ is a root of the irreducible polynomial x 2 + x + l, D = = Z ©J£ 

(as additive group). 

Let {ei,e 2 } be a base of the free D-module D 2 . Then 

D 2 = De i © De 2 = Ze 1 ®^£ei ®Ze 2 ®Z^e 2 ^ 

{e 1 ,^ei,e 2 ,^e 2 } is a base of D 2 asif-module, and {(l + 2£)ei + (-l+£)e 2 , (2 + 
0 e i + ( — 1 4 + 0 ■ e 2 , 21 • ei + 21 • e 2 } is a generating subset of the Z?-submodule 
K of D 2 . For any a + b£ G D, 

(a + b£)[(l + 20*i + (-l+ 0 * 2 ] 

= a(ei + 2£ex — e 2 + £e 2 ) + 6(— 2ex — £ex — e 2 — 2£e 2 ), 

(a + fcO[(2 + Oei + (-4 + Oea] 

= a(2ei + £ex — 4e2 + £e 2 ) + b(—ei + £ei — e 2 — 5£e2), 

(a + &0(21ei + 21e 2 ) 

= a(21 ■ ei + 0 ■ £ex + 21 • e2 + 0 • £e 2 ) 

+6(0 • ei + 21 • + 0 • e 2 + 21 • £e 2 ). 

It is easy to see that {ei + 2£ei - e 2 + £e 2 , -2ei - £e x - e 2 — 2£e 2 , 2e x + £ei - 
4e 2 + £e 2 , -ej + £ex - e 2 - 5£e 2 , 21ex + 21e 2 , 21£ex + 21£e 2 ) is a generating 
subset of K as ^-module (additive group). 

Denote 


/ 

1 

2 

-1 

1 

\ 


-2 

-1 

-1 

-2 



2 

1 

-4 

1 



-1 

1 

-1 

-5 



21 

0 

21 

0 


\ 

0 

21 

0 

21 

) 


It is routine to get the normal form 

/ 1 0 0 0 \ 

0 10 0 

0 0 3 0 

0 0 0 21 

0 0 0 0 

\ 0 0 0 0 / 

for + in M 6x4 (Z) and to find invertible matrices P G M 6 (Z) and Q G M 4 (Z) 
such that PAQ = N. It follows that D 2 /K ~Z/( 3) ®Z/{ 21) and the order of 
D 2 /K is 63. 
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1213 


Prove that SL(2,Z) is generated by ^ ^ ) an< ^ ( 1 () ) w ^ ere 

SL(2,Z) is the group of 2 x 2 matrices with integral coefficients and determinant 


= 1. 

Solution. 

Suppose that M = (c d) 

If a = 0 or b = 0, then M has the form 
b 


( Stanford ) 


€ SL(2,Z). 


( 0 1 \ 

( 0 -1\ 

( 1 h \ 


{ 1 d )' 

1 ° 


and 


-1 

0 


-1 


where b,d £Z. 


If both a and c are nonzero, we claim that 
matrices in SL(2,Z) with the form 


a b 
c d 


( 1 v \ 

( 1 0\ 

0 

1 

{ o 1 j’ 

U ij 1 

Vi * ) 


is a prodct of the 


for some b',c',d' E.Z. 

Since det M = ad - be = 1, a and c are relatively prime. It is easy to know 
that if a = 1, 


and if c = 1, 


a b 
c d 


1 a 
0 1 


0 -1 
1 d 


If a > c > 1, there exist some q, a% EZ such that 1 < ai < c and a — gc+ai- 
Hence 


( a b \ 

i — 

( 1 

(ax V\ 

(c d) 

! - 

l 0 1 J 

\c d) 


for some b' £Z. 

Similarly, if c > a > 1, let c = ha + ci, 1 < Ci < a, then 


( cl b \ _ ( 1 Q \ ( a b 

\c d ) ~\h 1 ) \ Ci d! 


for some d' £Z. 
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According to the above discussions, it can be derived that M = 
is a product of the matrices in SL(2,Z) with the form 


a b \ 
c d J 


1 V 
0 1 


for some b', c', d' G Z. 

So to prove that SL(2,Z) — 


( 1 

0 ^ 

( 0 

-1 \ 

\ c' 


* J 

({ 1 

±! \ 

( 0 

-i ^ 

u° 

1 ) 

’U 

0 )) 


generated by 


1 ±1 
0 1 


and 


0 -1 

1 0 


, the subgroup 
, it suffices to prove that all 


( 1 V \ 

( l Q\ 

( 0 -l\ 

( ° M 

( -1 V 

vox/’ 

U xJ’ 

V 1 d ' ) ’ 

l-l *)' 

\ 0 - 1 


are in ^ ccj , ^ ® 0^ )) where 6 ' , c' , d' G Z. 

It is easy to check this by the property of the elementary matrices. This 
completes the proof. 


1214 

Let G be a finite group, K a normal subgroup of G and P a Sylow subgroup 
of K. If N is the normalizer of P in G (i.e., IV = {<7 G G \ gPg -1 = P } then 
show that G = K • N. 

( Indiana ) 

Solution. 

For any g G G, we have gPg~ x C gKg _1 C K since K is normal in G. 
Hence gPg ~ 1 is also a Sylow subgroup of K. By Sylow Theorem, there exists 
h G K such that gPg~ x = hPh -1 . Hence h~ 1 gP(h~ 1 g)~ 1 = P and h~ 1 g G N. 
So we have g = h- h~ 1 g G K • N . Thus we have G — K ■ N. 


1215 

Let P be a Sylow subgroup of a finite group G. Let N = {x £ G j xPx~ x = 
P}. Let H be asubgroup of G, H D N. Prove: If y G G such that yHy _1 = H, 
then y G H. 


( Indiana ) 
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Solution. 

Obviously, P is a Sylow subgroup of H. Since yPy~ 1 C yHy~ x C H, 
yPy~ x is also a Sylow subgroup of H. So there exists an h G H such that 
yPy ~ 1 = hPh,- 1 . Hence h~ 1 yP • ( h~ 1 y )~ 1 = P and h~ x y C N. So 

y = h-h~ 1 y € H ■ N C H. 


1216 


Let G be a finite group. The probability of G to be commutative is defined 


by 


P(G)- 


| {(a, b) <EGxG\ab = l 

| G x G\ 


(a) If G is not commutative, prove that P(G) <5/8. 

(b) Give an example such that P(G) is exactly 5/8. 

( Stanford ) 

Solution. 

(a) Let C(G ) be the center of G and Ca(a ) = {5 € <3 | ab = 6a} be the 
centralizer of a in G for any a 6 G. If G is not commutative, then, obviously, 
\G/C(G)\ > 4. 

Since 


|{(a, b) £ G x G \ ab = 6a}| 


P(G) 


y ic<?(«)i 

a €G 

\G{G)\ • |G| + ^ l G «( a )l> 

oeG-C(G) 

|C(G)I , V I Cg ( q )1 

1^1 a MiG, l G ! 2 


i^|[|C(G)| + i.(|G|-|C(G)|] 


■ H 


i + M) 

+ igi ; 


1 „ l s 5 
2' (1+ 4 } - 8 
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(b) Let G be the dihedral group — { x'y * | 0 < i < 1,0 < j < Z,x 2 = 
y 4 — 1, xy = i/ 3 a;}. Then |G| = 8 and C{G) — {1,2/}. For any a e G — C{G), 
obviously, 3 < |Cg(«)| < 8, and so |Cg(o)| =4. It is easy to see that P(G) = 
5/8. 
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SECTION 3 
RING THEORY 


1301 

a) Prove the ring Z[y/^ 2] is Euclidean. 

b) Using a), find all integer solutions to the equation y 2 + 2 = x 3 . 

( Harvard) 

Solution. 

a) It is readily known that Z[\/— 2] is a subring of (F, hence an integral 
domain. For any a = m + n-y/^2 G.Z[V— 2]i we define 6(a) = m 2 + 2 n 2 . So we 
have a map <5 \Z(\/— 2]* — > W, a >-» <5(a). 

Suppose that a, 6 ^ 0 G Z[V— 2]. Then a& -1 = y,+ vy/^2 where y. and v 
are rational numbers. We can find integers u and v such that \u — < 1/2 

and |u - v\ < 1/2. Then 

a = b(y + vy/^2) 

= b[(u + y-u) + (v + v- u)v / -2] 

= bq + r 

where q = u + vy/^2 is in Z\y/—2] and 

r = a — bq = b(y — u) + b(v — v)V~ 2. 

Obviously r G Z\yf^- 2) and 

6(r) = 6(b) • (\y - u\ 2 + 2\v - v\ 2 ) 

< «(»)- (| + 2 -|) 

Hence Z[\/— 2] is Euclidean. 

b) By a), Z[y/^ 2] is a unique factorization domain. {1,-1} is the set 
of units of Z[y/^2]. Suppose (xo,yo) be an integer solution to the equation 
y 2 + 2 = x 3 . In the ring Z[a/- 2], we have (y 0 + \/ = 2)(yo - V-2) = ^o- Since 
the integral divisor of y 0 + y/—2 or j/o — V— 2 can only be ±1, * 0 is not a 
prime element in Z[y/— 2]. If a = to + n\/— 2 is an irreducible divisor of k 0 , 
a = m — n-y/^2 is also an irreducible divisor of x 0 , and if a\yo + yf— 2, then 
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a | ?/o — \/— 2 from which it follows that a 3 |j/ 0 + \/— 2,« 3 |po — y/^-2. So without 
loss of generality, y 0 + 2 is of the form (m + n\/— 2) 3 , m,n EZ. Hence 

f y 0 = m 3 — 6 ran 2 
( 1 = 3ra 2 n — 2n 3 = (3m 2 — 2n 2 ) • n, 


Thus it is easy to conclude that the integer solution to the equation y 2 + 2 — x 3 


are 


f y= 5 
\ x — 3 


and 


I y = - 5 
\ x = 3 


1302 

Let p be a prime. Show that for any element a £ Z/pZ, there exist b, c £ 
Z/pZ such that a = b 2 +c 2 . 

( Harvard ) 

Solution. 

When p = 2, it is trivial. 

Assume that p ^ 2. Let 5 be the set {6 2 | b £ Z/pZ}. Then 5 = 
{0, T, 2 2 ,---,( E y^) 2 } has exactly elements. On one hand for any i j, 
0 < j < 0 < j < i 2 — j 2 = i + j • i — j ^ 0 (0 < i + j < p — 1, 

0 < i ~ j < if i > j), {0, 1, 2, • • • , (^j^) 2 } are elements in S. On the 
other hand, for any n 2 £ 5 where < n < p, 0 < p — n < and n 2 = 

^ = (n-p) 2 = n = p 2 . Thus S' = (h 2 | 6 £ ^/pZ} = {0,T, 2 2 , • • -,(^±) 2 } 
has exactly elements. 

Now for any element a £ Z/pZ, the set a — S := {a - 6 2 | b £ Z/pZ } has 
exactly elements. Since a — S C Z/pZ and .Z/pZ has only p elements, 
(a - 5) H 5 / 0. Hence there exist b, c £ Z/pZ such that a — b 2 = c 2 , that is 
a = b 2 + c 2 . 


1303 

For a ring R. R* denotes its multiplicative group of units, M n (R ) the ring 
of n x n matrices over R, and GL„(R) = M n (R)*. 

(a) If a £ R is nilpotent (a m = 0 for some m) then 1 — a £ R* . 

(b) Let J be a nilpotent ideal of R ( J m — 0 for some m). 
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Show that GL n (R) —* GL n (R/J ) is surjective, with kernel 
I+M„(J) = {Ae M n (R) \A = I mod 


(c) Let T q denote the finite field with q — p r elements (p prime). What is 
the order of GL^Tq) 7 . 


(d) Show that U - 


lab 
0 1 c 
0 0 1 


a,b,c € T q 


is a p-Sylow subgroup 


of GL 3 {T q ). 

(e) Show that GL 3 (3 c q) contains an element of order q 3 — 1. 

(f) Find the order of GL 3 (Z/2bZ), and describe a 5-Sylow subgroup. 

( Columbia) 


Solution. 

(a) Since (1— a)(l-foH fa m_1 ) - (1+cH ha m-1 )(l— a) - 1 —a m = 1, 

1 — A £ R* . 

(b) Let A = (a<j) nx „ 6 GL n (R/J) and B = (t i3 ) nx „ = Ar\ where 
A = ( ay)m and B = (6y)»>«» e Mn(R). AB = BA = I = diag(l, 1, ••■,!) 
implies that f - AB € M n (J) and I - BA € M n (J). So there exist integers 
mi and m 2 such that ( I - AB) mi = (I - BA)" 12 - 0. Then it is easy to find 
some X and Y G M n (R) such that AX = I and Y A = I. Thus A E GL n (R) 
and GL n (R) —> GL n (R/J) is surjective. 

Obviously, the kernel of this map is 


{A = (aij) | A = diag{l, 1, • • • , 1}} 
= {A € M n (R) \ A = I mod M„(J)} 
= I + M n (J). 


(c) By calculating the possibility of the row vectors of A in GL 3 (T q ), it is 
easy to see that 

\GL 3 (F q )\ = (q 3 - l)(g 3 - q)(q 3 - q 2 ) - q 3 {q 3 - 1)(« 2 - 1 )(« - !)• 

(d) \U\ = q 3 - Since U is a subgroup of GL 3 {T q ) with order p 3r and 

\GL 3 (T q )\ = P 3r (p 3r - l)(p 2r - l)(p r - 1), 


U is a p-Sylow subgroup of GL 3 (T q ). 

(e) We consider the field extension T q C . There exsits a G ■ Such 
that T *, = (a). Obviously, T a : T q > -» x ax is an invertible linear 
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transformation over T q . Let A 6 GL 3 (T q ) be the matrix of T a relative to 
some base for 7 : q *jT q . Since o(a ) = q 3 — 1, the order of A in GL 3 (3 r q) is q 3 — 1. 

(f) Let R = Zj 25Z and J = 5Z/25Z < R. Then J 2 = 0 and R = R/J ~ 
Z/bZ. By (b), the kernel of the surjective homomorphism 


GL 3 (Z/2bZ) — GL 3 (Z/bZ) 

is I + M 3 (J). Obviously 

\I + M 3 (J)\ = b 9 

and 

\GL 3 (Z/5Z)\ = 5 3 (5 3 - 1 )( 5 2 - 1)(5 - 1 ) = 2 7 • 3 • 5 3 • 31. 


So 


\GL 3 (Z/2bZ)\ = 2 7 • 3 • 5 12 • 31. 


Let 


P = {A = {aij) 3x3 € GL 3 {Z/2SZ) | <r(A) eUC GL 3 (Z/5Z)} 

where a is the homomorphism GL 3 (Z/2bZ) — * GL 3 (Z/bZ). Then P/ ker cr ~ 17 
and |P| = | kercr| • |17| = 5 12 . Thus P is a 5-Sylow subgroup of GL 3 (Z/2bZ). 


1304 

Describe an infinite set of integral solutions ( a,b ) of the Pell’s equation 
x 2 - 2 y 2 = 1 (i.e., a,b £Z such that a 2 — 2 b 2 = 1). 

( Indiana ) 

Solution. 

Suppose that (a, b) is an integral solution of x 2 — 2 y 2 = 1. Then a must be 
odd and b even. Let a = 2a' + 1 and b = 2b'. Then we have b' 2 = a (a 2 +1 ' > ■ So 
a ^ 2 ^ must be a square number. Hence either both y and a' + 1 are square 
numbers or a' and s -^ are square numbers. 

If y and a' + 1 are square numbers, say a' = 21> 2 , a' + 1 = a 2 for some 
integers a 0 , b 0 , then b' 2 = • a§, (a 0 ,b 0 ) is a solution of x 2 - 2 y 2 — 1, and 

a = 2<io — 1,6 = ±2aol>o. 

Prom the above consideration, it is easy to see that if (ao, bo) is a solution of 
x 2 - 2 y 2 = 1, then (a i = 2 oq — 1, b = 2aobo ) is another solution of x 2 — 2 y 2 = 1. 

Obviously, (3, 2) is an integral solution of x 2 — 2 y 2 = 1. So if we take 
a 0 = 3, 6 0 = 2 and a,- = 2af_ 1 - 1, b,- = 2a,_ 1 b i _i (i > 1), we get an infinite 
set of integral solutions {(a,-,b,) | i > 0} of the pell’s equation x 2 - 2 y 2 = 1. 
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Remark. If a' and are square numbers, say a 1 = Og , a' + 1 = 26g, then 
(ao, bo) is an integer solution of x 2 — 2 y 2 = —1 and a = 2oq + 1,6= ±2ao6o- 
Conversely, if (a 0 ,6o) is an solution of x 2 — 2 y 2 = —1, then (a = 2 o,q + 1,6 = 
±2ao6 0 ) is an solution x 2 — 2 y 2 = 1. For example, from the solution (7, 5) of 
x 2 — 2 y 2 = —1, we get a solution (99, 70) of x 2 — 2y 2 = 1. 


1305 

Let p be a prime. Let R be a commutative ring in which a p = a for all 
aeR. 

(a) If R is an integral domain, prove that R is isomorphic (as a ring) to 
2/pZ. 

(b) In the general case (i.e., R not necessarily an integral domain), prove 
that R is isomorphic (as a ring) to a subring of a direct product (not necessarily 
finite) of rings each of which is isomorphic to Z/pZ. 

( Indiana ) 

Solution. 

(a) Suppose that R is an integral domain. For any a (^ 0) 6 R, since 
a? — a = a(a p ~ 1 — 1) = 0, a p_1 = 1. Hence R is a field, and for any a 6 R, a is 
a root of the polynomial x p — x = 0. It follows that R has at most p elements. 
Since p is a prime, Char(ii) = p and R ~ Z/pZ. 

(b) Since for any a 6 R, a p = a, the nil radical of R is 0, that is, the 
intersection of all prime ideals of R is 0. Hence 

R <— ► R/P. 

all prime p 

For any prime ideal P of R, R/P is an integral domain and for any a € R/P, 
a p = aP — a. By (a), R/P ~Z/pZ. Thus we have proved that R is isomorphic 
to a subring of a direct product of rings, each of which is isomorphic to Z/pZ. 


1306 

Let R be a commutative ring with 1. If R satisfies the a.c.c. (ascending 
chain condition) for finitely generated ideals then show that R satisfies the 
a.c.c. for all ideals. Give example (without proof) of such a ring which is an 
integral domain but not a p.i.d. 


( Indiana ) 
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Solution. 

If R satisfies the a.c.c. for finitely generated ideals, then for any ideal I of 
R, I is finitely generated. For otherwise, we can construct a strictly ascending 
chain of finitely generated subideals of I. Hence R is a Noetherian ring, i.e., 
R satisfies the a.c.c. for all ideals. 

Z\x\, the polynomial ring over Z, satisfies the a.c.c. for all ideals, but not a 
p.i.d. 


1307 

Let R be a commutative ring. Let A be an ideal of R. 

(a) Show that S={l + a|a6^4}isa multiplicatively closed subset of R. 

(b) Show there is a one-to-one correspondence between the prime ideals of 
S~ 1 R and those prime ideals P of R such that P + A ^ R. 

(c) If A is contained in every maximal ideal of R, what is 5 _1 U? 

(d) If A is a maximal ideal of R, what can you say about the structure of 

S~ l R! 

( Indiana ) 

Solution. 

(a) Obviously, 1= 1 + 065. For any 1 +- a and 1 +- 6, a, b £ A, 

(1 +- <z)(l +-6) = l+-(o+-6+- a,b) € S. 

It follows that S is a multiplicatively closed subset of R. 

(b) It is well known that there is an one-to-one correspondence between 
the prime ideas of S _1 R and those prime ideals P of R such that P D S = 0. 
Obviously, P D S 0 if and only if P +- A ^ R here. This is what we need to 
prove (b). 

(c) If A is contained in every maximal ideal of R, then A C J(R), the 
Jacobson radical of R. So every elements in S is invertible in R. Hence 
S~ 1 R=R. 

(d) If A is a maximal ideal of R, then S~ 1 A is the unique maximal ideal 
of S~ X R by (b). So S _1 R is a local ring, and it is easy to see that S _1 R is 
isomorphic to Ra, the localization of R at the maximal ideal A. 


1308 

Let I be a nilpotent ideal in a ring R, let M and N be fi- modules, and let 
f : M —* N be an -R-homomorphism. Show that if the induced map 
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/ : M/IM — N/IN 

is surjective, then / is surjective. 

(Harvard) 

Solution. 

Since 

7 : M/IM -* jV/IW 

is surjective, f(M) + IN = N. It follows that 

I ■ N/f(M) — IN + f(M)/f(M) = N/f(M). 

Hence 

N/f(M) = I ■ N/f(M) = 1 2 • 1\T//(M) = ••• = /"• N/f(M) = • ■ • = 0, 
because 7 is nilpotent. So N = f(M) and / is surjective. 


1309 

Let F be a finite field containing 5 elements. Let t be transcendental over 
F . Explicitly construct one non-archimedean absolute value | | on F(t). If f(t) 
is the completion of F(t) with respect to | |, show that the set of a(t) £ F(t) 
satisfying |a(t)| < 1 is a local ring. 

( Columbia ) 

Solution. 

Let p = p(t ) = t — 1 £ JP[t]. We define V p : F(t) — » IR by T^>(0) = oo and 
V p (f(t)) = k if 0 ^ f(t) = p(t) k • b(i)/c(t), where b(t), c(t ) £ J[t] and 

(6(t),p(t)) = l = (c(t),p(t)). 

Obviously, we have 

i) Vp (/(*)) = oo if and only if f(t) = 0, 

ii) V p (f(t) • <,(*)) = V p (f(t)) + V p (g(t)) and 

iii) V P (f(t) + g(t)) > imn(V p (f(t)),V p (g(t))). 

Then, by defining \f(t)\ p = we get an absolute value | \ p (called 

p-adic absolute value) on F(t). Obviously, j | p is non-archimedean (|/(t) + 
g(t)\ p < max{|/(t)|p, |</(t)| P }). 

Suppose F(t) is the completion with respect to | | p . Let R = {a(t) | a(t) £ 
F(t ), |o(t)|p < 1} and M = {«(<) G R \ |«(t)| < 1}- Since 

\<*(t) + P(t)\ p < max{|a(t)|p, |^(t)| p } 
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and 

wmt)\ P = i«mw/3(<)u 

R is a subring of the field F(t) and M. is an ideal of R. 

For any a(t) £ R\M, we have |a(t)| p = 1 and |a(t) _1 | p = 1 where a:^) -1 £ 

F(t) is the inverse of a(t). So, a(t) -1 E R and a(t) is invertible in R. Thus R 
is a local ring with maximal ideal M . . 


1310 


Prove that the ideal generated by Xi, • ■ ■ ,X„ in the polynomial ring(T[Xi, 
• • • , X n ] cannot be generated by fewer than n elements. 

( Stanford ) 

Solution. 

Suppose that {Yi, I 2 , • • • , Y m } is another generating subset of the ideal 
(Xi, X 2 , • • • , X n ) of the ring<F[.Xi, X 2 , • • • , X„]. We have to show that m>n. 
We can write 

Xi = a,iYi + 1- a,i m Y m + fi 

for £iny Xi where a t i,a« 2 ) • • • , dim G <F, and /,• is a sum of monomials in 
Yi, • • • , Y m of degree two or greater. In the same way, we also have 


Yj — bjiXi + bj 2 X 2 + h bj n X„ + gj 

for j = 1, 2, • • • , m, where bji, • • • , bj n £ (U, and gj is a sum of monomials in 
JSCi, X 2 , • ■ ■ , X„ of degree two or greater. 

So 

+/• 


= +/• 
n ( m \ 

— ^ I a,ij bj k j X \ t + (terms in Xi, • • • X n of degree > 2) 

\j = 1 / 

(i = 1,2,-- • ,n). 

Since X\, X 2 , • ■ ■ , X n are algebreiiccdly independent over (E . 


Yl a 'jbjk = b ik (i,k = l,2,---,n). 
j = 1 
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It follows that 


/ dll 

d 12 

■ • d lm \ 

i 

bn 

b 12 

•• bin 

\ 


a 2 1 

d 2 2 • 

■ • d 2m 


b2i 

b 22 

b 2n 


= lnx 

\ a nl 

d„2 ' ' 

’ * ^ nm J 

V 

bml 

brn 2 

•• b mn 

J 



Hence m > n. 

1311 

Let A be a commutative ring, and let I and J be two (proper) ideals such 
that every prime ideal of A contains either I ox J but no prime ideal contains 
both I and J. Prove that 

A ~ Ai x A2 

for some (nontrivial) rings Ai and A2. 

(Stanford) 

Solution. 

Since every prime ideal of A contains either I ox J but no prime ideal 
contains both I and J, we have IJ C 1V(.A) (the nil radical of .4) and 1+ J = A. 
There exist a £ /, b 6 J such that a+b = 1, and since ab £ IJ C 1V(.A), there 
exists an integer n such that ( ab) n = a n • b n = 0. Let lx = (a n ) and I 2 = { b n ). 
Then I\ and I 2 are proper and I\ + I 2 = A, since 

l = (a + b) 2n e(a n } + (b n ) = h+I 2 . 

By Chinese Remainder Theorem, we have 

I x ni 2 =h-h = { a n ) ■ ( b n ) = { a n b n ) = 0 

and thus A ~ A/Ii x A/I2 where A/ 1 1 and A/I2 nontrivial. 


1312 


Define / : [0, 1) -» [0, 1) by 


f(x) = 


2x, 

2x — 1, 


if 0 < 2x < 1, 
if 1 < 2x < 2. 


Find all x such that 


/(/(/(/(/(/(*)))))) = *■ 


( Indiana ) 
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Solution. 

For any real number a, [a] denotes the largest integer < a (Gauss function). 
We denote {a} = a — [a] here. Then it is clear that 

f(x) = 2x — [2a;] = {2x} 

for any x £ [0, 1). Hence 

/(/(/(/(/(/(*) • • {2 • {2 • {2 • {2 . {2 • {2x} • • 


Since for any real number a and positive integer n, we have 


{rc-{a}} = n{d) — [n • {a}] = n(a — [a]) — [n(a — [a])] 

- na — n-\a\ — [na — n[a]] = na — n[o] — ([no] — n[a]) 
= na — [na] = {na}, 


/(/(/(/(/(A*)))))) = {2 6 x} = {64a;}. 

Notice that x = {64a:} = 64a: — [64 • a:] if and only if 63a: = [64a:]. Since 
x £ [0, 1), 63a: = [64a:] = [63a: + a;] (to be an integer) if and only if 

1 2 62} 

\°’ 63 ’ 63 ’ ’ 63 J 

Thus /(/(/(/(/(/(*)) • • ■) = x if and only if x = 0 < k < 62. 


1313 

Let T be the ring of all real trigonometric polynomials 
N 

f(x) = a 0 + ^2 a n cos nx + b n sin nx. 

n = l 

Define deg f(x) — N where a jv or b n ^ 0. Show that deg f ■ g = deg / + deg g. 
Use this result to prove that T is an integral domain which is not a unique 
factorization domain. 

( Columbia) 

Solution. 

By using the orthogonality of the set {l,cosna;, sinna: | n £ IN}, it is easy 
to see that 

N 

f(x) = ao + ^2 a « cos nx + k" s ^ n nx = 0 
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if and only if all the coefficients of f(x), i.e., a,Q, ai, • • ■ , ajv and bo, 61 , • • • , 6 /y 
are zero. 

Let 

N 


f(x ) — ao + cos nx + &n sin n % 


and 


g(x) — co + c m cos mx + d m sin mx. 

m = 1 

Suppose that deg f(x) = N and degg/a:) = M. Since 

(a n cos nx + b n sin nx) • ( c m cos mx + d m sin mx) 

G»»Cm b n d m . a n d m + b n c m . 

= cos(n + m)aH sin (n + m)x 

, a n c m + b n d m , , , -a n d m + b n c m . , , 

H cos(n — m)x H sin(n — m)x, 


f( x )-g( x ) 

N+M 


= E 


Q»Cm ~ b n d m ^ a n c m + b n d„ 


+ E 
\n-\-m—k 


n+m=k 

a n d m + b„c m 


|n-m|=fc 

-andm + b n c m 
2 


cos feu 


+ E 


+ E 


a n d rn — b n c„ 


sin kx 


The coefficients of cos (N + M)x and sin(JV + M)x in f(x)-g(x) are g - ; vCit * 
and £if d u - + b i L £M respectively. If both of them are zero, then 

ojv • cm ■ dM = hjv • d 2 M = -bxc 2 M , 

and so b^{c\ f + d 2 M ) = 0. Since c 2 M + d 2 M yt 0, &/v = 0. Then we have 
&N C M — a Ndnt — 0- Hence ajy = 0, which is contrary to or bpf 0. 

Thus we have proved that 

de g ifi x ) ' 9{x)) = N + M = deg /(e) + degg(x). 

Now f(x) ■ g(x) = 0 can happen only if either f{x) = 0 or g(x) = 0 by the 
above degree relation. So T is an integral domain. 

If f(x) ■ g(x) = 1, then the degree relation implies that deg f(x) = 0 = 
degg(a;). Hence the units of T are {±1}. 



Obviously, in T we have 
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cos 2® = (cos® + sin®)(cos® — sin®) 

= (1 + \/2sin®)(l — \/2sin®). 

Again by the degree relation, sill the factors cos® ± sin®, 1 ± y/2 sin x are 
irreducible, and cos ® ± sin ® and 1 ± y/2 sin ® are not associates. Thus cos 2® 
in T does not have an essentially unique factorization into irreducible elements. 
Hence T is not a unique factorization domain. 


1314 

Let A be a Noetherian integral domain integrally closed in its field of frac- 
tions K. Let £ be a finite separable field extension of K. If B is the integral 
closure of A in L, outline a proof that B is Noetherian. 

( Stanford) 

Solution. 

First, we claim that the trace function Tt L / K ^ 0. Let p = Char (if) 
and n = [L : K). If p = 0 or (p, n) = 1, it is easy to see that Ti l /k ^ 0 
(Trj,/jf(&) = nb for any b E K). Now, suppose that p 0 and p \ n. Since 
L D K is a finite separable extension, L = K[a\ for some a £ L. Denote 
a = <* 1 , a 2 , ■ ■ • ,£*„ be the set of the conjugates of a. For any f(a ) £ L, 

Ttl/jc(/(«)) = X) /(<*•)• Let “ Cix ”- 1 + C 2 x n ~ 2 h (-l) n * c n be the 

i=i 

minimal polynomial of a over K and j be the minimal positive integer such 
that p \ j and cj ^ 0. Then by using Newton’s identities on the elementary 
symmetric polynomials, we get 

^/jr(« i ) = (-l) n+i+1 -i-c i #0. 


Thus Tti,/k j 2 0. 

Let tii, u 2 > ’ ' ‘ i u n be a basis of L over K contained in B. The bilinear func- 
tion (®,y) — * Tr L / K {xy) is non-degenerate since Tr l /k i 2 0. Let iq, i> 2 , ■ • • ,v n 
be the dual basis of uj, u 2 , • • • , u„ (the elements in L satisfying T 'r L / K (u i Vj) = 

6,j for all i,j). Then, for any ® 6 B, x has the form fci«i + k 2 v 2 + (- k n v n 

(ki £ B). Since ®u< G B, fc,- = Tr L / K (xv,i) G A for any i. Hence B C 
Av ! + Av 2 H (- Av„. Since A is Noetherian, B is Noetherian. 
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1315 

If A is a commutative ring and A[[x]] is the ring of formal power series over 
A, show that if / = ^ “n 1 " is nilpotent, then all the elements a, 6 A are 

n=0 

nilpotent. If A is Noetherian, prove the converse, i.e., that if all the elements 
a,- are nilpotent, then / is nilpotent. 

( Stanford ) 

Solution. 

Suppose that f = a n xn is nilpotent. It is easy to see that f m = 0 

n=0 

implies that a™ =0. So, first we get that ao is nilpotent. Assume that 
ao, aii ■ • • , afc is nilpotent. Since A is commutative, ao + aix + ■ • • + a,kX k is 
nilpotent and 

oo 

f - (a o + ctiaH bafcX*) = a„x” = x* +1 

n=k+ 1 

OO 

is nilpotent. Hence a n x n ~ k+1 is nilpotent and so ai + i is nilpotent. By 

n=*+l 

induction, all the elements a; are nilpotent. 

Conversely, suppose that A is Noetherian and all the elements a,- are nilpo- 
tent. Let I be the ideal generated by {a< | 0 < i < oo}. Since A is commu- 
tative Noetherian, I is finitely generated and nilpotent. If I m = 0, that is, 
&1&2 • • • b m = 0 for any 61,62? • • • ,6 m £ I, then it is easy to see that f m = 0. 
Hence / is nilpotent. 

1310 

Let F be a field, and for n > 1 let R n be the subring of the ring of 
polynomials F[x] consisting of polynomials 

fo + fi x + fix 2 + • • • + fk x>e € F[ x ] 

such that /1 = f 2 = • • ■ = /„ = 0. 

(a) Show that R n is a Noetherian ring. 

(b) Show that the field of fractions of R n is F(x), and determine the integral 
closure of R n in its field of fractions. 

( Stanford ) 




57 


Solution. 

(a) Since i^a;] is Noetherian and 

F[x] = Rn + R n x + R n x 2 H V R n x n 

is finitely generated as 7Z„-module, R n is a Noetherian ring by Artin-Tate 
Lemma (or Eakin’s Theorem). 

(b) Observe that 

a(x) a; n+1 a(x) 
b(x) = z»+*6(*) 

for any a(x)/b(x ) € F(x). It is clear that the field of fractions of R„ is F(x). 

Obviously, x is integral over Rn, since a; is a root of X n+1 — x n+1 E R n [A], 
Hence F[x] is integral over R n . On the other hand, if a(x)/b(x) E F(x) is 
integral over R„, a(x)/b(x) is integral over F[x], Since JF[a:] is an integrally 
closed domian, a(x)/b(x) E ^[e]. Hence F[x] is the integral closure of R„ in 
its field of fractions. 

1317 

Describe all subrings of Q. (A subring contains 1 by definition.) 

( Stanford ) 

Solution. 

Let R be a subrings of Q. Then R D 2 by definition. Let 

5={0^p€J£|-6 R}- 
P 

Obviously, 5 is a multiplicatively closed subset of Z containing 1. Let Z s be 
the localization of Z at the multiplicatively closed subset S. For any q/p £Z S 
(q EZ, p E S), | = q ■ i £ R. Hence Z s C R. 

On the other hand, for any q/p £ R, we may assume that (p, q) — 1 and 
pi + qk = 1 for some l, k £Z. Then 

i = pi± i t = 1+l ?6a 
P P P 

So p E S and q/p EZs- Hence R C Zs- It follows that R = Zs where 
5= {O^pEZ | l - £ R). 
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Thus 

{Z s | 5 is a multiplicatively closed subset oil} 

is the set of all subrings of <5 ( S can be choosed as the complement in Z of the 
union of some prime ideals of Z). 
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SECTION 4 

FIELD AND GALOIS THEORY 

1401 

1) Let X be a finite set and G a subgroup of the group of permutations 
of X. Define a relation ~ on X by requiring x ~ y if either x = y or the 
transposition ( x,y ) (which interchanges x,y G X and leaves all other elements 
fixed) is an element of G. Show the following. 

(a) ~ is an equivalence relation. 

(b) If G acts transitively, then all equivalence classes are distinct and con- 
tain the same number of elements. 

(c) If Card(X) is a prime number and if G acts transitively and contains 
at least one transposition then G must be the whole permutation group of X. 

2) Suppose / 6 Q [ is irreducible and has degree p, a prime number. If / 
has exactly p — 2 real roots and 2 complex roots, show that the Galois group of 
/ over Q is the symmetric group S p on p symbols. Show that the polynomial 

(x 2 + 4) • x • (x 2 - 4)(x 2 - 16) - 2 

is irreducible and determine its Galois group over Q. 

( Columbia) 

Solution. 

1) (a) By the defintion of ~ is reflexive and symmetric. Since 

(®, 2 /)(y, 2 :)(a:, 2 /) -1 = (x,z), (x ± y,y ± z ), 

it is easy to see that ~ is transitive. Hence ~ is an equivalence relation. 

(b) Let {xi,x 2 > ’ ' ' > ®n} and {j/i,l/ 2 > • • • ,2/m} be two equivalence classes of 
~ determined by x = Xi and y = y\ respectively. Since G acts transitively on 
X, there exists a G G such that cr(x) — y. For any 1 < i < n, we have 

(a(xi),cr(x,)) = cr(xi, Xi)<r _1 G G. 

Thus {o-(xi), <r(x 2 ), • • • ,<r(x„)} are n distinct elements belonging to the equi- 
valence class determined by j/i = <r(xi). Hence m > n. Similarly, we have 
n > m. Thus m = n. So all equivalence classes contain the same number of 
elements. 
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(c) Suppose G acts transitively and contains at least one transposition. 
Then, by (b), all the equivalence classes contain the same number of elements, 
say n, and n > 1. So Card(X) — m ■ n, where m is the number of distinct 
equivalence classes determined by Since Card(X) is a prime, m = 1 and 
n = Card(X). Thus for any x, y £ X, x ~ y, i.e., ( x,y ) £ G. It follows 
that G is the whole permutation group of X, which is generated by all the 
transpositions. 

2) Suppose 

f(x) = II(* ~ r ‘) 

i= 1 

in <T[x]. So E = Q{r\, • • • , r p ) is a splitting field of /(x) over Q contained in ff. 
Identify G = Gal (E/Q) with a permutation group of the set X = {ri, • • • , r p } 
of the (distinct) roots by rj — > r)\x- For any r, , rj £ X, since /(x) is irreducible 
and /(r,-) = 0 = f(rj ), there exists an isomorphism of Q(ri)/Q into Q(rj)/Q by 
sending r,- to r,-. Since E • • • ,r p ) is a splitting field of f(x) over 

and also over Q(rj), this isomorphism can be extended to an automorphism rj 
of E/Q. Then tj £ Gal (E/Q) and 7j(r,) = rj, which shows G acts transitively 
on X. 

Consider the conjugation automorphism on(F. This maps /(x) to itself. Let 
ri and r 2 be the two non-real roots of f(x). Thus the conjugation interchanges 
r 1 and V 2 = f 1 and fixed all other real roots. Hence the restriction of the 
conjugation to E is an element of G and it is a transposition. Thus the Galois 
group G of /(x) over Q is the symmetric group S p on {ri, ■ • • , r p }. 

By Eisenstein criterion, 

/(x) = (x 2 + 4)x(x 2 — 4)(x 2 — 16) - 2 
is irreducible over Q. Let 

g(x) = (x 2 + 4)x(x 2 — 4)(x 2 — 16). 

The real roots of g(x) are 0, ±2, ±4, and the graph of y — g(x) has the form 
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Since |fif(n)| > 2 for any odd integer n, it is easy to see that f(x) = g(x) — 2 
has five real roots and two non-real roots. Hence the Galois group of f(x) over 
Q is SV. 


1402 

Let p be an odd prime. Let Cp be a primitive p th root of unity and g a 
primitive root ( mod p) (i.e., g is a generator for (2/pX)*). Fix e, a divisor of 
p — 1 and put / = (p — l)/e. Define 

j=0 

Show that, for any i, p, generates a subfield of <?(C P ) of degree e over Q. 

Hint. Use the generator <r : C p — ► (C p ) s of the Galois group of <$(C P ) over Q. 

( Columbia ) 

Solution. 

Since g is a primitive root ( mod p), a : C P i-+ (C p ) 3 is an automorphism of 
Q(C P ) over Q and 

G = Gal (<?(Cp)/<?) =< >= = 1}. 

Obviously, = Cp} is a base for Q(( p )/Q. 

Let H =< cr e >< G. Then \H\ = /, 

$(C P ) = InvF] = \H\ = f 

and [Inv(H) :Q] = e. Since H is normal in G, lnv(H)/Q is a Galois extension 
and Gal(Inv(H)/<?) ~ G/H. 

Now for any i, 

vili) 


'(E &r +< 

v=° 

a ^> e ' +i (C P ) 

J2<r ei+i+1 «p) 

j= o 
Vi+i 



62 


and 


*'(*») = ^(E^ + ’(4)] 

\i-o 

= E^ (i+1)+ *'(c P ) 

j = 0 

= E* ei+ w+* e/+ %) 

i=i 
/- 1 

j=i 

= X> ej+ %) 

j=0 

= Vi- 


It follows that ??,■ € Inv(H) and {vo,Vir ■ ■ ,Ve-i} is the orbit Gal (Inv (#)/<?) 
(Vi) of Vi for any i. Since {<r« p ),cr 2 « p ), • • ■ , is a base for Q(C P )/<Q, 

Vo = o-(C p ) + o- e (Cp) + ---+<T e(/_1) (Cp), 

VI = 0- 2 (Cp) + <T e+1 (Cp) + • • • + cr e(/-1)+1 (Cp), 

Ve-1 = ^'“'(Cp) + ^"'(Cp) + b (T e(/_1)+e_1 (Cp)(= CT P_2 (Cp)) 

e— 1 

are distinct. Hence I"[ (a '~Vj) is the minimal polynomial for ry over Q (for any 
j=° 

i). It follows that 7?, is a primitive element for lnv(H)/Q, i.e., Inv(iT) = Q(Vi) 
for any i. Thus r/, generates a subfield of <?(( p ) of degree e. 


1403 


Let if be a field and x be an element of an extension of K such that 
x is transcendental over K. Put G = Aut(if (x)/K ), and let H denote the 
subgroup of G consisting of the substitutions x — > x + b with b 6 K. 

(a) Let A,B e K[X], AB £ K, gcd (A,B) — 1, and put y = A(x)/B(x). 
Show in succession that the polynomial A - yB £ K{y)[X] is not 0, that x is 
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algebraic over K(y), that y is transendental over K, that A — yB is irreducible 
in K(y)[X\, and that 


[K{x) : #(</)] = max{deg A, deg B}. 

(b) Show that the elements of G are given by the fractional linear substi- 
tutions x —* ax + b/cx + d with a,b,c,d G K and ad — be ^ 0. 

(c) Show that when K is infinite, then G is infinite and the fixed field of G 
is K. Find the fixed field of H. 

(d) Show that when K = lF q and put 

z = (x 9 * - x) 9+1 /(x q - x) ?2+1 , 

then ordG = q 3 — q and the fixed field of G is lF q (z). Conclude that ]F q (x) 
is a Galois extension of a given field L with IF q C L C F q ( x) if and only if 
L D lF q (z). Find the fixed field of H. 

( Columbia ) 

Solution. 

(a) Since gcd(A, B) = 1, there exist S, T € K[X ] such that AS + BT = 1 
in K[X ]. Suppose A — yB = 0 in K(y)[ X]. Then 

y = ASy + BTy = A(Sy + T). 

It follows that deg A = 0 and deg£ = deg(A) = 0, which is contrary to 
AB £ K. Thus A - yB # 0. 

Since A(x) — yB( x) = 0, a; is algebraic over K(y). If y is algebraic over K , 
x must be algebraic over K , which is contrary to the assumption. Hence y is 
transendental over K. 

Again, since gcd(A, B) — 1 in K[X] (C FT(j/)[Jl]), A - yB is irreducible in 
K [y] [A ] = K [X][i/]. Thus A — yB is irreducible in K(y)[X}. Thus the minimal 
polynomial of x over K(y) is the monic polynomial which is a multiple in K (y) 
of A — yB and 

[. K(x ) : K(y)] = deg(A - yB) = max{deg A, deg B}. 

(b) By (a), y = A(x)/B(x) is a generator of K(x)/K (i.e., K (y) = K(x)) if 
and only if max{deg A, deg B] — 1, or if and only if y has the form ax+b/cx+d, 
ad — be ^ 0. 

(c) By (b), it is easy to see that G ~ GLi{K)IK* • J 2 , where 

K* ■ I 2 = (diag(a,a) | a £ K*}. 
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If K is infinite, so is G. 

Obviously, K C Inv(G), the fixed subfield of G. On the other hand, if 
there exists some y = f(x)/g(x) £ Inv(G)\isr, then by (a), K(x)/K(y) is a 
finite dimensional simple extension. Hence Autjj-^.K^a;) is finite, which is 
contrary to the facts that G C Ant K ^K(x) and G is infinite. Thus we have 
Inv(G) = K. 

Similarly, we have Inv(H') = K, since H is also infinite. 

(d) Suppose K = F q . Then 

and 

[Fq( x ) : Inv(G)] = q 3 — q- 

For any 

cr : x i—t ax + bjcx + d, ( ad — bc^O) 
in G, it is routine to check 

<t(z) — a((x g2 — x) 9+1 /(x 9 — a ;) 92+1 ) = z. 

Hence F(z) C Inv(G). On the other hand, we have 
(x qi - X) q+1 /(X q - x )« 2+1 

_ A* g5 -*) V +X 1 

j (X9-jt)9 2 -9 

(1 + X9" 1 + jf(9-l)2 + . . . + x(«-l)9)9+l 

(X9 - X)9 2 -9 ’ 

Denote 

A = (1 + X q ~ 1 + A’(9- 1 )2 + ....+ x(«-i)9)9+i 

and 

B = {X q -X) q2 ~ q . 

Then gcd(A, B) = 1 and 

maxjdeg A, deg B} = q 3 — q. 

Hence we have [,F g (:c) : F q (z)\ = q 3 — q. Thus Inv(G) = F q (z) and F q (x) 
is a Galois extension of a given field L with F q C L C F q (x) if and only if 
L D F(z). 
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Similarly, we have [F q (x) : Inv(fl')] = q since \H\ = q. Let A = X q - X 
and B = 1 in F q \X] and let z' — x q - x £ ,F g (a:). Then z' £ Inv(iT) and by 
(a), [F q (x) : F q (z')] = q. Thus 

In v(H) = F,(z') = F 9 (x« - *). 


1404 

Let E = <F(Y) with Y an indeterminate, F = d(Z) with Z = Y n + Y~ n , 
and C = e 2 ’”/" . 

(a) Show that there are unique automorphisms <r and r of E/d such that 
cr(Y) = C Y and t(Y) = Y~ l , and that the subgroup G of Aut(I£) which these 
generate is isomorphic to D n , the Dihedral group of order 2 n. 

(b) Show that Y is a root of a polynomial of degree 2ra with coefficients in 
F. 

(c) Show that E/F is a Galois extension with Galois group G. 

( Columbia) 

Solution. 

(a) Since Y is a generator of E over d, there are unique homomorphisms 
cr and t of E to E over d such that cr(Y ) = £Y and r(Y) = Y -1 . Obviously, 
a n — 1 = t 2 . Hence <j and r are automorphisms of E/d. Since ord(cr) = n, 
ord(r) = 2 and to = o n ~ 1 r in G, G =< cr, r >~ D n , the Dihedral group of 
order 2n. 

(b) Since 

X 2n -Z-X + 1 = X 2n - (Y n + Y~ n ) + 1 

= (X n -Y n )(X”-Y- n )£P[A], 

Y is a root of X 2n - ZX + 1. 

(c) Obviously, E/Inv(G) is a Galois extension with Galois group G and 
[E : Inv(G)] = 2n. Since o(Z) = o(Y n + Y~ n ) = Z and r(Z) = Z, we have 
Z £ Inv(G) and F — d(Z) C Inv(G). It is readily verified that X 2n — ZX + 1 is 
irreducible over F (Z is transendental oveid and X 2n — ZX + 1 is irreducible 
in <r[Y][A],for example, using 1403). E is a splitting field of X 2n — ZX + 1 


X 2n 


since 


ZX + 1 


(X - Y)(X — (Y) ■■■ (X — C~ X Y) 
(X - Y -1 )(X - t/Y- 1 ) ■■■(X- 
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in E. It follows that E/F is Galois and [E \ F] = 2 n. Hence we have 
F = Inv(G) and E/F is Galois with Galois group G. 


1405 

Let F = Q(x) be the field of rational polynomials in one variable x over 
Q (i.e., the quotient field of the polynomial ring<5[*]). Consider the elements 
cr, r in Aut <q(F) (i.e., field automorphisms of F) given by cr(a:) = 2 — x and 
T ( x ) = ir T • 

(a) Find the subgroup G (of Aut^(F’)) generated by a and r. 

(b) If K is fixed field of G in F, find a finite subset S of F such that 
K=Q(S). 

(c) How many subfields lie strictly between K and F ? How many of these 
are Galois over K ? Justify your answers. 

( Indiana ) 

Solution. 

(a) Since cr 2 (x) = x, t 2 (x ) = x and rcr(a;) = = <rr(x), we have <r 2 = 1, 

r 2 = 1 and err = rcr. Hence 


G = (<t,t)~K 4 , 
where K 4 is the Klein 4-group. 

(b) Obviously <r ( x — 1) = 1 — x and r(x — 1) = It is easy to see that 

(x - l) 2 + ^ £ K, the fixed field of G in F. Denote 77 = (a; — l) 2 + 

Then Q{rf) C K C F. Let 

= -r/t 2 + i e <^(r?)[t]. 

Then f(t) is irreducible in <?(r?)[t] and F is a splitting field of f{t) since 
/(*) = (1 - x + 1)(< + *-!)•(<- + ^t) 

in F[t]. Hence Ql{rj) C F is a Galois extension and [F : Q(r])\ = 4. On the other 
hand, K C F is a Gcdois extension and [F 1 : K\ = |G| = 4. It follows that 

*=«(,)=<? ((*-!)* + 

(c) By the fundamental theorem of Galois theory, there are exactly 3 sub- 
fields lying strictly between K and F which correspond to the three proper 



subgroups of G ~ K\. Since all the subgroups of K 4 are normal, all these 3 
subfields are normal over K (finite dimensional and separable). Thus all these 
3 subfields are Galois over K . 


1406 


Consider Q(t), the field of quotients of the polynomial ring Q[t]. Let a and 
r be elements of Aut ((?(<)) given by <r(t) = and r(t) — —t. Let G be the 
subgroup of Aut^(<5(t)) generated by cr and r. 

(a) Identify G. 

(b) Let H be the subgroup of G generated by cr 2 and r. Find a 6 Q(t) such 
that Q(a) is the fixed field of H (Justify your answer). 

( Indiana ) 

Solution. 

(a) Obviously, r 2 (t ) = t, <j 2 (t) = a — p, <r 3 (f) = — and cr 4 (f) = 

t. It is easy to see that r 2 = 1, cr 4 = 1 and rcr = <r 3 r. It follows that G is 
isomorphic to the Dihedral group £> 4 . 

(b) Since 



the fixed field of H. Hence, 

Q (< 2 + Jr) C InvH C <f(t) 


and obviously 


On the other hand, 

/(*) 


m) ■ InvIT] = |H| = 4. 

= (*-<)(* + (x - i) (l + i) 


is irreducible over Q (t 2 + and Q(t) is a splitting field over Q (t 2 + ^) of 
separable polynomial f(x). So 


1 
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is a Galois extension and 

[«(*):<* (* 2 + ^)] =4. 

It follows that 

[to,* :«(*’ + £)] =1, 

that is, 

Invff = «(* 2 + ^) 


1407 

Let Q denote the field of rational numbers, let K = Q(a), where a is a root 
of f(x) = x 3 — 3x + 1. 

a) Prove that f(x) is irreducible over <?. 

b) Prove that K/Q is Galois. 

Hint. Consider a 2 - 2. 

c) Find a generator of the Galois group Gal {K/Q). 

( Indiana ) 

Solution. 

a) If f(x) = x 3 — 3x + 1 is reducible over Q, then f(x) has a factor with 
degree one in Q[x], that is, f(x) has a root in Q. Since f(x) = x 3 — 3a: + 1 is 
monic, the rational roots must be integral factors of 1. But ±1 are not roots 
of f(x). This is a contradiction. Thus f(x) is irreducible over Q. 

b) Let / 3,7 be the other two roots of f(x ) = x 3 — 3a; + 1 in a splitting field 
of f(x) over K. Obviously, a + /3 +7 = 0, afiy — — 1 and the discriminant A 
of f(x) is 3 4 . Hence P + 7 = -a and 

(a -/?)(£ - 7)(7 -«) 

(«“/3)(T -«) 

Va 

-a 2 + (/3 + y)a - Py 
y/Sl-a 
3(1 - 2a) 

V61 

3(1 -a 2 )' 


P-1 
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It follows that a, = —a 2 — a + 2 and — — a = a 2 — 2 are the roots of 

f(x). So if is a splitting field of f(x). Hence K/Q is Galois since Char(<5) = 0. 
(We may check a 2 — 2 is a root of f(x ) directly by using the hint). 

c) From a) and b), it is easy to see that the Galois group Gal(if/<$) ~ A 3 . 

< 7 : if = <?(<*)-+ if 

« h « 2 -2 

is a generator of Ga \(K/Q). 

1408 

Let if be a field and x an indeterminate. 

(a) Show that the rational functions /„ = (a G if) are linearly inde- 
pendent over if. 

(b) As if -modules, if[x] and if (x) have what dimensions? 

(c) Let G denote the additive group of if, acting on K(x) by a S G sending 
x to x + a. Assume that if is infinite. Let / G K(x). Show that the G-orbit 
of / spans a finite dimensional if -module if and only if / G if [a;]. 

( Columbia) 

Solution. 

(a) Suppose that {/„ = \ a G if) is linearly dependent over if. 

There exist some non-zero elements c*i,-'-, 0 £ n G if and some distinct ele- 
ments ai, 02 , ■ • • , a„ G if such that 

= 0 . 
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We claim that for any n + 1 distinct elements e*x, a 2 , • • • , « n +i in K (note 
that K is infinite), f(x + ai),/(s + a 2 ),-•■,/(* + « n +i) spans the subspace 
generated by the G-orbit of /. 

For any a G G, we take (/?x,/? 2 , • • • ,/3„+i) G if n+1 to be the solution of the 
equation system 


/ 1 1 ••• 1 \ 


^ Xl ^ 


/ 1 

ax a 2 ••• a n+ x 


x 2 


a 

a? «2 ••• a l+i 


2:3 

= 

cr 

\ a" a 2 • • • a£+i ) 


V *» ) 


\ “n / 


Then it is clear that 

(x + a) n = (3i(x + ai) n + /3 2 (* + a 2 ) n + 1- + a n+i ) n 

and also 

(x + a)’ = /?x(x + o-!)’ + /3 2 (a; + a 2 )’ + 1- /3 n+1 (x + a n +i) ! 


for 1 < i < n. Hence 


f{x + a) = /3i f{x + ax) + j8 2 /(x + a 2 ) + • ■ ■ + fi n +if(x + a«+i). 


This shows that {/(x + <*i) | 1 < i < n + 1} spans the subspace generated by 
the G-orbit of /. 

On the other hand, suppose /(x) G K(x), and the G-orbit of /, {/(x-fi a) | 
a G K) spans a finite dimensional if -module. We write f(x) = g(x)/h(x) 
where g(x), h(x) G K[x\ and (g{x), h(x)) = 1. Let /(x + «x), f(x+a 2 ), • • ■ , f(x 
+a„) (a; G K) span the subspace < {/(x+a) | a G K } >. Then for any a G K , 
there exist /3i , fa > • ■ • , fa in K such that 


/(x + a) 


g(x + a) 
h(x + a) 

^/3i/(x + ai) 
i - 1 

g(s + «0 

" *h(x + ai) 

X] fag(x + a;) I] h{x + oy) 
1 = 1 

h(x + a,) 

i=l 
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Since ( g(x + a), h(x + a)) = 1, we have 

h(x + a) | JJ h(x + «i) 

t=i 

for any a £ F. Since K is infinite, an easy discussion in a splitting field of h(x) 
over F will lead to deg h(x) = 0. Thus we have 


1409 

Let £ be a finite Galois extension of F and let /(x) be an irreducible 
polynomial in ,F[x]. Show that all the irreducible factors of f(x) over E are of 
the same degree. 

( Columbia ) 

Solution. 

For any <r € G = Gal(E/F), we still denote cr to be the isomorphism 
I?[x] — > E[x] which extends a on E and maps x to x. Since /(x) £ F[x], 
<r(f(x)) — f(x). Let e(x) be a monic irreducible factor of /(x) over E. Then, 
for any a £ G, < 7 (e(x)) is an irreducible factor of f(x) over E. 

We prove in the following that all monic irreducible factors of f(x) over 
E arise in this way. Thus all the irreducible factors of /(x) over E are of the 
same degree. 

Suppose e'(x) is another monic irreducible factor over E. Let a and a' 
be roots of e(x) and e'(x) in some extension field of E. Then, a and a' are 
roots of f(x), which is irreducible over F. Hence we have an isomorphism 
tj : F(a) —> F(a') which sends a to a (a £ F) and a to a'. 

Since E/F is Galois, we can write E = F(/3), where /3 is a root of g(x), 
a separable irreducible polynomial over F. Obviously E is a splitting field of 
g(x). Then E(a) = F(a)(/3) and E(a') = F(a')(/3) are splitting fields of g(x) 
over F(a ) and F(a') respectively. Hence r/ : F(a) —* F(a') can be extended 
to an isomorphism tj of E(a) onto E{a'). Note that r]((i) may not be /3, but 
t)((3) is a root of »j(gi(x)) = g{x). It follows that 77 I.E : E —* E is in G. 

Now, since a and a' are roots of the monic irreducible polynomial e(x) and 
e'(x) over E respectively, r] : E(a) — > E(a') is an isomorphism and rj(a) = a', 
we must have ( 77 |e)(e(x)) = e'(x) and dege(x) = dege'(x). 
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1410 

(a) Let if be a field of characteristic p > 0. Show that the polynomial 
t p — t — c in K [t] is either irreducible or splits completely into p linear factors 
over K. 

Hint. If u is a root of t p — t — c then so is u + 1. 

(b) Let F be the splitting field of the polynomial t 62 — 1 over Z 5 . Show 
that [F : Zs] = 3. 

Hint. First prove that the zeroes of t 62 — 1 form a cyclic group G of order 

62. 

( Indiana ) 

Solution. 

Suppose that t p — t — c = f(t) • g(t ) in JC[t] where f(t) is a monic polynomial 
of degree n, 1 < n < p— 1. Let E be a splitting field oit p -t—c and let u 6 E 
be a root of this polynomial. Then for any m £Z P , the prime field of K, 

(u + m) p — (u + m.) — c = u p + m p — u — m— c = u p — u — c = 0. 

Hence we have 

f(t) • g(t) = IJ (t - u - m) 
m€Z p 

and there exist ii, * 2 ) • • ■ , i n E2 P such that 

/(<) = (t- u- ii)(t - u- i 2 ) ■ • -(t - u - i n ). 

Comparing the coefficients of the term of degree n — 1, we obtain n ■ u + ii + 
* 2 H — • + *n € K . So we have n • u 6 K. Since p-u = 0 and there exist integers 
v and w such that v ■ n + wp — 1, u = (v ■ n + wp ) • u = v(n • u) £ K. Thus we 
have 

t p — t — c— (< — u — to) 
mez P 

in K[t]. 

(b) Let G be all the zeroes of t 62 — 1 in F. Obviously, G is a subgroup of 
F* and G is cyclic of order 62 since 

(t 62 - 1)' = 62< 61 = 2f 61 0. 

It follows that 

[F:Z 5 ]> 3. 
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Let E be a extension field of Z$ such that [E : Z*/[ = 3. Then E* is a cyclic 
group of order 5 3 — 1 = 124. Let G' be its unique subgroup of order 62. Then 
all the elements of G' satisfies t 62 — 1. So t 62 — 1 splits in E and E is a splitting 
field of t 62 — 1. Thus we have E ~ F and [E : Z 5 ] = 3. 


1411 

(a) Suppose you are given afield L,Q C L C(F, such that L/Q is algebraic 
and every finite field extension K/L , K C Q is of even degree. Show that every 
finite field extension of L must in fact have degree equal to a power of 2. 

(b) Show that such a field L actually exists. 

( Indiana ) 

Solution. 

(a) Let K/L ( K C(F) be a finite field extension. We have to show [K : L] 
is a power of 2. For this purpose, we may assume that K is Galois over L. 
Let G = Galif/L and |G| = 2" • m where m is odd. By Sylow’s Theorem, 
G has a subgroup H of order 2". If K' is the corresponding subfield of K/L, 
then [ K : K '] = 2” and [K' : L] = m. Since L has no proper odd dimensional 
extension field, we must have m = 1, and so K' = L and [K : L] = 2 n . 

(b) Let L be the field of real algebraic numbers, that is, the subfield of Et 
of numbers which are algebraic overt?. Then Q C L C <F and L/Q is algebraic. 

Now for any finite field extension K/L, K CQ, there exists some element 
a £ K such that K = L(a) by Primitive Element Theorem. Let f(x) be 
the minimal polynomial of a over L. Then f(x) has no real root since f(x) 
is irreducible in L[x]. So, f(x), when decomposed in IR[x], is a product of 
irreducible polynomials of degree 2. Hence, 

\K : L\ = [£(«) : L] = deg /(*) 
is even. By (a), it is in fact a power of 2. 


1412 

Let if be a field of characteristic p ^ 0. The set {x p | x £ if } is a subfield 
of if that is denoted by K p (no proof required). 

(a) Let L be an intermediate field between K p and if. If [L : K p ] is finite, 
prove that it is a power of p. 
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(b) A subset B of K is called p-independent if for any finite set bi , b 2 , • • • , b rn 
of distinct elements of B 


(K p (b u b 2 ,---,b m ):K p ]= P m . 


Prove that if K p ^ K , then K contains a maximal p-independent subset B. 
(c) Prove that the set B of part (b) satisfies K P (B ) = K. 

(Indiana) 

Solution. 

(a) If [ L : K p ] is finite, there exists a finite set of elements {hi, b 2 , • • • ,b n } 
such that 

K p (bi,b 2 ,---,b n ) = L. 

Without loss of generality, we can assume that bi £ K p (b\ ■ • • hj_i) for any 
1 < i < n (K p (bi, • ■ ■ ,bi-i) = K p when i — 1). Since 

€K p CK p (b lt i-r) 


and 

bi £ K p (h, _i), 
i p — is irreducible in K p (bi, • ■ • Hence 


[K p (b 1 ,---,b i ):K p (b 1 ,---,b i _ 1 )]= P . 


It follows that 


[L : K p ] 


[K p (b 1 ,b 2 r--,b n ):L] 


(b) If K p ^ K, there exist p- independent subsets. For example, if b 6 
K\K P , B = {&} is a ^independent subset of K. Now suppose that {B t | i E 1} 

is a chain of p-independent subsets of K. Let B = (J 13, . Then for any 

iel 

finite set {hi, • • • , of distinct elements of B, there exists some i, such that 
{hi, b 2 , • ■ • , 6 m } C Bi. Since B, is a p-independent subset, 

[K p (b 1 ,b 2 ,---,b m ):K p )= P m . 

It follows that B is p-independent. By Zorn’s Lemma, K contains a maximal 
p-independent subset. 
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(c) Let B be a maximal p- independent subset of K. Suppose K P (B) C K. 
Let b 6 K\K P (B). Then B U {6} is p- independent. The reason is that, for any 
distinct elements bi,b 2 , ■ ■ ■ , b m in B U {&}, if b ^ {bi,b 2 , • • ■ , b m }, then 

{bi,b 2 ,---,b m } C B 

and 

[K p (b 1 ,...,b m ):K p ]=p m , 

and if b 6 {h, b 2 , ■ ■ ■ , 6 m }, say, b = b m , then {h l5 - • • , h ra _i} C B and we still 
have 


[K p (b\, • • • , b m ) : K p ] 

= [K*(b u ■■■,b m ): K p (b i, • • ■ , h m _x)] • • • • , b m ^) : K p ] 


Since B C B U {&}, the independency of BU {6} contradicts the maximality of 
B. Thus we have K P (B) = K. 


1413 

Let If be a finite field with p r elements (p a prime) and n be a positive 
integer. If m is an integer which divides n and f(t) £ K\t] is an irreducible 
polynomial of degree m, show that / divides t p — t. 

( Indiana ) 

Solution. 

Let E be a splitting field of t p —t over K. Then \E[ = p rn and [E : K] = n. 
Let a be a root of the irreducible polynomial f(t) in some extension field of 
K. Then |JT(a)| = p rm and [K[a) :K] = m. 

Since m | n, E contains a subfield L such that K C L C E and L ~ K(a). 
Hence there exists an element f3 G L C E such that /(/ 3) = 0, that is, f(t) is 
the minimal polynomial of fi. Since (3 prn — /3 = 0, we have f(t ) | (t p * — t). 


1414 

Let K/F be a finite extension of fields and let L and E be intermediate 
fields, with E/F Galois and [K : L] = p, a prime. Prove that if p does not 
divide [E : F] then E C L. 


(Indiana) 
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Solution. 

Let f(x) be a separable irreducible polynomial over F such that E is its 
splitting field. Let 

E ■ L = E(L) = L{E) 

be the composite of E and L in K. Then E ■ L = L(E) is a splitting field of 
f(x) over L. Hence E • L is Galois over L. Let a 6 E be a root of f(x). Then 
E = F(a) and E ■ L = L(E) = L(a). For any 

cr 6 Gal(iF • L/L) = Gal (L(a)/L), 

it is clear that ct\e € Aut (E/L fl E). And further, we have 

Gal (E ■ L/L) ~ Gal(J5/L n E). 

Now suppose E L. Then E ■ L = K , since L C E ■ L and [K : L] = p, a 
prime. It follows that 

p = |Gal(£ • L/L) | = |Gal (E/L n ^)| 

dividers |Gal(^/F’)| = [E : F 1 ], contrary to the assumption. Thus we have 
E CL. 


1415 

Let Ki be the subfields of (T defined as follows: Ko =Q. If i > 0, Ff ,+ 1 is 
the smallest subfield of W containing the set 

{9 eW \9 n 6 Ki for some n > 0}. 

Let 

oo 

K=\jKi- 

i = 0 

(1) Prove K is a field. 

(2) Let f(x) £ K[x] be irreducible. Prove that deg(/) > 5. 

( Indiana ) 

Solution. 

(1) Since 

K 0 CK 1 C---CK i C K, +l C • • • 
is a chain of subfields of (C . It is clear that (J Ki is a subfield of (U . 
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(2) (Remark: deg f(x ) may be 1). 

Let f{x) £ K[ x] be an irreducible polynomial with deg /(a;) > 1. There 
exsits some i such that f(x) £ Ki[x]. Suppose deg f(x) < 4. By the formulas 
for the roots of quadratic, cubic and quartic equations and 

K i+ 1 = {0 £ <D | 6 n £ Ki for some n > 0}, 

f(x) splits in ifj + 3 [a;], hence in If [a:]. Contradicts the irreducibility of f(x). 
Hence deg f(x) > 5. 


1416 

Let K be an extension field of F p , the field with p elements. Let a be an 
algebraic element in K. Prove that [F p (o) : F p \ is the smallest positive integer 
to such that € F p , where $f( m ) = 

( Indiana ) 

Solution. 

Let n = [F p (a) : F p ]. Then |F p (a)| = p n and aP”" 1 = 1. Since (a^"))?- 1 = 
aP"- 1 = 1, a»< B > £ F p . 

On the other hand, if a 9 ^ £ F p , for some positive integer to, then 
a ?™- 1 = = 1 , 

so a is a root of x pm — x. Let £ be a splitting field of x pm — x over F p and 
a £ E. Then [E : Pp] = to and F p C F p (a) C E. Hence 

n = [fp(a) : F p ]\[E : F p ] = m. 

Thus [Pp(a) : F] is the smallest positive integer m such that £ F p . 


1417 

Let F D K be a field extension of finite degree m. Let / € K[t\ be an 
irreducible polynomial of degree n. If to and n are coprime then show that / 
remains irreducible in P[t]. 

( Indiana ) 

Solution. 

Suppose that f(t) is reducible in F[t] and let /(f) = g(t) ■ h(t) in F[t] where 
g(t) is a irreducible polynomial in F[t] of degree k, 1 < k < n. Let E = F(a), 
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where a is a root of g(t) in some extension field of F. Then [E : F] — k since 
g(t) is irreducible in jF[t]. So 

[E:K] = [E: : K] = ife • m. 

On the other hand, 

[E:K] = [E: K(a )] • [iT(a) : K] = [E : K(a )] • n, 

since a is a root of /(<) and f(t) is irreducible in K[t]. It follows that n\ k-m, 
which contradicts ( m,n ) = 1 and 1 < k < n. Thus /(<) is irreducible in F[t]. 


1418 

Find a Galois extension E over Q with Gal(E/Q) cyclic of order 16. 

( Stanford ) 

Solution. 

For any positive integer n, the cyclotomic field Q{z n ) over Q is a Galois 
extension and j$(z„) : Q] = <f)(n) where z n is an n-th primitive root of the 
unit, <f> (n) is the Euler ^-function. It is easy to see that |Gal(<?(z t -)/($) = <f>(n) 
and Gal (Q(z n )/Q) ~ Aut(G) where G is the cyclic group of order n. When n 
is prime, Aut(G) is cyclic of order n — 1. 

So if we take n = 17, E = Q(zn), then E is a Galois extension of Q with 
Gal (E/Q) cyclic of order 16. 


1419 

Find a Galois extension E over Q with Gal (E/Q>) cyclic of order 32. 

( Stanford ) 

Solution. 

As in 1418, for any positive integer n, the cyclotomic field Q(z n ) over Q is 
a Galois extension and |( ?(z„) :Q\ = <f>(n) where z„ is an n-th primitive root of 
the unit, <p(n) is the Euler <^-fui -.tion. It is easy to see that \Ga1(Q(z,)/Q) \ — 
<j>{n) and Gal(Q(z„) /Q) ~ Aut( J) where G is the cyclic group of order n. 
When n = 2 m and m > 3, it is well known that Aut(G) ~2"2 

By the Fundamental Theorem of Galois Theory, if we take E = Inv(^ 2 ), 
then Q CEisa Galois extension and Gal (E/Q) 

Taking ?n = 7, then Q C E is a cyclic extension of order 32. 
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1420 

Let E/F be a finite Galois extension, G = Gal (E/F) and a £ E. Consider 
the F-linear map M a : E — > E, M a (x) = ax. Show that its trace is given by 
Tr p ( M a ) = X)°'( a ) where <r varies over G. 

( Columbia) 

Solution. 

Let z be a primitive element of E/F, [E ■ F] = n and 
G = Gal (E/F) = {o-i, a 2 , ■ ■ ■ , a n j. 


Then 


/(*) = II( X “ <T «( Z )) 

i= 1 

= x n +ai* n-1 + 1- a„ 

is the minimal polynomial of z over F, and <t 2 (z ), ■ ,cr n (z) are distinct. 

Now, for any a G E, a has the form 

c*o + a i z H ha„-iz n_1 (ai e F), 

since {1, z, ■ ■ • ,z n ~ 1 } is a base for E/F. To prove that 

n 

Tr F (M a ) = 5><(a), 

1 = 1 

it suffices to prove that 


Tr F (M zl .) = J2< zk ) 


for any 1 < k < n — 1. 

Obviously, f(x) is also the minimcil polynomial of the F- linear map M z : 
E —> E, M z (x) = z ■ x. Since f(x) has distinct roots cri(z), cr 2 (z), • • ■ , cr n ( z) in 
E, the matrix of M z (G M„(F)), say, relative to the base {1, z, • • • , z" -1 }, is 
similar to diag{<7i(z), • • • , <7„(z)} in M n (E). Anyway, we have 


Tr F (M z ) = '£a i (z) 
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and for any 1 < i < n — 1 , 
Tr F (M 2 „) 


Tr F ((M 2 ) fc ) 

<r 1 (z) k +<T 2 (z) k + --- + <T n (z) k 


!>(**)■ 


This completes the proof. 
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2101 


Let A and B be connected subspaces of a topological space X, such that 
A fl B ^ 0. Prove that A U B is connected. If A and B are path connected, 
need A U B be path connected? 

( Indiana ) 

Solution. 

Let / be any continuous map from 4 U B to S° = { — 1,1}. Since A is 
connected, }\a must be constant. Without loss of generality, we may assume 
that A C / _1 ( — 1). By the same reason, / |b is also constant. Let xq £ AD B. 
We have f(x o) = — 1. Since / is continuous, there exists a neighborhood of xq, 
say U, such that U C / _1 (— 1). But since x 0 € B, there is a point of B which 
belongs to U. Therefore we have B C / -1 (— 1). Hence / is not surjective. It 
means that A U B is connected. 

The following example shows that if A and B are path connected then 
AUB needs not to be path connected. Let 

A = {(0,0)} C i2 2 


and 


B = {(a;, sin — ) | 0 < x < 1}. 


Then A and B are path connected and A fl B = A, but A U B is not path 
connected. 


2102 

Suppose that A and B are compact subspaces of spaces X and Y respec- 
tively, and that N is an open neighborhood of 

A x B C X x Y. 

Prove that there axe open sets U C X and V C Y such that 
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Ax B CU xV CN. 

(Indiana) 

Solution. 

Let' x be a point of A. For any y e B, since (x, y) belongs to Ax B and N 
is an open neighborhood of A x B C X x Y, there exist open sets U y (x) C X 
and V y (x) C Y such that 


(x,y) E U y (x) x V y (x) C N. 

Therefore the family of open sets {V v (x), y € B} covers B. Since B is compact, 

p 

there is a subcover {V yi (a;), i= 1, • • • , p) such that B C (J V yi (a;). Let U ( x ) = 

i = l 

P P 

n Uyi( x ) and F(x) = (J V^ ; (x). It is obvious that i7(x) and V(x) are open 

»=i »=i 

sets of X and Y respectively and that 


{x} x B C U(x) x V(x) C N. 


On the other hand, {U(x),x G .A} is an open cover of A. Since A is also 

q 

compact, there exists a subcover {U(x,), j = 1 , • • • ,q] such that A C U U(xj). 

j = i 


q q 

Let U = (J U(xj) and V = |~) V(xj). It is easy to see that U and V are open 
i = i _ i = i 

sets of X and Y respectively and that AxBcUxVcN. 


2103 

Let X be a locally compact Hausdorff space. Let A and B be disjoint 
subsets of X, with A compact and B closed. Does there exist a continuous 
function f : X — » [0, 1] such that f\ A = Q and f\s = 1? 

( Cincinnati) 

Solution. 

If X is compact, then X is normal and the existence of / is obvious. Hence 
we may assume that X is noncompact. We denote by X* the one-point com- 
pactification of X. Since X is locally compact and Hausdorff, X* is compact 
and Hausdorff, and consequently is also a normal space. Let X* = X U {oo}. 
It is easy to see that A and F = B U {oo} are two disjoint closed subsets of X* . 
Then by the Urysohn Lemma there exists a continuous function / : X* —* [0, 1] 
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such that /\a = 0 and f\p = 1. Therefore, the restriction of / on X, /, satisfies 
the requirements that f\& = 0 and / \b = 1 . 


2104 

No proofs, only the correct answers to the question asked, are required for 
this problem. 

If X and Y are topological spaces, the join of X and Y is the quotient 
space 

X*Y = (X xY x [0,1])/ ~, 

where 

{ x — x’ and t = t' = 0 
or 

y = y' and t = t' = 1. 

(a) S° * S° and S 1 * S° are homeomorphic to familiar spaces. What space 
are they? 

(b) Describe X * S° for a general space X. 

( Indiana ) 

Solution. 

(a) 5° * 5° is homeomorphic to the unit circle S 1 , and S 1 * S° is homeo- 
morphic to the unit sphere S 2 . 

(b) Generally, X * S° is homeomorphic to the quotient space X x [0,1]/ ~ 
obtained from the cylinder X x [0, 1] by collapsing X x {0} and X x {1} to 
two points p and q respectively. 


2105 


(a) Define quotient map. 

(b) Show that if X is compact, Y is Hausdorff and / : X — » Y is continuous 
and onto, then / is a closed map. 

(c) Show that if / satisfies the condition of (b) then / is a quotient map. 

(Indiana) 

Solution. 

(a) Let JIT be a topological space and ~ be an equivalence relation on X. 
Define by X/ ~ the space of equivalence classes under ~. By the quotient 
map it : X — * X/ ~ we mean the map which assigns to x £ X the equivalence 
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class containing x. The quotient space X/ ~ may be topologized by defining 
a subset U C Xf ~ to be open if and only if 7 t _ 1 (?7) is open in X. Under 
this topology, 7r becomes a continuous map. More generally, if / : X — > Y is 
a continuous map, there is naturally associated an equivalence relation on X 
such that x x ~ x 2 if and only if f(x i) = f(x 2 ). If Y is homeomorphic to X/ ~ 
under the map i : X/ ~ — > Y and f = io ir then we call / a quotient map. 

(b) Let A be a closed subset of X. Since X is compact, A is compact too. 
It follows from the continuity of / that /(A) is a compact subset of Y. Since 
Y is Hausdorff, /(A) is closed in Y . Hence / is a closed map. 

(c) Let ~ be the equivalence relation on X associated to the map /. Denote 
by [a;] the equivalence class containing x. Then we define a map i : X/ ~ — ► Y 
by *([®]) = /(a;). Since / is onto, i is obviously a 1 — 1 map. By the result of 
(b), the quotient space X/ ~ is compact. Hence i is a continuous 1 — 1 map 
from the compact space X/ ~ to the Hausdorff space Y , and, therefore, is a 
homeomorphism. It is clear that / = i o ir. So / is a quotient map. 


2106 

Let f : X — > Y be a continuous function from a space X to a Hausdorff 
space y. Let C be a closed subspace of Y, and let U be an open neighborhood 
of /" 1 (C) in X. 

(a) Prove that if X is compact then there is an open neighborhood V of C 
in y such that / -1 (V) C U. 

(b) Give a counterexample to show that if X is not compact, then there 
need not be such a neighborhood V. 

(Indiana) 

Solution. 

(a) Let W — X — U, then W is closed in X. Since X is compact, W 
is compact too. Since / is a continuous function, f(W) is a compact set of 
y, and consequently is a closed set of Y because Y is a Hausdorff space. 
Let V = Y — f(W). Then V is an open neighborhood of C in y. Since 
W C f~ 1 (f(W)), we see that 

/-'(V) = X- r\f(W)) cx-w = u. 

(b) Let X = R and Y = S 1 . f : X — ► Y is the continuous function defined 
by f(i) = e 2wlt for i £ R. Take C = {1} G S 1 . It is obvious that 

/- 1 (C') = {n|nG^}. 
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Let U = (J U n be the open neighborhood of / 1 (C) in X, where 

n£Z 


U n — ( L n, n H — -). 

n n 

Since 

Jhrn \U n \ = ~ = 0, 

one can easily prove that there does not exist such a neighborhood V. 


2107 

Let X be a normal topological space and A C X a closed subspace. 

(a) Show that the quotient space Y obtained by collapsing A to a point is 
normal. 

(b) Does this result hold if normality is replaced with regularity? 

( Indiana ) 

Solution. 

(a) Let 7r : X — ► Y be the identification map and 2/0 € Y be the point 

which A collapses to. Let U find V be two nonempty closed sets in Y such 
that U fl V = 0. Then ir -1 (!7) and 7r -1 (V) are two nonempty disjoint closed 
sets in X. If yo <ji U U V, then, by the normality of X, it is clear that there 
exist two disjoint open sets W\ and W 2 in X containing 7r — 1 ( Z7) and 7r -1 (V) 
respectively such that WiClA — 0 for i equal to 1 and 2. Thus we see that 7r(Wi) 
and are two disjoint open sets in Y and contain U and V respectively. 

If 2/o £ U (or V), we only need to take the sets W x and W 2 without the 
restrictions that Wi fl A — 0. 

(b) Let X be a regular space which is not a normal space. It means that 
there exist two disjoint closed sets A and B in X such that they cannot be 
separated by disjoint open sets in X. Then the quotient space Y obtained by 
collapsing A to a point y 0 is not regular, because one can prove that the point 
I/O and the closed set iv(B) in Y cannot be separated by disjoint open sets in 

y. 


2108 

Let p : E — » B be a covering map with E locally path connected and simply 
connected. Let X be a connected space, let / : X — > B be a continuous map, 
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and fi, f 2 : X -tBbe two lifts of f. Prove that there is a deck transformation 
g : E — > E such that f 2 = gfi- 

( Indiana ) 

Solution. 

Take a point xq £ X and let /x(xo) = eo G E. Then eo € p - 1 (&o)) where 
b 0 = p(e o). Let / 2 (x 0 ) = ex- Since p/x = pf 2 = /, we see that ex £ p _ 1 (fc 0 ). 
By the assumptions p : E — > B is the universal covering map. Thus there exists 
a deck transformation g such that (/(eo) = ex- Therefore, gf 1(2:0) = fzixo)- 
Let 

A = {x EX \ gfi(x) = f 2 (x)}. 

It is obvious that A is not empty. 

It is not difficult to prove that A is both-open-and-closed in X. Thus, by 
the connectedness of X, we see that A = X, which means f 2 — gf 1 : X — > E. 


2109 


Let p : X — * X be an n-sheeted covering projection, n < 00. Suppose that 
X is compact. Prove that X is compact. 

{Indiana) 

Solution. 

Suppose that U = {U\,\ 6 A} is an open covering of X. For any point 
x 6 X, let p~ 1 (x) = {*x, •*.■-,*«}• Let W{ x) be an elementary neighborhood, 
i.e., W (x) is an path-connected open neighborhood of x such that each path 
component of p~ 1 {W{x)) is mapped topologically onto W(x) by p. Let 

n 

p-W*)) = (J w(x), 

i=l 

where W,(a:) is a path component of p~ 1 (W(x)) such that x, € W,-(x). Choose 
a Ui £ U such that x, £ XJi . Let V^(x) be the path component of W, (x) D Ui 
containing x;. It is obvious that each Vj(x) is open and Vi(x) fl V 3 ( x ) = 0 for 

i ^ j- Since p is an open map, (~) p(K(x)) is an open neighborhood of x in X. 
»'= 1 

Choose another elementary neighborhood V (x) of x such that 


v(x)c f|p(v;(*))- 

t=l 
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Let 

p-\V(x)) = U^(*), 

where V{(x) is the path component ofp -1 (V(x)) for any i. Then it is easy to see 
that T7'(x) C Vi(x) C 17, for i = 1, •••,«. It follows that p _1 (V(x)) C (J 17,. 

>=i 

That is, we have proved that for any point x G X there exists an elementary 
neighborhood V(x) of x such that p -1 (V(x)) can be covered by a finite number 
of sets in U. Since X is compact, X can be covered by a finite number of V (x,), 
i — 1, • • • , m, and consequently X can be covered by a finite subcover of U. 


2110 

Let T and U be two different topology on X such that X is compact and 
Hausdorff with respect to both. Prove that T (£U. (Recall that T CU means 
that every set in the topology T is contained in U.) 

(Indiana) 

Solution. 

We use the reduction to absurdity. Suppose that T C U. Let (X, T) and 
(X, U) denote the topological spaces of X with respect to T and U respectively. 
h : (X,U) — ► (X, T) is the identity map of X. Then h is a 1 — 1 map from 
the compact space ( X,U ) to the Hausdorff space (X, T). We claim that h is a 
continuous map. For any point xo G X. Let U be any open neighborhood of 
Xo in (X, T). Since T C U, U is also an open neighborhood of xo in (X, U). 
It is obvious that h(x o) = Xo and h(U) = U ■ Hence h is continuous at xo- 
Thus h is a homeomorphism from (X,U) to (X, T), which means U = T. This 
contradicts the assumption. 


2111 

Let X be a topological space and let A C X. Show that if C is a connected 
subset of X that intersects both A and X — A, then C intersects BdA. (Recall 
that BdA = A D (X - A).) 

(Indiana) 

Solution. 

We use the reductio ad absurdum. Suppose that C D BdA = 0. Take 
U = C <1 A and V = Cn(X-A). Since C D A C U and C Cl (X - A) C V, 
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from the assumption, we see that both U and V are nonempty subset of C. 
It is clear that C = U U V and both U and V are closed subsets of C, and, 
consequently, that both U and V are open sets of C. But 

u nv = c nln(jf - A) = c n BdA = 0, 

which is a contradiction to the connectedness of C. 


2112 

Let ( X , d) be a metric space. For any subspace A C X and real number 
e > 0 , let 

O c (A ) = {x £ A: d(x,a) < e for some a £ A}, 

C e (A) = {x E A : d(x,a) < e for some a £ A }. 

(a) Prove that O e (j 4) is an open subspace of X. 

(b) If A is compact, show that C e (A) is closed in X. Must C e {A) be closed 
for a general subspace A of XI 

( Indiana ) 

Solution. 

(a) Let xo be any point of O e (A). By the definition of O e (A), there exists 

a point a £ A such that d(xo, a) < e, i.e., 6 = e — d(x o, a) > 0. Then, for any 

x G O s / 4 (^ 0 ), 

d( x, a) < d(x, xo ) + d(x 0 ,a) < ^ + (e — <5) < £, 

which means that Os/ 4 ( 2 : 0 ) C O e (A). Thus O e (A) is an open subspace of X. 

(b) Let xo be any cluster point of C e (A). Then there exists a sequence 
{x„} in C e {A) such that x n / xq for any n and x n — > x 0 as n — > 00 . By the 
definition of C e (A), for each x n there exists an a„ £ A such that d(x n ,a n ) < e. 
Since A is compact, without loss of generality, we may assume that a n — * a for 
some a £ A. Thus we have 

d(x 0 ,a) = lim d(x n ,a n ) < e, 

n— mx) 

which means x 0 £ C e (A). So C e {A) is closed in X. If A is not compact, we 
give a counterexample as follows. Take X = [0, 2] C R and A = [0, 1). Then 
Ci (A) = [0, |) is not closed in X. 
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2113 

Suppose that X is a dense subspace of a topological space Y . Prove or give 
counterexamples to the following assertions: 

(a) If X is Hausdorff, then Y is Hausdorff. 

(b) If X is connected, then Y is connected. 

( Indiana ) 

Solution. 

a) This assertion is not correct. We give a counterexample as follows. Let 
Y = {a, b, c}. The topology on Y is determined by the family of open sets 

T = {{a, &, c}, {a, c}, {b, c}, {c}, 0}. 

Since any neighborhood of the point a always contains the point c, Y is not a 
Hausdorff space. But it is easy to see that the subspace {c} is dense in Y and 
is Hausdorff. 

b) This assertion is true. We give a proof to it as follows. If Y were not 
connected, then there would exist a nonempty proper subset U of Y which 
is both-open-and-closed in Y. Let A = X n U. Since X is dense in Y and 
U is open in Y, A would be a nonempty open set of X. On the other hand, 
X — A = X Cl (Y — U) would be an open set of X, because Y — U is open in 
Y. Thus A would be a nonempty subset of X , which is both-open-and-closed 
in X. Since X is dense in Y and Y — U is open in K, X — A is nonempty. It 
means A ^ X. This contracts the connectedness of X. 


2114 

Let X and Y be topological spaces, X = U U V, and / : X — ► Y be a 
function so that f\u and f\v are continuous. 

a) If U and V tire open in X, show that / is continuous. 

b) Give an example where U and V are not open in X and / is not con- 
tinuous. 

( Indiana ) 

Solution. 

a) Let N be an open set of Y . Since f\u and fv are continuous, / -1 ([/(JV) 
and / -1 |k(W) are open in, respectively, U and V. But U and V are open in 
X, therefore, / -1 \u(N) and f~ 1 \v(N ) are also open in X. Thus 

r 1 (N) = r i \ u (N)ur i \ v {N) 
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is open in X, and consequently, / is continuous. 

b) Let X = [0, 2], U = [0, 1) and V = [1, 2], / : X — R is defined by 

,, , f x x e u, 

'<*> = \2 *€V. 

Then f\u and f\v are continuous, but / is not continuous. 


2115 

Let q : X — ► Y be a quotient space projection from a topological space X 
to a connected topological space Y . Assume that q~ 1 (y) is connected for each 

y e r. 

a) Show that X is connected. 

b) Is X necessarily connected if the map q is not assumed to be a quotient 
mapping? Justify your assertion. 

( Columbia ) 

Solution. 

a) Suppose that X is not connected. Thus, there exist two disjoint non- 
empty open subsets of A, U and V such that X = UUV. Then q(U)Ciq(V) = 0. 
For otherwise, let y £ q(U) f~l g(V). Therefore, 

9- 1 (w) = (® _1 (w)n*7)u(«- 1 (w)nn 

and it is obvious that q~ 1 (y) fl U and q~ 1 (y) H V are both nonempty open 
subsets of q~ 1 (y), which contradicts the connectedness of q~ 1 (y). Since q is 
a quotient mapping, V = 9 -1 (<z(V)) and U = g -1 (g(£0), ?(£0 and q{ V) are 
disjoint nonempty open subsets such that Y = q(U) U q(V), which contradicts 
the connectedness of Y . Thus X must be connected. 

b) The following example shows that the assumption that q is a quotient 
mapping is necessary for X to be connected. Let X = U U V, where 

t7 = {(a;,0)efl 2 |0<a;<l} 

and 

V = {(l,y)€ R 2 |l<y<2}. 

The topology of X is induced from the topology of R 2 . Let Y = [0, 1], the unit 
interval of R, and q : X — » Y be the map defined by g(£,0) = x for (x, 0) £ U 
and q(l,y) = 1 for (l,y) £ V. Then q is continuous but is not a quotient 
mapping. For each y £ F, q~ 1 (y) is connected. But X is not connected. 
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2116 

Let X and Y be topological spaces, with Y compact. Let p : X x Y —* X 
be the usual projection onto the first factor. Show that p is a closed map. 

( Cincinnati ) 

Solution. 

Let U C X x y be a closed subset and xo G X — p(U). Then, for any y 6 Y, 
{x o, y) £ U. Since U is closed, there exist an open set W Xa {y) of X and open set 
V y (x 0 ) of Y such that (x 0 ,y) G W Xo (y) X F v (x 0 ) and (W« 0 (y) x V'y(®o))n[7' = 0. 
Since Y is compact, there must exist a finite number of V yi (e 0 ), • • • , V yn (x 0 ) 
such that 

Y= U 
1 = 1 

Let ^ 

W(x 0 ) = f) W X0 ( Vi ). 

i=i 

Then W(a:o) is an open neighborhood of xq in X. Since (W(so) x T) n U = 0, 
we see that W(a;o) r\p(U) = 0, i.e., W(xo) C X - p(U). Thus X — p(U) is an 
open set of X, and consequently, p(U) is closed in X, which means that p is a 
closed map. 


2117 

Let Y be a connected subset of the topological space, and let Z be a set 
such that Y is a subset of Z and Z is a subset of the closure of Y . Prove that 
Z is connected. 

( Minnesota ) 

Solution. 

According to the assumptions, we have Y c Z C Y. Let / : Z — ► 5° be any 
continuous map, where S° = {—1, 1} is the O-dimensional sphere with discrete 
topology. Since Y is connected, without loss of generality, we may assume that 
f(Y) = {1}, i.e., Y C / -1 ( 1). Taking closures of these two sets with respect to 
Z and noting that / _1 (1) is a closed subset of Z, we get ( Y) z C / -1 (1). But 
as well-known, ( Y) z —Y (1 Z = Z. Thus we have Z C / -1 (1), and it follows 
that / is not surjective. It means that there does not exist any continuous 
surjective map from Z to 5° and therefore Z is connected. 
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2118 

Let A be a connected subspace of a connected set X. If C is a component 
of X \A, show that X\C is connected. 

( Cincinnati ) 

Solution. 

We first prove that if X is a connected space, U is a connected subset of X, 
and if V is a both-open-and-closed subset with respect to X\U, then 27 U V is 
connected. Suppose that 27 U V is not connected. Then let 27 U V = W± U W 2 
where Wi and W 2 are two disjoint nonempty both-open-and-closed subsets of 
27 U V. Since 27 is connected, without loss of generality, we may assume that 
27 C W 2 - Thus Wi is a both-open-and-closed subset of V . and, consequently, 
a both-open-and-closed subset of X\U. Hence Wi is a nonempty both-open- 
and-closed subset of (27 U V) U (X\U) = X, which contradicts the assumption 
that X is connected. So the above statement is proved. 

Now suppose that X\C is not connected. Let X\C = 27 U V where 27 
and V are two disjoint nonempty both-open-and-closed subsets of X\C. Since 
A C X\C and A is connected, we may assume that A C V. By the above 
fact, C U 27 is connected because C is connected. Since C U 27 C X\A and 
Cfl27 = 0, we see that CU27 is a connected subset of X\A containing C, which 
contradicts that C is a component of X\.4. Hence X\C must be connected. 


2119 

1) A metric space X has property S if for every e > 0 there is a cover of 
X by connected sets each of which has diameter < e. 

a) Prove a metric space X has property S if X has a dense subset with 
property 5. 

b) Suppose X is a subset of a metric space. Suppose the closure of X has 
property 5. Must X have property S ? 

( Cincinnati) 

Solution. 

a) Suppose that X has a dense subset A which has property S. Then, 
for any e > 0, there is a cover {V^,a € T) of A by connected sets such that 
each V 0 has diameter < e/2. Since each V a is connected, V a is also connected 
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and obviously has diameter < e. Since A = X and A = (J V a , we see that 
_ «er 

{ V a , a € T} is a cover of X by connected sets each of which has diameter < e. 
Thus X has property S. 

b) We give a counterexample as follows. Let R denote the euclidean real 
line, X be the set of all rational numbers. Then X = R has property S, but it 
is easy to see that X does not have property S. 


2120 


Let X be the topologist’s sine curve defined by 

X = {(x,sin7r/x) | 0 < x < 1} U {(0,y) | — 1 < y < 2} 
U{(x, 2) | 0 < x < 1} U {(1, y), 0 < y < 2} C R 2 . 


(i) Sketch X. 

(ii) Let / : X — > X be continuous. 

Show that either f(X) = X or else there exists 6 > 0 such that 

/Wn{(x,y) | 0 < x < 6 , — ^ < 2/ < |} = 0- 


Solution. 

(i) X is shown in the Figure below. 


( Toronto ) 



Fig. 2.1 


(ii) Let 


A = f(X) D {(x,sin7r/x) | 0 < x < 1} 


and 


8 = inf{x | (x,sin-7r/x) 6 A}. 
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If 6 = 0, we claim that f(X) = X. To prove it, we first note that since X is 
path connected, f(X) is also path connected. Hence in this case there exists 
a 0 < 6 o < 1) such that 

{(a;, sin tt/x) | 0 < x < <5 0 } C f(X). 

Therefore it is easy to prove that the set 

{(o>y) I -1 < 2/ < 1} C f{X). 

Once again, using the fact that f(X) is path connected, we see that f(X) — X. 
If 6 > 0, then it is obvious that 

f(X) n {(*, y) I 0 < x < 6 , < y < |} = 0. 


2121 

Let T = S 1 x S 1 denote the torus. 

(i) Show that T can be covered by 3 contractible open subsets. 

(ii) Show that T cannot be covered by 2 contractible open subsets. 

( Toronto ) 

Solution. 

(i) It is well-known that the torus T can be identified to the quotient space 
of a square X obtained by identifying opposite sides of the square X according 
to the directions indicated by the arrows as shown in the Figure below. 



Fig. 2. 2 

Thus let Ui = X - {a U b}, U 2 = X - I and U 3 = X - II. (See the Figure 
above.) Then Ui, U 2 and U 3 are contractible open subsets and T = C/iUt^UE/s. 
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(ii) Suppose that T could be covered by 2 contractible open subsets. From 
the Van Kampen theorem it would follows that the fundamental group iri (T) = 
0. It contradicts the known fact that Ki(T) k,Z (&Z. 


2122 

Let U — {U a } a £j be an open cover of the space X. 

a) Give the definition for “W is locally finite”. 

b) If U is locally finite show that, for any subset K C J, U Up ia closed. 

PeK 

( Toronto ) 

Solution. 

a) By definition, U is said to be locally finite, if each point p G X has a 
neighborhood which intersects only a finite number of U a . 

b) For any point p ^ \J Up, since U is locally finite, there is an open 

P£K 

neighborhood W of p which intersects only a finite number of sets in U, partic- 
ularly, only a finite number of Up for ft € K, say, Up,, ■ • ■ , Up n . Since p £ Up 4 
for each /3,- , there is an open neighborhood Vi of p such that Vi Pi Up, = 0. 
Then let V = W fl Vi fl • • ■ D Vi, . It is clear that V is an open neighborhood of 
p such that V fl ( (J Up) = 0. Hence U Up is closed. 

pen P€K 

2123 

Let S be a set and let F be a family of real valued functions on S such 
that f(si) = f(s 2 ) for all f € F implies Si = s 2 . Prove that there exists 
a weakest topology in S amongst till those for which all members of F are 
continuous. Show further that the resulting topological space satisfies the 
Hausdorff separation axiom. 

{Harvard) 

Solution. 

Let 


U = {/ 1 ((a,b)) | (a, b) is any open interval of R and / 6 F}. 

Then there exists a unique topology T on the set S of which U is the topology 
subbase. It is easy to see that T is the weakest topology on S amongst all 
those for which all members of F are continuous. Suppose that si and s 2 are 
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two distinct points of S. By the assumption there exists at least an / £ F 
such that f(si) / f(s 2 ). Hence we may take two open intervals and 

( a 2 ,b 2 ) such that /(«,-) G (aj, 6,-) for i = 1,2 and (ai,&i) fl ( 0 , 2 , b 2 ) = 0. Then 
Ui = f~ 1 ((a 1 ,bi)) and U 2 = f^ 1 {{a 2 ,b 2 )) are two disjoint open sets of (5, T) 
such that Si G Ui for i = 1,2. So (5, T) is Hausdorff. 
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SECTION 2 

HOMOTOPY THEORY 

2201 

a) Give generators and relations for the fundamental groups of the torus 
and of the oriented surface of genus 2. 

b) Compute the fundamental group of the figure 8 and draw a piece of its 
universal covering space. 



( Harvard ) 

Solution. 

a) 


(a) (b) 

Fig.2,3 

As is well-known, we can present the torus T as the space obtained by 
identifying the opposite sides of a square, as shown in Fig. 2. 3 (b). Under the 
identification the sides a and b each become circles which intersect in the point 
Xo- Let y be the center point of the square, and let U = T — {j/}. Let V 
be the image of the interior of the square under the identification. Since V is 
simply connected, by the Vein Kampen theorem, we conclude that xi(T, xi) 
is isomorphic to *i(U,Xi) modulo the smallest normal subgroup of xi) 

containing the image <fi*(iri(U DV, xi)), where <p* is the homomorphism induced 
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by the inclusion map <f> : UC\ V — + U . It is easily seen that aUb is a deformation 
retract of U. Hence iri(U, z 0 ) is a free group on two generators a and (3, where 
a and (3 are presented by circles a and b, respectively. It is also clear that 
tti(U, xi) is a free group on two generators a' = 5~ 1 a6 and (3' = b~ 1 [3f>, 
where 6 is the equivalence class of a path d from x 0 to aq. (See Fig. 2. 3 (b).) 
On the other hand, it is easy to see that O V,xi) is an infinite cyclic 

group generated by 7 , the equivalence class of a closed path c which circles 
around the point y once, and, consequently, that <^*( 7 ) = a' [3' a'~ l f3'~ l . The 
smallest normal subgroup of TCi(U, aq) containing fl V, aq)) is just the 

commutator subgroup of tti({ 7, aq). Thus 7 iq(T, xq) is a free abelian group on 
two generators a' and (3' . Changing to the base point xo> we see that 7 iq(T, a;o) 
is a free abelian group on two generators a and /?, which are presented by 
circles a and b, respectively. 

In a similar way, we can see that the fundamental group of the oriented sur- 
face of genus 2 is a free group on four generators aq,/?i, c* 2,/32 with the single re- 
lation [Qi,/3i][a 2 ,/3 2 ], where oq,/?i, c* 2,/?2 are presented by circles cq, bi,a 2 ,b 2 , 
respectively, and [a,-,/3,] denotes the commutor a.^aj" 1 ^ 1 . (See Fig.2.3 (a).) 

b) 



Fig.2.4 


Let X denote the figure 8 space, as shown in Fig.2.4. Let U = X — { 9 }, V = 
X — {p}. By the Van Kampen theorem we can prove that 717 (X, ® 0 ) is a free 
group on two generators a,/3, where a, (3 are presented by circles a and b, 
respectively. 

The following picture is a piece of its universal covering space. 



Fig.2.5 


Under the covering map ir, each level segment is mapped on the circle a 
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according to the direction indicated by the arrow, and each vertical segment 
is mapped on the circle b according to the direction indicated by the double 
arrows. 


2202 

Let A be a connected, closed subspace of a compact Hausdorff space X , 
and suppose / : A — > A is a continuous map. For each positive integer n let 
f n {A) = f of o---of (A). 

n times 

(i) Show that B = (~) / n (A) is connected. 

n=l 

ii) Suppose 7 : S 1 — ► X — B is a nullhomotopic map. Show that there exists 
a positive integer n such that 7 (S 1 ) C X — f n (A) and such that the induced 
map 7' : S 1 — > X — f n (A) (j'(s) = 7(3) for s € S 1 ) is also nullhomotopic. 

( Indiana ) 

Solution. 

i) Since X is compact and A is closed, A is also compact. Thus it is easy 
to see that /"(A) is compact, closed and connected. Noting that / n+1 (A) C 

OO 

/"(A) C A for any n, and that A is compact, we see that B = f) /"(A) 

n = l 

is a nonempty closed subset of A. Suppose that B is not connected. Then 
B = U U V, where U and V are disjoint nonempty closed subsets of B. It is 
obvious that U and V are also closed subsets of A. Since A is obviously compact 
and Hausdorff, A is a normal space. Therefore, there exist disjoint open subsets 
of A, Wi and W2 such that U C Wi and V C W2. Thus it follows that 
B C Wi U W2 ~ W, which is an open subset of A. We claim that there exists 
a positive integer N such that f N (A) C W. For, otherwise, there would be a 
squence in A, {x„}, such that x n £ /"(A) but x n (fW for every n. It means 
that x n 6 A — W for every n. Since A — W is closed in A and, consequently, is 
a compact subset, there exists at least a limit point Xo of the sequence {z n }. 
Noting that /"(A) is compact for every n and / n+1 (A) C /"(A), we can see 
that xo £ B C W, which is a contradiction. Thus f N (A) C W, and therefore, 

f N (A) = ( f N (A ) n Wx) U (f N (A) n w 2 ), 

which contradicts the fact that f N (A ) is connected. 

ii) Let F : S 1 x. I —> X — B be a. homotopy between 7 and the constant 
map. Since F(S X x I) is compact and X — B is open, FfS 1 x I) is also closed in 
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X. Since X is normal, there exists open sets U and V such that F(S 1 x I) C U 
and B C V. From the proof for i), it follows that there exists a positive N 
such that f N (A) C V. Therefore, 

F (S 1 XI)CUCX- f N (A). 

Particularly, 'f(S 1 ) C X — f N (A). The remainder of ii) is obvious. 


2203 

Let RP n be the real projective n-space and T m be the m-torus S 1 x • • • x S 1 
(to factors). Prove that any continuous map RP n — ► T m is null-homotopic. 

(Indiana) 

Solution. 

It is well-known that R m is a universal covering space of T m . Let P : 
R m — > T m be the universal covering map. It is also well-known that 

/ Ki(T m ) thZ ® (m times) 

and that ir^RP") »Z 2 . Therefore, for any continuous map / : RP n — ► T ro , 
the induced homomorphism /» : tt^RP") — ► 7r 1 (T m ) is trivial. Thus there 
exists a lifting of /, say /, such that pf — f. Let po be a fixed point of R m . 
Define H : RP n x I —> R m by 

H(x, t) = (1 - t)f(x) + tpo. 

Then H is a homotopy between / and the constant map po. So / is null- 
homotopic and consequently / is also null-homotopic. 


2204 

Let X be the quotient space obtained by collapsing {pt.} x S 1 C S 1 x S 1 
to a point 
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Compute and H it (X). 

Solution. 



( Columbia) 


Fig.2.6 

X may be identified with the space shown in Fig.2.6, which is obtained by 
identifying the sides of a 2-gon. Let y be the center of the 2-gon, U — X — {y}, 
and V be the interior of the 2-gon. Then, U and V are open subsets, U, 
V, and U fl V are path connected, and V is simply connected. Thus, by 
the Van Kampen theorem, tti(X, xi) is isomorphic to the quotient group of 
tti(U, xi) modulo the smallest normal subgroup of tti(U,xi) containing the 
image D V, £1)), where <j>„ is the homomorphism induced by the inclu- 

sion map <j> : U fl V -* U. It is easy to see that a is a deformation ratract of U. 
Therefore, 7 Ti( 17, Xi) is an infinite cyclic group on the generator <5 -1 a<5, where 
6 is the equivalence class of a path d, connecting xo and Xi. (See Fig.2.6) It 
is also clear that -7r 1 (Z7 fl V, Xi) is an infinite cyclic group on the generator 7, 
where 7 is the equivalence class of a closed path c which goes once round the 
point y. It is easy to see that <j> m ( 7) = 1*^(1/, u). Therefore we conclude that 
*1 (X)=2. 

To compute H r (X), we may apply the Mayer- Vietoris sequence to the pair 
(U,V). The conclusion is that Hi(X) is an infinite cyclic group for i equal to 
0, 1, 2 and is zero otherwise. 


2205 

(i) Suppose n > 2. Does there exist a continuous map / : 5" — * S 1 which 
is not homotopic to a constant? 

(ii) Suppose n > 2. Does there exist a continuous map / : RP n — > S 1 
which is not homotopic to a constant? 

(iii) Let T — S 1 x S 1 be the torus. Does there exist a continuous map 
/ : T — + S 1 which is not homotopic to a constant? 


( Toronto ) 



104 


Solution. 

(i) Let x : R — > S 1 be the universal covering map defined by xff) = e 2lr,t , 
and / : S" — > S 1 be a continuous map. Since xi(5") = 0 for n > 2, we see that 
there is a lifting of /, / : S” — > R such that x/ — f. Since R is contractible, 
/ must be homotopic to a constant map C : S n — ► JR, hence f is homotopic to 
x o C = <7, which is also a constant map from S n to S' 1 , i.e., there does not 
exist any continuous map f : S n —* S 1 which is not homotopic to a constant 
map. 

(ii) Since xi(iiP n ) = Z 2 , any continuous map / : RP n — > S 1 induces 
a trivial homomorphism /» : xi (RP n ) — > xi(S 1 ), and, consequently, has a 
lifting / : RP n — > R such that x o / = /. By the same argument as in (i), / 
must be homotopic to a constant. 

(iii) Denote T = S 1 x S 1 by T = (e a "'*»,e a,r, '*»), 0 < <i, t 2 < 1. Define 
/ : T - S 1 by 

f(e 2rit ',e 2 * it >) = e 2 * it ' € S 1 . 

It is easy to see that the induced homomorphism /♦ : fi’i(T) — ► fl'i(S 1 ) maps 
one generator of Hi(T ) to the generator of fl'i(5 1 ), and another generator 
to zero. Hence /, is not trivial, which means that / is not homotopic to a 
constant. 


2206 

A continuous map of topological spaces: p : E — ► B is called a fibration if it 
has the homotopy lifting property — that is, for any pair of continuous maps 
I—+G:XxI—>3 and h : X x {0} — * E such that ph = G|xx{o} there exists 
a continuous map H : X x I — » E such that -ff |xx{o} = h and pH = G. Let 
p : E — > B be a fibration, bo £ B be a base point, F = p -1 (&o) (the “fiber”), 
and eo £f. Let i : F — » E denote the inclusion map. 

(i) If F is path connected, prove that p# : %i(E,e 0 ) — * xi (B, bo) is surjec- 
tive. 

(ii) Prove that in general the 3-term sequence 

*i(F,e 0 ) -> tti(E, eo) -+ (B,b 0 ) 

in which the homomorphisms cire i# and p#, respectively, is exact. 

( Indiana ) 

Solution. 

(i) Let a = [/] G xi(B,&o), where / : I — > B is a closed path at bo 
which represents a. Let G : I x I — >Bbea continuous map defined by 
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G(t, s) = f(st) for ( s,t ) £ I x I, and h : I x {0} —* E be the constant map 
such that h(f,0) = e 0 . It is obvious that ph = G|j x {o}- Therefore there 
exists a continuous map H : I x I — ► E such that Uji x {o} = h and pH = G. 
Particularly we have pH(t, 1) = f(t). Let C : I —> E be a path in E defined 
by c(t) = H(t, 1). Then pc = /. Let c(0) = e\ and c(l) = e 2 - It is clear that 
ei and e 2 belong to F . Since F is path-connected, we may choose two paths 
ffi and_fif 2 in F such that firx(O) = e 2 , ffi(l) = e u p 2 (0) = e x and g 2 {l) = ei. 
Thus / = g 2 * c * gi * g^ 1 is a closed path at ei, where g^ 1 is the inverse path 
of 32 - Noting that pgi, pg 2 and pg 2 l are all constant path at b 0 , we have 

P# if] = \pf } = \P92] • [pc] ■ [psn] ■ \pg 2 r ] = \pc] = [/] = a, 


which means that p# is surjective. 

(ii) Let a — [/] £ 7Ti(F, eo). It is obvious that p# • i#(oc) = \pf] = [f>o]> 
where bo is the constant path at &o. Hence im# C ker p#. On the other hand, 
suppose that a = [/] € kerp#. Then there exists a homotopy G : I x I —* B 
between pf and the constant path bo such that G(t, 0) = (pf )(t), G{t, 0) = bo, 
and G(0, s) = G( 1, s) = bo for any s. By the homotopy lifting property, there 
exists a continuous map H : I x I — *• E such that PH — G and H(t, 0) = f(t). 
Let ci = H|{ 0 }x/> c 2 = H|/x{i} and c 3 = Then c 2 , c 2 and c 3 are 

paths in F and ci(0) = e 0 , ci(l) = c 2 (0), c 2 (l) = cj 1 (0) and cj 1 (l) = e 0 . 
Hence c = c 2 x c 2 x cj 1 is a closed path in F with base point eo. It is easy to 
see that / is homotopic to C. (See Fig.2.7.) Therefore, a = [/] = [c] = i#[c]. 
i.e., ker p# C imi^. Hence the sequence mentioned above is exact. 



2207 


Is the canonical map q : S 2 — ► RP 2 (which identifies antipodal points of 
S 2 ) nullhomotopic? Why or why not? 

{Indiana) 
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Solution. 

It is well-known that q is also the universal covering map from S 2 to RP 2 . 
Suppose that q is nullhomotopic. Then q is homotopic to a constant map 
c : S 2 — ► RP 2 , and therefore q has a lifting q : S 2 — ► S 2 which is also homotopic 
to the lifting of c, a constant map c : S 2 — ► S 2 . But it is obvious that q is 
the identity map or the antipodal map from S 2 to S 2 . Hence deg g = ±1. On 
the other hand, we have deg <7 = degc = 0. This is a contradiction. Thus we 
conclude that q is not nullhomotopic. 


2208 

Let p : E — * B be an universal cover with E and B path-connected and 
locally path-connected. Let T : B — ► B be a map so that T n = Id and so that 
T(b) = b for some b £ B. (Here T" = ToTo - • ■ oT , n times.) Show that there 
is a map T : E — > E so that poT = T op and T" = Id. 

( Indiana ) 

Solution. 

Choose e 0 € p - 1 (b) and consider the map T o p : E — ► B. We have 
T o p(e 0 ) = T(b) = b. Since it\(E) is trivial, there is a lifting of T o p, T : 
(E,e 0 ) — > ( E, eo) such that poT — T op. Since 

pof n = (poT) of " -1 = To (pT"- 1 ) = •••=: T n o p 


and 

T n (e 0) = f n -\T(e 0 )) = f n -\e 0 ) = •■■ = T(e 0 ) = e 0 , 

we see that T n is a lifting of T" op at the base point eo. On the other hand, 
since T n = Id, it follows that identity map Id : (E, eo) — > (E, eo) is obviously 
a lifting of T n p at the base point eo. Therefore, by the uniqueness of lifting, 
we conclude that T n = Id. 


2209 

Let T 2 = S 1 x S 1 , and let X C T 2 be the subset S 1 x {1}U {1} X S 1 . Prove 
that there is no retraction of T 2 to X. 

( Indiana ) 

Solution. 

We use the reduction to absurdity. Suppose that there is a retraction of T 2 
to X, denoted by r. Let i : X T 2 be the inclusion map. Then roi : X — > X is 
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the identity map. Hence r t oi„ : 7Ti(X) — ► tti{X) is the identity homomorphism. 
It is well-known that xi(T 2 ) is abelian and that 7Ti(X) is an non-abelian free 
group on two generators denoted by a and b. Hence we have ab yt ba and 
i»(a)i*(6) = i»(f>)i»(a). Therefore we have 

ab = r*i*(a&) = r»(i*(a)i*(6)) = r»(i*(&)i»(a)) = r*i*(6)r*i»(a) = ba, 
which is a contradiction. 


2210 

Let A C R 3 be the union of the x and y-axis, 

A = {(*, y, z) | (y 2 + z 2 )(x 2 + z 2 ) = 0}, 

and let p = (0, 0, 1). 

a) Compute H^R 3 - .A). 

b) Prove that iri(R 3 — A,p ) is not abelian. 

( Indiana ) 

Solution. 

Let X = {(x,y,z) | x 2 -(- z 2 = 1} be a circular cylindrical surface. p\ and 
P 2 denote the points (1,0,0) and ( — 1,0,0) respectively. Then it is easy to see 
that X — {pi, P 2 ) is a deformations retract of R 3 — A. It is also clear that 
X — {pi , P 2 ) is homotopically equivalent to the space Y as shown in Fig. 2. 8. 


R 3 -A~r= 



Fig.2.8 

a) Y has a structure of a graph with 4 vertices and 6 edges. The Euler 
Characteristic K{Y) = 4 — 6 = —2. Hence the rank of H 1 (Y) is equal to 
1 - (-2) = 3. Therefore we conclude that Hi(R 3 — A) « Hx(Y) kX ®Z. 

b) Let e be a point on the arc ab different from a and b. Take U = Y — {c} 
and V = Y - {e}. Then we have Y = U U V. It is easy to see that U has the 
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same homotopy type as S 1 and that V has the same homotopy type as the 
“eight figure space”. Since U C\V is contractible, by the Van Kampen theorem 
we see that 7 Ti(Y) is a free group generated by iCi(U) and -Ki(V). Therefore we 
conclude that K\(R 3 — A,p) ss 7 Ti(Y) is a free group on three generators and, 
consequently, that iri(R 3 — A,p ) is not abelian. 


2211 


Let p : ( Y,y) — » (Y, y) be a regular covering space; that is, p«(7Ti(Y, y)) 
is a normal subgroup of xi(Y, y). Suppose that f : X —* Y is a continuous 
function from the path-connected space X to Y with f(x o) = /(*i) = y, and 
that there is a lifting of /, fo : {X, Xo) — ► ( Y,y ). Show that there is a second 
lifting, /i : (X, a:i) — > ( Y,y ). ( fi need not be distinct from fo.) 

( Indiana ) 

Solution. 

Let /o(a:i) = y' ■ Since 

P$) -pfo(xt) = f(xi) - y, y 1 G p~ 1 (y). 

Since p is a regular covering space, there is a deck transformation 7 such that 
7 (y 1 ) = y. Then let 

fi = yofo'X—>Y. 


Therefore 

/i(*i) = 7 (/o(*i)) = 7 (jT) = V- 
Hence /1 is the lifting of / we want. 


2212 


Let X be the identification space obtained from a unit 2 -disk by identifying 
points on its boundary if the arc distance between them on the boundary circle 
is . Compute the fundamental group of X. 


(Indiana) 
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Solution. 



Fig-2.9 


Take a point y in the open disk. (See Fig.2.9.) Let U = X — {y} and let 
V be the open disk. Then both U and V are path connected subsets of X 
and X = U U V. Since V is simply connected, by the Van Kampen theorem, 
iri(Jf) is isomorphic to the quotient group of with respect to the least 

normal subgroup containing <f>*(ni(U fl V)), where </> : (U D V) — ► ^i(U) is 
the homomorphism induced by the inclusion <f> : U fl V — ► U . Take a point 
xi £ U fl V as the base point. (See Fig.2.9.) It is clear that Tti(U fl V, £*) is 
an infinite cyclic group generated by 70 the closed path class of a closed path 
c which circles around the point y once. Since the circle a is a deformation 
retract of U, it is clear that 7r 1 (17, xo) is an infinite cyclic group generated by 
a' the closed path class of a. Therefore iri(f7, £ 1 ) is an infinite cyclic group on 
generator o = 7 _ 1 a' 7 , where 7 is the path class of a path d from xq to x^. 
It is also clear that <f>*(y c ) = 32. Hence the least normal subgroup containing 
M*i(U n V)) is isomorphic to 3Z. It follows that tti(X) &Z/ZZ =Z 3 . 


2213 

Sketch a proof of the Fundamental Theorem of Algebra (every nonconstant 
polynomial with complex coefficients has a complex zero) using techniques of 
algebraic topology. 

( Indiana ) 

Solution. 

Let W denote the complex plane and f(z) be a polynomial of positive degree 
with complex coefficients. We may consider / to be a continuous nonconstant 
map / : (F — > W. Note that \f(z)\ — » 00 as |z| — ► 00 ; hence, we may extend / 
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to a map of the one-point compactification of (E 
f : S 2 —* S 2 

by setting f(o o) = oo, where oo denotes the north pole. Then we may first 
prove that if f{z) = z k , k > 0, then the degree of the extension / : S 2 — ► S 2 is 
equal to k. Furthermore, we may prove that if / is any polynomial of degree 
k > 0 then the degree of the extension f : S 2 —* S 2 is still equal to k. Noting 
the fact that if a continuous map / : S 2 —* S 2 is not surjective then the degree 
of / is zero, we may prove the Fundamental Theorem of Algebra by means of 
the reduction to absurdity. 

2214 

Let X denote the subspace of R 3 that is the union of the unit sphere S 2 , 
the unit disk D 2 in the x-y plane, and the portion, call it A, of the z axis lying 
within S 2 . 

(a) Compute the fundamental group of X. 

(b) Compute the integral homology groups of X. 

{Indiana) 

Solution. 





Fig.2.10 

It is clear that X has the homotopy type of the one point union X\ V X 2 
where X\ and X 2 are each homeomorphic to the union of the unit sphere 
and the portion of the z axis lying within S 2 . (See Fig.2.10.) To compute 
7Ti(Xi V X 2 ), we take U = Xi V X 2 — {p} and V — X 2 V X 2 - {g}. Then 
we have U U V = Xi V X 2 . Since U fl V is contractible, by the Van Kampen, 
7 Ti(A 1 V X 2 ) is a free product of the groups Ki(U) and 7[q (V) with respect to 
the homomorphisms induced by the inclusion maps. It is obvious that 

*i(U) * MV) ~ ~ M x 2) w Ms 1 )- 
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Therefore, ^i(X) is a free product generated by two generators. We can take 
as generators the closed path classes which are determined by the closed paths 
omp and omq respectively. (See Fig.2.10.) 

(b) Applying the Mayer-Vietoris sequence to the pair (U,V), we see that 

Hi(X) « Hi(U) © Hi(V) « Hi(X i) © Hi(X 2 ). 

Noting that Hi(X\) w Hi(X 2 ) which are infinite cyclic for i equal to 0, 1, 2 and 
are zero otherwise, we conclude that 

( Z®Z, * = 1,2, 

Hi(X) = l Z, i = 0, 

( 0, otherwise. 

2215 

Let A be a path-connected space, f : X Y a continuous function, and 
xo,xi e X. Suppose that the induced homomorphism 

f t :7r 1 (X,xo)^w 1 (Y > f(xo)) 

is surjective. Show that 

/» : tti(X, xi) -► iri(y, f(x 1 )) 


is also surjective. 

(Indiana) 

Solution. 

Since X is path-connected, there exists a path C : [0, 1] — * X such that 
c(0) = x 0 and c(l) = Xi. Then c = / o c is a path connecting f(x 0 ) and f(x 1 ) 
in Y. For any [a] € ^i(Y, f(xi)), where a is a closed path at f(x 1 ), cac~ 1 is a 
closed path at /(x 0 ). By the assumption, there is a closed path h at x 0 such 
that f*([h]) = \cdc~ 1 ]. It mecins that / o h and cac -1 are homotopic. Thus 
/ o (c~ l hc) and a are homotopic, and, consequently, /*([c -1 hc]) = [a]. Hence 

f.:*i(X,x 1 )-+T 1 (Y,f(z 1 )) 


is surjective. 
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2216 

Let B denote the “figure eight space”. Let p : X —* B and q : Y — ► B be 
2-fold covering maps, where both X and Y are connected. Prove that X and 
Y are homotopy equivalent, but not necessarily homeomorphic. 

{Indiana) 

Solution. 



Fig.2.11 


For any 2-fold covering map p : X — *• B, let p~ l {x 0 ) = {e 0 , ei}. (See 
Fig.2.11.) Since the automorphism group A(X,p) faZ 2 and X is connected, it 
is not difficult to see, by considering the liftings of the circles a and b in X, that, 
in substance, X has only two different types as shown in Fig.2.11. Then it is 
easy to see that they are homotopy equivalent to an 3-leaved rose G 3 . But the 
spaces X and Y shown in Fig.2.11 are not homeomorphic. Otherwise, suppose 
that / : X — ► Y is a homeomorphism. Then X — {eo} is homeomorphic to 
Y — {/(eo)}. Since X — {eo} is contractible and Y — {/(eo)} is obviously not 
contractible, we come to a contradiction. 

2217 

Calculate the fundamental group of the space RP 2 x S 2 . 

( Indiana ) 

Solution. 

By the formula 

*i(x xy)«n(x)ffin(y), 

we see that 

ti {rp 1 x5 2 )« MRP 2 ) © MS 2 ) ttZ 2 e{o}*z 2 . 
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2218 

Let Z denote the figure 8 space, Z = X V Y, X and Y circles. Let x, y £ 
tti(Z, *) be the elements in Z defined by X , Y , where * denotes the vertex 



Fig.2.12 


(a) Let h : iri(Z, *) —*Z/6Z be the homomorphism satisfying h(x) = 2 and 
h(y) = 3, and let p : Z — ► Z denote the covering space corresponding to the 
kernel of h. (p*(xi(Z, *)) = ker(h).) If A is a path component of p~ 1 (X) and 
B is a path component of p~ 1 (Y), how many intersection points of A and B 
are there? (i.e., what is the cardinality of the sat A fl B?) 

(b) If G is a finite group, h : (Z, *)—»(? a surjection, and p: Z — ► Z the 

corresponding cover, prove that the number of intersection points of a path 
component A of p -1 (X) with a path component B of p~ 1 (Y) divides the order 
of G. 

{Indiana) 

Solution. 

(a) Since h(x) = 2 and h(y) = 3 and (Z,*) is generated by x and y, it 
follows that the homomorphism h is surjective. Thus ^i(Z, *)/ker h is isomor- 
phic to the group Z/6Z = Z§. Hence the covering space p : Z — ► Z is a 6-fold 
cover. We denote p -1 (*) by 

P -1 (*) = {eo,ei,e2,e 3 ,e4,e 5 }. 

Then, from h(x) = 2, we see that the path component of p~ 1 (X) contains 
exactly the points {eo, e 2 ,e 4 } of p _1 (*) which corresponds to the elements 
{0, 2, 4} of^6 respectively. By the same reason, we see that the path component 
of p -1 (Y) contains exactly the points {e 0 ,e 3 } of p -1 (*). Since 

p- 1 (X)np- 1 (y)=p- 1 w, 


we conclude that AC\B — {eo}. 
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(b) Since h is a surjection and G is a finite group, the corresponding cover 
p : Z —* Z is a finite fold cover. Suppose that h(x) = r and h(y) = s. Then 
v generates a subgroup Hi of G and s generates a subgroup of ff 2 of G. In a 
similar way as in (a), we see that the number of intersection points of A and 
B is equal to the number of elements in Hi fl H 2 . By Lagrange’s theorem, it 
divides the order of G. 


2219 

Let X be the result of attaching a 2-cell D 2 to the circle S 1 by the map 
/ : S 1 —* S 1 given in terms of complex numbers by z — * z 6 . 

(a) Compute, with proof, the fundamental group of X. 

(b) Compute, with proof, the homology of the universal cover of X. 

( Indiana ) 

Solution. 

( a ) 



*b a 


Fig.2.13 

Represent X as the space obtained by identifying the edges of a hexagon, as 
shown in Fig.2.13. Under the identification the edges a become a circle through 
the point xq. Let y be the center point of the hexagon, and let U = X — {y}. 
Let V be the image of the interior of the hexagon under the identification. 
Then, U and V are open subsets, TJ, V, and U D V are arcwise connected, and 
V is simply connected. Let xi be a point in 17 fl V. It is clear that UDV has the 
same homotopy type with S 1 , and that 7 r 1 (Z 7 f 1 V, x x ) is an infinite cyclic group 
generated by 7 , the homotopy class of a closed path c which circles around the 
point y once (see Fig.2.13.) 

Applying the Van Kampen theorem, we conclude that 
V>i : -ki (U, xi) —► Vi(X, xi) 

is an epimorphism and its kernel is the smallest normal subgroup containing 
the image of the homomorphism 

<h:*i(UnV,xi)^MU,Xi), 
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where i/’i and <f>i are homomorphism induced by inclusion maps. 

It is obvious that the circle a is a deformation retract of U. Thus tti { U, zq) 
is an infinite cyclic group generated by a and, consequently, 'K 1 (U,x 1 ) is an 
infinite cyclic group generated by a' = 7 -1 a7, where 7 is the homotopy class 
of a path d from Xq to X\. 

It is obvious that <^1(7) = a 16 . Hence the smallest normal subgroup con- 
taining <f>x(MU H V, Si)) is isomorphic to 6Z. Thus we conclude that 


in(jr) wJT/6 z=z 6 . 


(b) Since X is a finite 2-dimensional CW complex and -ki(X) = Z$, its 
universal covering space X is a 6-fold covering space and is also a 2-dimensional 
CW complex. It is well-known that the Euler characteristic X (X) = 6X(X). 
But it is easy to see that X(X) = 1, hence .^(X) = 6. From Ho(X) fs Z, 
Hi(X) = 0 and if) ss H2{X , X 1 ), where X 1 is the 1-skeleton of X, we see 
that H 2 (X) is a free Abelian group of rank 5. So we conclude that 


Hi(X) = 


0, i > 3, 

Z (&Z ®Z ®Z ®Z, i = 2, 

0, i= 1, 

Z, i = 0. 


2220 

If X is any topological space and S 1 denotes the unit circle in the complex 
plane with its usual topology as a topological group with multiplication given 
by the multiplication of complex numbers, then it is known that the set [A, 5 1 ] 
of homotopy classes of maps from X to S 1 inherits a natural group structure. 

(a) Define this group operation explicitly and indicate the group identity 
and how inverses are formed. You do not need to prove your assertions. 

(b) Compute this group explicitly for X = point, S 1 , S 2 , and T 2 = S 1 x S 1 . 

{Indiana) 

Solution. 

(a) We denote the homotopy class of a map / : X — ► S 1 by [/] and write 
S 1 as 

S 1 = {e 2 * i9 E(U | 0 < 0 < 1}. 

Then the multiplication of [X, 5 1 ] is defined by [/] • [<7] = [/■</], where the 
map f-g-.X^S 1 is defined by (/ • g)(x) = f{x) • g(x) for any x G X. Here 



116 


f(x) ■ g(x) is defined by the multiplication of complex numbers. The identity of 
this multiplication is [e], where the map e : X — > S 1 is defined by e(x) = e 2xt 
for any x £ X. The inverse of [/] is the homotopy class of a map /, which is 
defined by f(x ) = l/f(x) for any x £ X. 

(b) If X = point, then [X, S 1 ] obviously has only one element. So the group 
[X, S 1 ] is trivial. For the case of X = S 1 , one can easily prove that 

[5 1 , S 1 ] at KiiS 1 ) taZ. 

For the case of X = S 2 , it is easy to see that each homotopy class [/] can 
be represented by a map / : S 2 — » S 1 which maps the northpole N of S 2 to 
the point p 0 = e 2 *' of S 1 . Then by the facts that S 2 is simply connected and 
the universal covering space of S 1 , R is contractible, one can easily prove that 
[S' 2 , S 1 ] « 7r 2 (S 1 ) = 0. Now we discuss the case of X = T 2 = S 1 x S 1 . For any 
map / from S 1 x S 1 — * S 1 we define two maps f\ and f 2 from S 1 — > S 1 by 
/i(0) = /(e 2,r ’ e ,Po) and f 2 (0) = f(po, e2 *' 0 ) for any e 2 *' 0 £ S 1 , respectively. 
Then let <f > : [X, S 1 ] —>Z®Z is defined by 4>([f]) = (deg /i, deg / 2 ). We have 

</>([/} ■ fol) = <K\f‘ ff]) = ( de 8(/ • 9) 1 , deg (/ • g) 2 ) 

= (deg(/i • gi), deg (f 2 ■ g 2 )) 

= (deg /1 + deg g 1 , deg f 2 + deg g 2 ) 

= (deg / 1 , deg f 2 ) + (deg g x , deg g 2 ) 

= tm+m)- 

Therefore, <j> is a homomorphism from [X, S 1 ] to Z ®Z. Note that f\ can be 
extended to a map from X to S 1 , still denoted by / 1 , by 

fi(e 2lrie ,e 2xi ^) = fi(e 2xi0 ,po), 

which is homotopic to / under the homotopy map F : X x I —* S 1 defined by 

F(e 2 *' 0 , e 2xi ^ ,t) = /(e 2iris ,e 2,r * t+2,r, ( 1_t ) ,i ’). 

Thus one can easily prove that $ is a monomorphism. It is clear that <f> 
is a epimorphism, and cosequently <j> is an isomorphism. We conclude that 

[X^ 1 ] &z®z. 
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2221 

If X is a path-connected space whose universal cover is compact, show that 
7Ti(X, xq ) is finite. 

( Indiana ) 

Solution. 

Let 7 t : X — ♦ X be the universal cover of X. If ttj (X, zo) were not finite, 
then 1 (zo ) would be a closed set of infinite points in X. Since X is compact, 
ir -1 (zo) must have at least a limit point, say z, such that ir(z) = zo- Thus it is 
easy to see that ir is not a local homeomorphism at z, which is a contradiction. 


2222 

Prove that if X is locally path connected and simply connected then every 
map X — * S 1 is homotopic to a constant. What can you say if we just assume 
that X is path connected, locally path connected and the fundamental group 
of X is finite? 

( Indiana ) 

Solution. 

Let exp : R — ► S 1 denote the exponential covering map, i.e., the universal 
covering space of S 1 . Since X is locally path connected and simply connected, 
iri(X) = 0, and /*(-7Ti(.X')) = 0 for any map / : X — » S 1 . Hence there exists a 
lifting of f,f:X—*R such that exp(/) = /. Since R is simply connected, / 
is homotopic to a constant map c. Denote the homotopy between / and e by 
H. Then exp (if) is the homotopy between / and c, i.e., / is homotopic to a 
constant map. 

Suppose that ^ri(iC) is finite. Since ^(S 1 ) Z and /*(ir 1 (X)) is a finite 
subgroup of tt 1 (S 1 ), we see that /,(?r 1 (X)) must be trivial. So the above 
argument still works in this case, and the same conclusion holds. 
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SECTION 3 

HOMOLOGY THEORY 

2301 


Prove the 3x3 Lemma. 

Consider the following commutative diagram of abelian groups 



0 


0 

0 



I 


1 

i 


0 

-» ^3 

a 2 

a 2 

Ax 

-» 0 


62 1 


£2 i 

C2i 


0 

-» B 3 

£3 

b 2 

* B2 

— 0 


6, i 


£1 i 

Cxi 


0 

-» c 3 

72 

c 2 

* Cl 

— 0 


l 


l 

l 



0 


0 

0 



If all 3 columns and the first two rows are short exact, then the last row is also 
short exact. 

( Harvard ) 

Solution. 

To prove the exactness at C3, we show that 72 is injective. Let c £ C3 and 
72(c) = 0 . Since 61 is surjective, there is a b G B 3 such that c = 61(b). By 
the commutativity we see @2(6) 6 ker e\. Hence there is an a 2 G A 3 such that 
€2(0,2) = @2 (&)• Then since 

<(2(0:1(02)) = @@£2(02)) = Pi(@ 2 (b)) = 0 

and (2 is injective, we have 01(02) = 0, i.e., 02 € ker ai = imo2- Thus there is 
an a E .A3 such that 02(0) — 02. Since 

P 2(62(0 ) - b) = @262(0) — @2(6) = £20:2(0) — @2(6) = £2(02) - @2(6) — 0 

and @2 is injective, we see 62(a) = b. Therefore 

c = 62(b) = 6262(a) = 0. 


Hence 72 is injective. 
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Now we prove that ker7i C im.72. For any c 6 ker 7 j , since £\ is surjective, 
there is an b £ B 2 such that c = £i(b). Thus it is easy to see that Pi(b) £ ker £i, 
and consequently that there is an oi £ Ai such that (2(^1) = Pi(b). Since 
ot 1 is surjective, there is an a 2 £ A 2 such that 0:1(02) = ai. Thus by the 
commutativity, we have b — £2(0.2) G ker/?i. Therefore there is a 63 £ B 3 such 
that p 2 (bz) = b — £ 2(02 ). Then 

72(^l(&3)) = e i#2(fe) = £i(&) — £l£ 2 (o 2 ) = c. 


Hence c £ im72. In a similar way we may prove that im72 C ker 71. Thus the 
exactness at C2 is proved. 

We leave the proof of the exactness at C\ to the reader. 


2302 

Prove that if M is a compact manifold of odd dimension, then X(M) = 0. 
Show examples of compact ^manifolds with X = 0, 1, 2, 3, 4. 

( Columbia ) 

Solution. 

Since M is compact, M is ^2-orientable. Suppose that dimM = 2m + 1. 
Therefore, 

2ro+l 

X(M)= ^ 2 (-iydimHi(M,Z 2 ). 

i = 0 

By the Poincare duality theorem, 


dimHi(M,Z 2 ) = dimH 2 m+i~i(M,Z 2 ) 


for any i. Thus, since i and 2m + 1 — i have different parity, they appear in 
the sum with opposite signs. Therefore X(M) — 0. 

Let Xq — T 2 x T 2 , X\ = RP 2 x RP 2 . Denote by Uh the connected sum of h 
projective planes. Then it is well-known that X(Uh) = 2 — h. Let X 2 = U 2 x t/4, 
X3 = U 2 x U5, and X4 = S 2 x S 2 . Using the fact that 

X(M x x M 2 ) = X(M\) x X(M 2 ), 
we see that X(Xi) = i for i equal to 0, 1, 2, 3 and 4. 
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2303 

Let X be a topological space. The suspension EX of X is defined to be 
the identification space obtained from X x [—1,1] by identifying X x { — 1} 
to a point and X x {1} to another point. For example the sphere S n is the 
suspension of S n ~ 1 with the north and south poles corresponding to the two 
identification points. 

Compute the homology of EX in terms of the homology of X. 

( Illinois ) 

Solution. 

Let pi and p 2 be the identification point respectively. Set U = EX — {pi} 
and V = EX - {p 2 }. Then U and V are open sets of EX, and EX = Ul)V. It 
is obviously to see that U and V are contractible spaces and X is a deformation 
retractor of U D V. By Mayer- Vietoris sequence, we have 

where H q _i(X) denotes the reduced homology of X. 


2304 


Consider the chain complex 

C = {C n | n > 0} C n = Z 3 
d n : C n — C „_1 defined by 

(r, s, t ) — » (s — t , 0, 0) n even 

(r, s, t) —* (0, s + 1, s + 1) n odd. 

Compute H n (C) for all n. 

( Illinois ) 

Solution. 

When n is even, ( r,s,t ) E Z n (c) if and only s = t. So Z n (c) — {(r, s, s) € 
C„}, i.e., Z n (c) is isomorphic to Z © Z. 

Noting that im3„ + i = {(0, t,t) E C n } for even n, we have H n {c) =Z for 


even n. 
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When n is odd, (r, s, i) E Z„(c) if and only if s + t = 0. So Z„(c) is 
isomorphic to Z © Z, and noting imd n+ i = {(r, 0, 0) E C n ) rs Z, we have 
H n (c)=Z. 

Therefore, H n (c) « Z for any n. 


2305 


Construct a CW complex which has the following Z-homology groups: 

H 0 (X) = Z, 

Hx(X) - Z©Z/2Z, 

H 2 (X) = Z/ZZ, 

H 3 (X) = Z, 

H n (X) = 0, if n > 4. 


( Columbia ) 

Solution. 

Denote by X 1 the “figure eight space” as shown below, 



Let X 2 be the space obtained by attaching two 2-cells to X 1 , one by the 
map /i : 5 1 — + zo and the other by the map f 2 ■ S 1 — ► a such that f 2 (z) ~ z 2 . 
Therefore, the image of one 2-cell under /i is homeomorphic to S 2 , the 2- 
sphere. It is well-known that Hi(X 2 ) = Z ©Z, which has two generators a and 
6, consider the following diagram 

0 H 2 {X 2 )± H 2 {X 2 ,X l ) h H^X^^H^X^-H^X 2 ^ 1 ) 

Mi * ( T Ms 1 * 

U-+H 2 {D 2 ,S l ) ^ H^S 1 )^ 0 
The square is commutative and the level rows are exact. Since 
H 2 (X 2 ,X x ) = im/i* © im/ 2 , «Z ©Z, 
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irn/i j s i • = 0 and irn^ls 1 * = 2Z, we may see that imd, » 2Z and ker d* ss 2. 
Since Hi(X 2 , X 1 ) — 0, we have Hi(X 2 ) « Z (&Z 2 . It is also easy to see that 
H 2 (X 2 ) =Z. 

Now let X be the space obtained by attaching two 3-cells to X 2 , one by the 
map < 7 i : S 2 — * xq and the other by a map g 2 : S 2 —> S 2 such that deg g 2 = 3. 
Then in a similar way as above, we may conclude that the space X satisfies 
the requirements in the problem. 


2306 

Compute H p (S n V S n V • • • V 5"), n > 0, for all p. 

( Columbia) 

Solution. 

Denote by S n (q) the space S n V S n V • • • V S n . When n = 0, S°(q ) has 
q times 

q + 1 points. Then H p (S°(q)) is a free abelian group of rank q for p equal to 
0 and is zero otherwise. In fact 

S n (q + 1) = S n (q) V 5". 

Let a € S n (q) and b € 5”. It is easy to see that U = S n (q + 1) — {a} has 
the homotopy type of S n (q) and V = S n (q + 1) — {6} also has the homotopy 
type of S n (q). It is also clear that S n (q + 1) = U U V and U D V has the 
homotopy type of S n (q — 1). Thus, when n > 0, by induction on q and the 
Mayer- Vietoris sequence of the pair (17, V), we may prove that H p (S n (q)) is a 
free abelian group of rank q for p equal to n and is zero otherwise, where H p 
is the reduced homology group. 


2307 

Build a CW complex X by adding two 2-cells to S 1 , one by the map z —* z 4 
and the other by the map z —* z 6 . What is the homology of this space? 

( Indiana ) 
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Solution. 



Fig.2.14 


X is a 2-dimensional CW complex with 2-skeleton K 2 — X , 1-skeleton 
K 1 = 5 1 and 0-skeleton K° = {p}. K 2 is obtained from K 1 by attaching 
two 2-cells via the maps / and g as indicated in Fig.2.14. K 1 is obtained 
from K° by attaching one 1-cell. Let K n = K 2 for n > 3. Then we have 
a chain complex K = {C n {K),d n }, where C n (K) = H n (K n ,K n ~ 1 ) and d n : 
C n (K ) — > C n -i(K) is defined to be the composition of homomorphisms, 

H„(K n ,K n ~ 1 ) H n - 1 (K n -\K n ~ 2 ), 

where 9 » is the boundary operator of the pair (K n ,K n ~ 1 ) and j n -i is the 
homomorphism induced by the inclusion map. It is well-known that H n (X) « 
H n (K). It is obvious that H n (X) = H n {K) — 0 for n > 3. To compute H 2 (k), 
consider the following diagram: 

H 2 {K 1 ^H 2 (K^hH 2 {K 2 ,K 1 ) ^ H^K 1 ) & H 1 (K l ,K°) 

T /* ( T (/Is 1 )* 

The square is commutative and it is well known that /, is a monomorphism 
and 9' is an isomorphism. Noting /| 5 i is the map z — ► z 4 , we see that the 
image of (/I 51 )* i s 4Z. In the same way we see that the image of (fflsO* i s 6^- 
Since 

H 2 (K 2 ,K 1 ) «im/, ®im£f,, 

it follows that im9„ is isomorphic to the subgroup 2Z of H 2 (K X ), and that 
ker 9. is isomorphic to X @Z 2 . Thus, since j 2 is injective, we see that 

H 2 (K 2 ) « iny 2 « ker 9* «.7©.Z 2 . 

It is clear that ji is an isomorphism. Therefore, imd 2 ~ 2Z. Noting that 
ker di « ifi(Ff \ if 0 ) « 7, we have &Z/2Z m Z 2 . Thus we conclude 

that 

^ © ^ 2 1 i — 2 , 

Z 2 , * = 1, 

Z, 2 = 0, 

0, otherwise. 


H,(X) = 
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2308 


Let 

X = {( x,y,z ) e R 3 | xyz = 0}. 

a) Compute H*(X,X- {0}). 

b) Prove that any homeomorphism must leave the origin fixed. 

(Indiana) 

Solution. 

a) Let U = D 3 H X, where 

D 3 = {(®, y , z) e R 3 | x 2 + y 2 + z 2 < 2}. 


It is easy to see that U is contractible. Thus 


H q (X,X- {0}) * H q (U, U - {0}) » H q .r(V - {0}) 


for any q. Let 5 = S 2 fl X, where S 2 is the unit 2-sphere. Then 5 is a 
deformation retract of U — {0}. So H,(U — {0}) « H*(S). To compute Ht,(S), 
let 

PPi = 5 — {(0, 0, 1), (0, 0, —1)} 

and 

W 2 = S — {(—1,0,0), (1,0,0)}. 

Applying the Mayer- Vietoris sequence of the pair (Wf, W 2 )i we see that 


H q (X,X-{ 0}) = 


2 2 \ q — 2, 

0, otherwise. 


b) Let x be any point of X different from the origin. Similarly we obtain 


H 2 (X,X-{x}) = 


2 ® JP ®2, if 2 : is in a coordinate axis, 
2 , otherwise. 


Let h : X — > X be any homeomorphism. Since the local homology groups are 
invariant under homeomorphism, 


h 2 (x,x- {0}) » H 2 (X,X- {/( 0)}). 


From the above results, it follows that /( 0) = 0. 
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2309 

a) Write down the Mayer-Vietoris sequence in reduced homology which 
relates the spaces S 1 x R 1 , S 1 x R 1 — {p}, and a disk D in S 1 x R 1 about the 
point p. ( S 1 = 1 — sphere) 

b) Use a) to calculate the homology of S 1 x R 1 — {p}. 

( Indiana ) 

Solution. 

a) The Mayer-Vietoris sequence is 

• • • - H,(D - {p}) -£ H^S 1 xR 1 - {p}) © H q (D) 
t H q (S 1 x R 1 ) 4 H q -i(D - {p}) 

b) Since S 1 x R 1 and D — {p} have the same homotopy type with S 1 , it 
follows that 

H'iS 1 x R 1 ) « H q (D - {p}) » H.iS 1 ). 

Since D is contractible, the nontrivial part of the Mayer-Vietoris sequence is 

0 -» H 1 {D - {p}) -t HxiS 1 xR 1 - {p}) H^S 1 x R 1 ) 0, 

fit 2 &Z 

which is split exact. Thus we have 

{ 2 0 iT, i = 1, 

Z , i = 0, 

0, otherwise. 


2310 

Let the real projective plane RP 2 be embedded in the standard way in the 
real projective 5-space RP 5 . Compute H q (RP 5 / RP 2 ) , where RP 5 /RP 2 is 
the space obtained from RP 5 by identifying RP 2 to a point. 

(Indiana) 

Solution. 

Since RP 5 is compact Hausdorff and RP 2 is a strong deformation retract 
of a compact neighborhood of RP 2 in RP 5 , we see that 

H q (RP 5 /RP 2 ) » H q (RP 5 , RP 2 ) for any q. 
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It is well-known that 


H q (RP 5 ) 


z, 

I 2 , 

9 = 0,5, 
q = 1,3, 

and HARP 2 ) = J 

* 2 , 

II El 
J -1 ,P 

0, 

otherwise, 

1 

{ 0- 

otherwise. 


Thus, from the exact sequence of the pair (RP 5 , RP 2 ), it follows that 


H q ( RP 5 /RP 2 ) 


Z, q = 0,5, 
•^2) 9 = 3, 

0, otherwise. 


2311 


Let 

Y = {(351,2:2) G R 2 | 35 ia ;2 = 0 and X2 > 0}. 

Prove that Y x R is not homeomorphic to R 2 . 

(Indiana) 

Solution. 

Let 

Y X R = {(®1, 35 2 , X3) e R 3 I 2:13:2 = 0, 352 > 0}. 

Then the point O = (0, 0, 0) € Y x R. To compute the local homology groups 

Hi(Y x R,Y x R- {0}), i = 0,1,2,---, 

we take an open neighborhood of the point O, U = D 3 D (Y X R), where D 3 
is an open ball centered at O. Therefore 

Hi(Y x R,Y xR- {0}) « Hi(U, U - {0}) » ff,_i(U - {0}), 

because U is contractible. Let X be the space as shown in the following figure 


x = 
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It is easy to see that I is a deformation retract of 17 — {0} and that 
Hi(X) &Z®Z. Thus 

H 2 (Y x R,Y xR-{ 0}) stZ®Z. 

It is well-known that for any point p £ R 2 the local homology group 
H 2 (R 2 ,R 2 -{p})KZ. 

Since the local homology groups are isomorphic under homeomorphism, it 
follows that Y x R is not homeomorphic to R 2 . 


2312 

Let A be a nonempty subset of X and X U C A be the union of X with the 
cone of A ; that is, X U CA is obtained from the subset X x {0} U A x [0, 1] of 
X x [0, 1] by identifying A x {1} to a point. 

Prove that the reduced homology group H n (X U CA) is isomorphic to 
H„(X,A), for every n. 

(Indiana) 

Solution. 

Let y = X x {0} U A x [0, 1] and B = Ax {1}. Then X U CA = Y/B. 
Let 7r : Y — ► Y/B be the identification map and j/o denote the point ir (B) in 
Y/B. Let U = A x [|,1] C Y. Then j/o is a strong deformation retract of 
7 r(U). Thus, in the exact sequence of the triple (Y/B,ir(U), yo), 

♦ H n (*(U),yo) H n (Y/B,y 0 ) 

- H n (y/B,*(U)) - H„^(U),y 0 ) -* ••• 

it follows that H*(Tv(U),yo) — 0. Hence, the inclusion map of pairs induces an 
isomorphism 

H.(Y/B,y 0 )*H.(Y/B,T(U)). 

Let V = A x [|, 1]. By the excision property, we have an isomorphism 
H,(Y, U) a H t (Y — V,U — V). 

Since B is a strong deformation retract of U, it follows from the exact sequence 
that 


H*(Y, B) S3 H,(Y, U). 
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Thus, we have 

H t (Y, B) sa H t (Y - V, U - V). 

In a similar way the set tt(V) may be excised from the pair ( Y/B , ir(U)) to 
give an isomorphism 

H t (Y/B,y 0 ) w H.(Y/B,r(U)) » ff,(Y/fl - tt(V), tt(U) - 7t(Y)). 

Now the restriction of the map ir gives a homeomorphism of pairs 

t : (Y - V, U - V) -> ( Y/B - tt(Y), t(U) - v(V)), 

and so an isomorphism of their homology groups. All of these combine to give 
an isomorphism 

H.(Y/B,yo)t>tH.(Y,B). 

Since Y admits obviously a strong deformation retraction onto X x {0} 
which maps B onto A x {0}, we have 

H,(X, A). 

On the other hand, from the exact sequence of the pair (Y/B, yo), it follows 
that 

H»(Y/B,y 0 ) w H*(Y/B) = H*(XuCA). 

Therefore, H n (X U CA) is isomorphic to H n (X, A) for every n. 


2313 

For any topological space X let EX denote its (unreduced) suspension. 
(EX is the quotient space (X x [0, 1]/ ~, where ~ denotes the equivalence 
relation generated by requiring that (x,t) ~ (y, s) if s = t = 0 or s = t = 1.) 
If / : X — > Y is a map, let E / : EX — » EY be the map of suspensions induced 
by the map ( x,t ) — * ( f(x),t ) of X x [0, 1]. 

(i) Prove that if / : X — ► Y is a homotopy equivalence then so is E /. 

(ii) Using only the Eilenberg-Steenrod axioms (Homotopy, Exactness, Ex- 
cision, Dimension) for a homology theory prove that Hi( EX) is naturally iso- 
morphic to Hi_i(X). (Here Hi denotes reduced singular homology.) 

( Indiana ) 
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Solution. 

(i) Denote by n x : X x I —> EX the quotient map, and by po, pi the 
equivalence classes of (a;, 0) and (x, 1), x £ X, respectively. Let / : X — > Y be 
a continuous map. By the definition we see that 

E / = By o (/ x id) o n^\ 

where id : I — ► I is the identity map. Suppose that g : X — * Y is another 
continuous map which is homotopic to / by a homotopy G : X x I — ► Y 
such that G(x,0) = /(x) and G(x, 1) = g(x) for any x £ X. Then define 
G : (X x I) x I -> Y.Y by 

G((x,t),s) = Uy(G(X,s),t). 

Let H : EX x I — > Ey be a map defined by H(x,s ) = G(n^ 1 (x), s) for any 
(x, s) £ EX x I, where, if x = po or pi, II^ 1 (x) means any point (x, 0) or (x, 1). 
It is easy to check that H is well-defined and continuous. It is also easy to see 
that H(x, 0) = £/(x) and H(x, 1) = Efir(x). Therefore E / is homotopic to E^, 
and consequently it follows that if / : X — ► Y is a homotopy equivalence then 
so is E /. 

(ii) Let 

ET={II*(x,t)|<> 

and 

v = {n x (x,t)\t<l). 

It is obvious that U and V are both open sets of EX and that U and V 
are both contractible. Hence Hi(U) = j ff,(V) = 0 for all i. It follows from 
the homology sequence of the pair (EX, U) that Hi{ EX) ss if, (EX, U). Let 
W = (n x (x,t) 1 1 > 2/3}. Then W C U. By the excision property we have 

Hi{ EX, U) ss #<(EX - W, U - W) = Hi{V, U - W). 

It is easy to see that U — W has the same homotopy type of X. On the other 
hand, from the homolopy sequence of the pair (V,U — W) we see that 

Hi(V, U-W)& Hi-i(U - W). 

Thus we conclude that ff,(EX) « Ifj_i(X). 



130 


2314 

Consider the following commutative diagram of abelian groups in which 
the row and column are exact sequences. 



Suppose that 7 and 0 o are surjective. Prove that <*3 is injective. 

( Indiana ) 

Solution. 

Let 03 G A3 such that 0:3(03) = 0 . Then from the exactness there is an 
02 G A2 such that 02(02) = 03. Since 7 is surjective, there is an oi G Ai such 
that 7(01) = ^2(02). Hence by the commutativity we have 

7(01) = / 3 2 ( oi ( oi )) = #2(02), 

so ai(oi) — 02 G ker/32, and there is a bi G B 1 such that /?i(Z»i) = o(oi) — 02. 
Since ( 3 q is surjective, there is a 60 G Ho such that / 3 o(&o) = &i. Once again by 
the exactness we have 0 = / 3 i/?o(&o) = / 3 i(&i), which means that oi(ai) — 02 = 
0. Hence 03 = 02(02) = 0201(01) = 0 . It means that kera3 = 0, i.e., 03 is 
injective. 


2315 

Suppose that a topological space X is expressed as the union U U V of two 
open path-connected subspaces such that Ufl V is path connected, Hi{U) = 0, 
and the inclusion U DV — > V induces a surjective homomorphism H\(U Pi V) — » 
H\{V). (Here H denotes singular homology.) 
a) Prove that Hi(X) = 0. 
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b) Give an example to show that the analogous assertion becomes false in 
general if Hi is replaced everywhere by H 2 . 

( Indiana ) 

Solution. 

a) Consider the Mayer- Vietoris sequence of the pair ( U , V) 

♦ H 2 (X) A Hi(U nv)^ Hi(U) © Hi(V) ^ m(X) ± H 0 (U n V). 

Since U fl V is path-connected, H 0 (U fl V) = 0. It means fl’i(X) = inr0*. By 
the hypothesis, <$>* is surjective so that 

kerV>* = im<£» — Hi(U) © Hi(V). 

Therefore imV>, = 0, i.e., Hi(X) = 0. 

b) Let X = S 2 , the unit 2-sphere, 

U={(x,y,z)<ES 2 \z>- 1 -} 

and 

V = {(x,y,z)eS 2 \ z< -}. 

Then X = U U V. It is obvious that U, V and U fl V are path-connected 
and that H 2 (U) = H 2 (V) = 0. So the homomorphism H 2 (U fl V) — > H 2 (V) 
induced by the inclusion map is surjective. But H 2 (X) » 2 . 


2316 


Let 

D n = {x€R n \ |z| < 1} 

denote the standard unit ball in Euclidean space R n , and 
S"- 1 = {a; £ R n | |z| = 1} 

denote the standard (n— l)-sphere. Suppose that / : D n — + D n is a continuous 
map such that the restriction of / to S n ~ 1 is a homeomorphism from S" -1 to 
S n_1 . Prove that / is surjective. 

( Indiana ) 

Solution. 

We use the reduction to absurdity. Suppose that there is a point x 0 £ D n 
such that *o ^ /(D n ). By the assumption, we see that xq £ D n — 5 n_1 . 
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Therefore S n 1 is a deformation retract of D n — {x - o}. Let r : D n — {ccq} —* 
S n ~ 1 be a retraction. Then g = r o / is a continuous map from D n to S n ~ 1 
and ^Is”- 1 : S n ~ 1 — * S" -1 is just the restriction of / to 5" “ 1 . which is 
a homeomorphism. Let i : S'” -1 — * D n be the inclusion map. Therefore 
<7o*:5 n_1 — ►S'" -1 is a homeomorphism. Hence 

(ff o i). : ffn-l (5”- 1 ) -» 

is an isomorphism. But (g°i)* = g*oi* and f* : H n ^i(S n ~ 1 ) — > H n -i(D n ) is 
obviously a trivial homomorphism because of H n -\{D n ) = 0, and consequently 
(g o i)» is trivial. This is a contradiction. 


2317 

Let X be a connected CW complex with two 0-cells, three 1-cells, three 
2-cells, and no higher-dimensional cells. Assume H i(A) ss Z ®Z/3. Compute 
the Euler characteristic of X and determine (with proof) all possibilities for 
H 2 (X). 

{Indiana) 

Solution. 

The Euler characteristic of X, X(X) = 2 — 3 + 3 = 2. On the other hand, 

X(X) = rankffo(A) - rank H 2 (X) + rank H a (X). 

Therefore rankH^-^O = 2. Let X k denote the fc-skeleton of X. By the assump- 
tion, we see that H 2 (X 3 ,X 2 ) = 0, and H 2 {X 2 ,X k ) = Z ®Z ®Z. Therefore 

ff 2 (X) ker{d* : H 2 (X 2 ,X 1 ) H^X^X 0 )}, 

where d* is the composition of homomorphisms 

H 2 (X 2 ,X 1 ) ^ H^X 1 ) h H^X^X 0 ). 

Thus because H 2 {X 2 ,X 1 ) is free abelian, H 2 (X) is also a free abelian group 
of rank 2, i.e., H 2 {X) &Z ®Z. 
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2318 

Let X be a CW complex with exactly one k + 1-cell. Prove that if H k (X;Z) 
is a nontrivial finite group then H k+ \{X\Z) = 0. 

[Indiana) 

Solution. 

Denote by X k the fc-skeleton of the CW complex X, and by d k the com- 
position of homomorphisms of pairs 

H k [X k ,X k ~ k ) h h H k _ 1 (X k -\X k - 2 ). 

It is well-known that 

H k {X,Z ) « ker d k /imd k+1 

and 

H k+1 (X\Z) « ker d fc+1 /imd fc+2 . 

By the hypothesis, 

H k+1 (X k+1 ,X k )*Z. 

We choose a generator a in H k+ i(X k+1 , X k ). We claim that d k+1 (a) ^ 0. 
Otherwise we would have imd* +1 = 0. Therefore 

H k {X;Z) » ker d* C H k (X k ,X k ~ 1 ). 

But it is well-known that H k (X k ,X k ~ 1 ) is a free abelian group, and, conse- 
quently, ker d k is trivial or free abelian. It means that H k (X;Z) is not a non- 
trivial finite group and contradicts the hypothesis. Thus we have d fc+1 (a) # 0. 
It follows that kerd* +I = 0 and, therefore, H k +i(X;Z) = 0. 


2319 


Let 

A — {(*i, * 2 , *3, *4) G R 4 | x k = 0 } 

and 

B = {(*1, * 2 ; x 3i *4) G R 4 I *4 = 0}. 
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Let X = A U B. Compute the relative homology groups Hi(X, X — (0, 0, 0, 0)) 
for all i. 

(Indiana) 

Solution. 

Let U be the unit open ball centered at the point (0,0, 0,0) in R 4 . Then 
U = U fl X is an open neighborhood of (0,0,0, 0) in X. By the excision 
property we have 

Hi(X, X - (0, 0, 0, 0)) » H,(U, U - (0, 0, 0, 0)) 

for all i. It is obvious that U is contractible and that U — (0,0, 0,0) has a 
deformation retract CUD, where 

C = {(a:i, x 2 , x 3 , * 4 ) £ R 4 \ X! = 0,xl + xl + x\ = 1} 

and 

D - {(zi, x 2 , x 3 , Xi) e R 4 | x 4 = 0, x\ + x\ + x\ = 1}. 

(See Fig. 2. 15) 



Fig.2.15 


Let Wi = C U D - {pi,p 2 } and W 2 — CUD — {p 3 ,P 4 }- (See Fig.2.15.) 
Then W\ and W 2 are open subsets of C U D and Wi U W 2 — CUD. It is clear 
that both C and D are homeomorphic to the unit sphere S 2 and that D and 
C are deformation retracts of Wi and W 2 respectively. It is also clear that S 1 
is an deformation retract of Wi D W 2 . Therefore, applying the Mayer-Vietoris 
sequence to the pair ( W\,W 2 ), we see that 

{ Z®Z®Z, i = 2, 

Z, i = 0, 

0, otherwise. 

From the homology sequence of the pair (U, U — (0, 0, 0, 0)), we see that 
H i+1 (U, U - (0, 0, 0, 0)) Hi(U - (0, 0, 0, 0)) 
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for alii > 0. Hence we conclude that 

{ Z®Z®Z, i= 3, 

Z, i= 0,1 

0, otherwise. 


2320 

Let X be a path connected and locally path connected space and let x 6 X. 
Let Y = S 1 x S 1 x S 2 . Show that if ^i(X, x) is finite, then any continuous 
map / : X — ► Y induces the trivial map /* : Hi(X,Z ) — > Hi(Y,Z) for all i 
different from 0 and 2. 

(Indiana) 

Solution. 

It is easy to see that R 2 x S 2 is the universal covering space of Y . By the 
Kiinneth theorem, we have 

Hi{R 2 x S 2 ) = £ *,(*>) »*(S>)={ J; 

j+k=i 

It is clear that 

^(S 1 x S 1 x S 1 ) = iri (T 2 )®* 1 (S 2 )=Z ®Z. 

Since tti(X, x) is finite, the homomorphism /» : 7r 1 (X, x) — ► 7 Ti ( y , /(x)) must 
be trivial. Therefore, we may lift / to a map / : X — > iJ 2 x S 2 such that 
7 r o / = /, where ir : R 2 x S' 2 -+ Y is the covering map. Hence we have 

/, = x, o /, : Hi(x,z) -> £r,(y,z) 

for any i. But it is obvious that 

/» : Hi(X,Z) -> Hi(R 2 x 5 2 ,^) 
is trivial for i different from 0 and 2, so is 


/. : Hi(X,Z) — JTi(y,S). 
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2321 


Call a commutative diagram of abelian groups 

A ^ B 

Pi i7 

C — > D 
6 

“exact” if the sequence of groups and homomorphisms 

0 - A (< ^° B ® C D — 0 is exact. 

It is an interesting fact that if 

A B 
Pi i 7 
C D 

s 

and 

B £ E 

7 i le 

D — F 

6 ' 

are exact, then so is 

A E 

Pi ie 

C -* F 

S'S 

Prove exactness of 

0 - A C © E S '^ e F-* 0 at C © E. 

( Indiana ) 

Solution. 

By the assumptions, we have S/3 = 7 a and ea' = S' 7 . Therefore, we have 
(S'S — e)(P,a'a) = S' S/3 — ea'a = S'ya — S' ja = 0. 
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It follows that im(/3,a'a) C ker(<5'(5 — e). Let (c, e) G kei(8'8 - e), i.e., 6'6(c) — 
e(e) = 0. By the assumptions, we have im(a,/3) = ker (7 — 8) and im(a', 7 ) = 
ker(e — 8'). Thus, noting that 

(e,£(c)) G ker(e — 6'), 

we see that there exists a be B such that a'(b ) = e and 7 (b) = 8(c). Hence we 
have (b, c ) G ker (7 — <5). Therefore, there exists anaGi such that a(a) = b 
and /3(a) = c, and, consequently, 


(c, e) = (P,a'a)(a) G im(/3, a' a). 


It means that 


ker(6'£ — e) C im(/3, a'a). 


The exactness at C © E is proved. 


2322 

Let X be a non-empty compact Hausdorff space and / : X — ► X be a 
continuous map. Prove that there exists a non-empty closed subset A of X 
such that f(A) = A. Give an example to show that compactness is essential 
for this assertion. 

(Indiana) 

Solution. 

Let F\ = f(X). Then Fi is a non-empty closed subset of X. We define 
F n +i — f(Fn) inductively for n G Z + . It is clear that {F„,n G Z + ) is a 
sequence of non-empty closed subsets in X and that 

Pi DF 2 D ••• DF n D F n+ 1 D 

OO 

Since X is compact, we see that the subset A = ("| F n is a non-empty closed 

n=l 

subset of X. We claim that f(A) = A holds. 

We give an example to show that compactness is essential for this assertion. 
Let X = (0, 1] and / : X — * X is defined by f(x) = \x for x G X. Suppose 
that a non-empty closed A of X satisfies f(A) = A. Then there would exist an 

xq £ A such that x < x 0 for any x £ A. In fact x 0 = sup x. Since f(A) = A 

x&A 

and x 0 G A, there would exists an^Gi such that f(x 1 ) = x 0 , i.e., x 0 = \x\. 
Therefore xq > Zi = 2*0, which is a contradiction. 
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2323 


Recall that 

H 3 (S 3 ;Z) « H 3 (RP 3 ;Z) kZ. 

( RP n is n-dimensional real projective space.) Prove that there is no function 
f : S 3 —f RP 3 inducing an isomorphism on the third homology. 

(Indiana) 

Solution. 

It is well-known that S 3 is the 2-fold universal covering space of RP 3 . 
Let 7r : S 3 — * RP 3 denote the universal covering map. Then it is clear that 
the degree of 7r is equal to 2. Let / be a function from S 3 to RP 3 . Since 
7Ti(S 3 ) = {0}, there is a lifting of /, / : S 3 — ► S 3 such that irf = f. Denote 
by a and b the generators of H 3 (S 3 ) and H 3 (RP 3 ) respectively. Then we have 

f*( a ) = •"-*(/*(«)) = deg / • ir, (a) = 2 • deg / • b, 

because deg / E Z, it is obvious that /* is not an isomorphism. 


2324 


Let 

X = {(x,y,z) | xy = 0}. 

(a) Compute H r (X - (0, 0, 0)). 

(b) Using part a, show that X is not homeomorphic to R 2 . 

(c) Prove or disprove: X is homotopy equivalent to R 2 . 

( Indiana ) 

Solution. 

(a) In fact, X = 7Ti U x 2 where is the plane y — 0 and 7T2 is the plane 
x = 0. Denote by A and B the unit circle in and 7r 2 respectively. Then 
it is easy to see that A U B is a deformation retract of X — (0,0,0). Take 
U = AYJB — (0, 0, 1) and V = AuB — (0, 0, — 1). Therefore, U and V are both 
contractible, U U V = AU B and U fl V has four path components which are 
all contractible. Applying the Mayer-Vietoris sequence to the pair (U, V), we 
see that 

H^X - (0, 0, 0)) « Hx(A U B) = Z ® Z ® Z. 

(b) Suppose that there exists a homeomorphism / : X — » R 2 . Then 
/|x-(o,o,o) : X — (0,0,0) R 2 — /(0,0, 0) is also a homeomorphism, which 
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would induce an isomorphism from Hi(X — (0,0,0)) to Hi(R 2 — /(0, 0, 0)). 
But it is clear that 


H^R 2 - /( 0, 0, 0)) « H^S 1 ) = Z. 


It is a contradiction, 
(c) Let F : X x I - 


> X be a map defined as follows. 




if x = 0, 
if x ^ 0. 


Then F is a deformation retraction of X onto the plane 7T2- Hence X is 
homotopy equivalent to R 2 . 


2325 

Let (B n ,S n ~ 1 ) be the standard ball and sphere pair in R n , n > 1. Suppose 
that f : ( B n , S'" -1 ) — ► (X, A) is a continuous map and /| s »-i : S" -1 — ► A is a 
homeomorphism. Show that if H n (X) = 0 then H n (X, A) = Z . 

( Indiana ) 

Solution. 

Consider the following diagram 

H n (X) H n {X,A) h H n -i(A) ^ H b _i(JC) 

T /* t fu ( T U 

H n (B n ,S n ~ 1 ) $ H^iS"- 1 ) ± H n -i(B n ) 

in which the level rows are exact and the squares are commutative. By the 
assumption, /i* is an isomorphism, and therefore 

Hn-^A) « #„-i(S n-1 ) =Z. 

It is well-known that 5' is an isomorphism and H n _ 1 (B n ) = 0. Thus we have 
keri* = H„_i(A) — Z. 

Since H n (X) = 0, 5* is a monomorphism. Hence we have 
H n (X, A) « imd» « ker z* = Z. 
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2326 

(a) Describe a CW structure on S 2 x S 5 and use it to compute the homology 
of S 2 x S 5 . 

(b) Compute the homology of S 2 x S 5 with 2 points removed. 

( Indiana ) 

Solution. 

(a) Let xq £ S 2 , Xi € S 5 . Then S 2 is obtained by attaching a 2-cell to 
£o, and S 5 is obtained by attaching a 5-cell to xi- Denote by S 2 V S 5 the one 
point union of S 2 and S 5 , which can be considered as the space obtained by 
attaching a 2-cell and a 5-cell to the point (eo, ®i) € S 2 x S 5 . It is easy to see 
that S 2 x S 5 is homeomorphic to the space obtained by attaching a 7-cell to 
S 2 V S 5 . Therefore the CW structure on S 2 x S 5 has a 0-cell, a 2-cell, a 5-cell 
and a 7-cell. Hence it is obvious that Hi(S 2 x S 5 ) is an infinite cyclic group 
for i equal to 0, 2, 5, and 7, and is zero otherwise. 

(b) Let X = S 2 x S 5 -{pi,p 2 }, U = S 2 x S 5 ~{ Pl } and V = S 2 x S 5 -{p 2 }- 
Then 17, V are both open sets of S 2 x S 5 and U ft V = X, and UUV = S 2 x S 5 . 
It is easy to see that S 2 VS 5 is a deformation retract of both U and V. Applying 
the Mayer- Vietoris sequence to the pair ( U , V) and using the fact that 

Hi(S 2 V S 5 ) ss Ht(S 2 ) 0 Hi(S 5 ), 

we conclude that 

( Z, i = 0,2, 5, 6, 

Hi(X) = Z®Z®Z®Z, i= 1, 

[ 0, otherwise. 


2327 

Let A be a subspace of S 2 x S 2 homeomorphic to the 2-sphere S 2 . State 
what the homology groups H q (S 2 x S 2 ) are (no proof is required). What can 
you say about the possibilities for the relative homology groups H q (S 2 x S 2 , A)? 

{Indiana) 

Solution. 

By the Kiinneth formula we conclude that 

( Z, q = 0,4, 

H g {S 2 x S 2 ) = < Z®Z, q = 2, 

[ 0, otherwise. 
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From the homology sequence of the pair (S 2 x S 2 ,A), using the above result 
and the fact that Hi(A ) ~ Hi(S 2 ),iyre see that 

Hi{S 2 x S 2 ,A) & Hi(S 2 x S 2 ) 

for i > 4 and that the nontrivial paxts of the sequence are 

0 — H 3 {S 2 x S 2 ,A) ^ H 2 (A ) H 2 (S 2 x S 2 ) ^ H 2 (S 2 x S 2 , A) — 0 


and 

0 -> Hi(S 2 x S 2 , A) ^ H 0 (A) -* H 0 {S 2 x S 2 ) — H 0 (S 2 x S 2 , ,4) — 0. 

Since Hq(A) = 0, Hi(S 2 x S 2 ,A) — 0 for i equal to 0 and 1. By the exactness, 
we have H 3 (S 2 x S 2 ,A) « keri* and H 2 (S 2 x S 2 ,A) &Z ®Z/iim„, where i, 
is the homomorphism induced by the inclusion map i : A—* S 2 x S 2 . 


2328 

Compute the homology groups of the space X obtained as the union of the 
2-sphere 5 2 and the z-axis in R 3 . 

( Indiana ) 

Solution. 

Let 

X * = X - {the open interval (-1, 1) in the x-axis}. 

Then the space X may be viewed as a space obtained from X* by attaching 
a 1-cell. It is clear that Hi(X, X*) is infinite cyclic for i equal to 1 and is zero 
otherwise. It is easy to see that X* has the homotopy type of S 2 . Thus from 
the homology sequence of the pair (X, X*) we conclude that H t (X) is infinite 
cyclic for i equal to 0, 1,2 and is zero otherwise. 


2329 

Define the “unreduced suspension” EX of a space X to be the quotient 
space of I x X obtained by identifying {0} x X to one point and {1} x X 
to one point. (This is the union of two “cones” on X.) Show that there is a 
natural isomorphism ax ■ Hi(X) — * j.x(EX), for all i > 0. 

( Indiana ) 
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Solution. 

Let {0}'x X and {1} x X be identified to the points so and xi respectively. 
Take U — EX — {x 0 } and V = EX — {si}. Then U and V are open sets 
of EX, and V U V = EX. Consider the Mayer- Victories sequence of the pair 
(U,V): 

♦ H i+1 (U n V) U H i+1 (U ) ® H i+ i(V) U H i+ i(EX) A E t (U n V) - • • • . 

It is clear that U and V are contractible and that Uf)V has the homotopy type 
of X. Thus the homomorphism A : fT, +1 (EX) — ► Hi(UC\ V) is an isomorphism 
and we may obtain an isomorphism A* : ff,- + i(EX) — * H t (X). The inverse of 
A*, ax ■ Hi(X) — * Hi + i(EX) is just what we are looking for. The naturality 
of ax can be derived from the naturality of the Mayer-Vietories sequence. 


2330 

Denote by X the union of the torus S 1 x S 1 with the disc D 2 , where D 2 
is attached to T 2 by identifying dD 2 with a meridian curve S 1 x {z 0 } in the 
torus, where xo € S 1 . (See below.) 



Fig.2.16 


(a) Ccdculate H n (X) for a.11 n > 0. 

(b) Is T 2 a retract of X? Why or why not? 

( Indiana ) 

Solution. 

(a) Consider the homology sequence of the pair (X,T 2 ). It is well-known 
that Hi(X,T 2 ) = 0 for i ^ 2 and H 2 (X,T 2 ) « f*(H 2 (D 2 ,dD 2 )) xZ, where 
f t is the homomorphism induced by the adjunction map / : D 2 — * X. Thus 
the nontrivial part of the sequence is as follows. 

0 -* H 2 (T 2 ) ± H 2 (X) h H 2 (X,T 2 ) Hi(T 2 ) Hi(X) —* 0 

»T f* T fu 

0 ^H 2 (D 2 ,dD 2 ) ^ H^OD 2 )-^ 0 
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It is easy to see that im<9' = im/i* and ker <9' = ker/i*. We know that 
Hi(T 2 ) = Z ®Z is generated by a and b. (See Fig. 2. 16) It is clear that 
fuiHiidD 2 )) = Z © {0}. Thus we see that Hi(X) ss X © Z/Z « Z and 
Ho(X) fa H2(T 2 ) ss Z. Hence we conclude that 



n > 3, 
n = 0, 1, 2. 


(b) We claim that T 2 is not a retract of X. Otherwise, there would exist 
a retraction map r : X — ► T 2 such that = id,?*. Let i : T 2 —* X be 
the inclusion map. Then r o i = id?? : T 2 — > T 2 , and, consequently, we 
have r* o i* = id : H\(T 2 ) — > Hi(T 2 ). In other words, we have the following 
commutative diagram 



because of Hi(T 2 ) = Z Q>Z and Hi{X) =Z. This is a contradiction. 


2331 

Given homomorphism h : A —* B and g : C — ► B, the pull back of h via g 
is the group 

g*{A) = {(c, a) G C x A \ g(c ) = h(a)}. 

(a) Let g*(h) : — » C be the homomorphism obtained by restricting 

the projection onto the first factor C x A — ► C to g*(A). Prove that the kernel 
of g* (A) is isomorphic to the kernel of h. 

9* (A) A 

i g*(h) i h 

C — B 

a 

(b) Let A = Z/4Z, B = Z/2Z, and let h : A — ► B be the surjection defined 
by h(l) = 1. Let C = Z/8Z and let g : C — * B be the surjection defined by 
g(l) = 1. Identify the group g*(A), with explanation. 


(Indiana) 
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Solution. 

(a) Suppose that (c, a) 6 keig*(h). Then g*(h)(c, a) = l c , and, therefore, 
C = l c , the identity of C. By the definition of <7 *(j 4), we see that 

keig*(h) = {(l c ,a) | a (E ker h}. 

Let F : keig*(h ) — > ker h be defined by F(l e ,a) = a. It is easy to see that F 
is an isomorphism. 

(b) In this case, we have fi _1 ( 0) = {0,2}, h~ 1 (l) = {1,3}, fif _1 (0) = 
{0,2,4, 6} and g _1 (l) = {1,3,5, 7}. Thus it is clear that the group g*(A) 
consists of the following 16 elements: (0,0), (0,2), (2,0), (2,2), (4,0), (4,2), 
(6, 0), (6, 2), (1, 1), (1, 3), (3, 1), (3, 3), (5, 1), (5, 3), (7, 1), (7, 3). 

2332 

Recall that if C is a homeomorphic copy of the circle in S 3 , then Hi(S 3 — C) 
is infinite cyclic for i equal to 0 or 1 and is zero otherwise. Assuming this fact 
compute 

(a) The homology of R 3 — C, when C is a homeomorphic copy of the circle 
in R 3 . 

(b) The homology of Y = R 3 — X, where X C R 3 is a homeomorphic copy 
of the “figure-eight space” (i.e., the one-point union of two circles.) 

( Indiana ) 

Solution. 

(a) Denote S 3 = R 3 U {oo}. Let A = S 3 — (7, B — S 3 — {oo}. Then A and 
B are open subsets in S 3 , and A U B = S 3 and A D B = R 3 — C. We have the 
following Mayer-Vietoris sequence. 

> H i+1 (S 3 ) ^ Hi(R 3 -C)^ Hi{S 3 - C) ® Hi(S 3 - {oo}) 

'h Hi(S 3 ) ^ Hi-i(R 3 - C) -» ■ ■ ■ 


Noting that 


Hi(S 3 - {oo}) = Hi{R 3 ) = 0 


for any i and that 



i = 3, 
otherwise, 


Hi(S 3 - C) = { o’ 


i = 1, 
otherwise, 


and 
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we can see that 


(b) 


H,(R 3 - C) = { £ 


i = 0, 1,2, 

otherwise. 



Fig.2.17 


Represent X as shown in Fig.2.17. Let J7 = X — {p^ and V = X — {P 2 }. 
Then we see that U and V have homotopy type of S 1 and that U fl V is 
contractible. Since U U V = X, we have 

Y = R 3 - X = (R 3 - U) n (R 3 - F) 

and 

(R 3 -U) U (R 3 - V) = R 3 - (U n V"). 

From the result of (a), we see that Hi(R 3 - U) and Hi(R 3 - V ) is infinite cyclic 
for i equal to 1 or 2 and is zero otherwise. It is easy to see that 

Hi(R? - (17 D V)) « Hi(S 2 ). 

Due to the above facts, the nontrivial part of the Mayer-Vietoris sequence 
of the pair (R 3 — U,R 3 — V) is 

0 H 2 (Y)h H 2 {R 3 -U)®H 2 (R 3 -V)^ h 2 (R 3 -unv) 
&Z@Z K,z 

A H^Y) ^ H^R 3 - U) e HiiR 3 - V) 0. 

We claim that the homomorphism is an epimorphism. Take a sufficiently 
large r > 0 such that the sphere S 2 (r ) belongs to R? — X. Then S 2 (r) is a 
deformation retract of R 3 — U fl V. Hence we can consider the generator of 
H 2 (S 2 (r)), [c], as the generator of H 2 (R 3 — U fl V). Since the representative 
chain c of [c] can also be considered as a chain of (R 3 — TJ) fl (R 3 — V), by 
the definition of V 1 * we have [c] = ip*([c], 0). The claim is proved, which means 
imA = 0 too. Thus we get Hi(Y) = Z @Z and a split exact sequence 


0 — H 2 {Y) ^Z®Z^Z 0. 
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It follows that H 2 (Y) — Z . So we conclude that 

i > 3, 
i = 2, 
i - 1, 
i = 0. 


2333 



It is known that if X C S 3 is homeomorphic to S 1 then H t (S 3 — X) ss 
H *(S 1 ). Use this fact to compute the homology of S 3 — Y where Y is a subspace 
of S 3 homeomorphic to the disjoint union of two copies of S 1 . 

( Indiana ) 

Solution. 

Denote Y by Y = A U B, where AD B = 0 and both A and B are homeo- 
morphic to S 1 . Therefore, 

S 3 - Y = (S 3 - A) n (S 3 - B). 

Noting S 3 - A and S 3 - B are open sets of S 3 and 
(S 3 -A) U (S 3 — B) = S 3 , 
in the Mayer-Vietoris sequence we have 

► H q+1 (S 3 ) A H q (S 3 - Y) £ H q (S 3 - A) © H q (S 3 - B ) 

^ H q (S 3 ) A H q -!(S 3 - Y) h . • • 


Using the fact that 



H q (S 3 -A)k H q (S 3 - B) « H'iS 1 ) = { £ 

and that 



Hq(S 3 ) = | 

' 2, 
k 0 , 

9 = 3 , 

9 ^ 3 , 

we can easily see that 

r o, 

9 > 3 , 

H g (S 3 -Y)=i 

1 I, 9 = 2, 

| g = 1, 


1 X, 

9 = 0. 
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2334 

(a) Sketch pictures of the universal covering of the one point union S 1 V S 2 
and of the connected 2-fold covering (no proofs required). 

(b) Compute the homology of the connected 2-fold covering space of S 1 VS 2 . 

( Indiana ) 

Solution. 

(a) 



Fig.2.18 


The universal covering of the one point union S 1 VS 2 is shown as in Fig.2.18. 
The covering map it, restricted on each S 2 , is the identity map, and, restricted 
on iZ, is the exponential map: R — » S 1 . The connected 2-fold covering of 
S 1 V S 2 is shown as follows. 



Fig.2.19 


The covering map ir, restricted on each S 2 , is the identity map, and, re- 
stricted on S 1 , is the 2-fold covering map: z — *■ z 2 from S' 1 to S 1 . 

b) To compute the homology of the connected 2-fold covering space of 
S 1 V S 2 , i.e., the homology of S 2 V S 1 V S 2 , we take 

U = S 2 V S 1 V S 2 — {the antipodcd point of pi} 

and 

V = S 2 V S 1 V S 2 — {the antipodal point of p 2 } 

(see the above figure). Then it is easy to see that S 1 is a deformation retract 
of U fl V, and that S 1 V S 2 is a deformation retract of U and V. 

Thus, it is clear that 


H q (u^v) = [l 
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and 

H q (U) a H q (V) a H 9 (5 2 ) © = { f «= ^ 

Therefore, the nontrivial part of the Mayer-Vietoris sequence is 

0 -* H 2 (U)®H 2 (V) ^h 2 (s 2 VS 1 VS 2 ) ^H^unv) 
h H 1 {U)eH 1 {V)^H 1 {S 2 VS 1 WS 2 )^0. 

It is easy to see that the inclusion maps k : UDV — ► U and l : Uf)V — > V induce 
injective homomorphisms : H 2 (U n V) — + Hi(U) and l * : Hi(U ft V) — ► 
Hi(V), respectively. Hence the homomorphism 

<j>* : Hi(U fl V) — » H\{U) © Hi(V) 

is injective, i.e., ker<£* = 0. Thus imA = 0. It means that 

H 2 {S 2 V S 1 V S 2 ) a ker A a iim/>* a & 2 {U) © H 2 (V) = Z®Z. 


It is clear that 


H 2 {S 2 V S 1 V S 2 ) a © jri(V)/imtf* al 

Hence, we have 

! X (&X, 5 = 2, 

J, 5 = 1, 

0, otherwise. 


2335 


Compute the homology of S 1 x 5 1 -point. 

Solution. 



Fig.2.20 


{Indiana) 


It is easy to see that the space X = iUB is a deformation retract of the 
space H = S 1 x S 1 -point, where A and B are each homeomorphic to S 1 and 
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■API B = {so} as shown in Fig.2.20 Choose points a £ A and b £ B such 
that a ^ x o and b ^ xo- Let U = X — {&}, and let V = X — {a}. It is 
clear that A and B are deformation retracts of U and V, respectively, and that 
U C\V = X — {a, 6} is contractible. Applying Mayer-Vietoris sequence to U 
and V, we have 

{ 0 , n > 2, 

Z&Z, n= 1, 

Z , n = 0. 


2336 

Suppose the following diagram is commutative, the rows are exact, and j n 
is an isomorphism for all n. 

± B n 

1 a n ( i/?„ 

•■•- 4 . - K 

Construct an exact sequence 

► A n -> A' n ® B n B' n — A n _i — • • • . 

Write out the proof of exactness at B' n . 

( Indiana ) 

Solution. 

The following sequence is exact: 

• • ■ - A n A' n ® B. 4 B'„ A„_i 

where A is defined by 

A(a',b) = i' n (a')-p„(b) 

for any (a', b) £ A'„ ® B n . We give the proof of exactness at B' n as follows. 

Let u £ ker(5„ 07“ 1 o j' n ). Then 7” 1 o j' n (u) £ ker<5„. Due to the exactness 
at C n , there exists a b £ B„ such that j n (b) = 7~ 1 o j' n (u), and consequently, 
7n • j n (b) = From the commutativity, we have j' n o (3 n (b) = j' n (u). Thus 

(3 n (b) — u £ ker j' n and there exists an a' £ A' n such that i' n (a') = /?„(&) — u. It 
means that 



u = /3 n (b)-i' n (a') = A(-a',-b). 
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So ker(<5„ o -y n 1 o j' n ) c imA. 

Now we prove 

imA C ker(<5„ o 7 “* o j' n ). 

Suppose that u £ imA, i.e., u = i' n (a') — f3„(b) for some a' £ A' n and b £ B n . 
Since j' n o i' n = 0 and j' n o/3„ = j n o j n , it is easy to see that 

° T^ 1 ° j'n( u ) = ~ 6 n o jn(b) = 0. 

Thus the exactness at B' n is proved. 


2337 

Suppose that X is a space and / : X — ► Y , g : X —* Z are two maps of 
X into contractible spaces Y and Z. Let M be the mapping cylinder of / and 
g, that is, M is the identification space obtained from the disjoint union of Y, 
X x I and Z by identifying each (x,0) with f{x), and each (a;, 1) with g(x). 
Prove that H q M = H q - iX. 

( Indiana ) 

Solution. 

Let U = X x [0,3/4] = Y/ ~, where X x [0,3/4] = Y denotes the disjoint 
union of X x [0, 3/4] and Y, the equivalence relation ~ is determined by (a;, 0) ~ 
f(x). In the same way, let V = X x (|, 1] — Z/ where the equivalence 
relation is determined by (a;, 1) ~ g(x). Then we have M = U U V and 
U fl V = X x (1/2, 3/4). Noting U, V and U C\V are open sets of M, by 
Mayer- Vietoris sequence, we have the following exact sequence: 

> H q (U fl V) -» H q (U) ® H q (V) H q (M) $ H^U n V) 

( 1 ) 

Since X x {0} = Y/ ~ is homeomorphic to Y and is a deformation retract of 
U, from the assumption that Y is contractible, we have H q (U) = H q {Y) = 0. 
In the same way, H q (V ) = H q (Z) = 0. 

It is obvious that U fl V has the same homotopy type with X. So H q (U fl 
V) “ H q (X). Thus, from (1), H q (M) = H q ^(X). 



Part III 

Differential Geometry 




SECTION 1 

DIFFERENTIAL GEOMETRY OF CURVES 
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3101 

Let a(s) be a closed plane curve. Define the diameter d a of a(s) to be 

d a — sup ||a(s) — a(t)||. 
t,»eiR 

Now assume that the curvature k(s) > 1 for all s. 

i) For any N £ Z + sketch an example of such an a(s) with d a > N. 

ii) Assume further that a is a simple closed curve. Prove that d a < 2 (or 
some other constant independent of a; 2 is the best possible such constant). 

( Indiana ) 

Solution. 

i) The following is an example of such an a (s) with k(s) > 1 and d a > N. 



Fig.3.1 


ii) From the hypothesis that k(s) > 1 for all s, we know that the simple 
closed curve a is an oval. 

For every oval, by Blaschke, if we take the origin O as shown in the figure 
and denote by p(0) the distance from 0 to the tangent l at the point (x,y) 
of the oval, where the oval is counterclockwise orientated and 9 denotes the 
oriented angle from the z-axis to Z, then the oval can be parameterized by 9 
as follows 


x(9) = p(9) sin 9 + p'{9) cos 9, 
y(9) = — p(9) cos 9 + p'{9) sin 9. 
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p(0) is called the support function of the oval. Prom this we can conclude that, 
by direct computation, the relative curvature of the oval is k r (9) = (p(9) + 

P"{6))-K 


x 


Fig.3.2 

Now we can prove a more general result of Blaschke: 

Let two ovals C and C\ in a plane be internally tangent at a point O. 
Suppose that, at every pair of points P and P 1 where C and C\ have the 
same tangent orientation, the curvatures of C and C\ satisfy the inequality 
fci(Pi) < k(P). Then the domain encircled by C\ must contain the domain 
encircled by C. 




In fact, take the tangent point O of C and C\ as the origin, and their 
common tangent line as the E-axis. Let p{6) and Pi(0) be the support functions 
of C and Ci, respectively. Prom the above, we can say that the support 
function p(8) must be the solution to the following initial value problem of 
ODE 

f p"{0) + p(0) = 

\ p( 0) = p'(0) = 0, 

because p'(6 ) is exactly the distance from 0 to the normal line of C at point 
(e(0), y(0)). Hence, p(0) Ccin be uniquely determined by k(0) = k r {6) of C, 



sin(0 — <f>) 


d<j>. 
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Analogously, for the curve C\, we also have the similar expression of Pi(9). 
Thus, 

By the hypothesis, we know that 

few - fciW 0 

k{<t>)ki{4>) 

As for the sign of sin(0 — <f>), firstly, if 0 < 6 < ir, then owing to 0 < <f> < 8, 
we have sin(0 — <f>) > 0. Therefore, pi(0) — p(0) > 0. Secondly, if ir < 0 < 2ir, 
we make the reflections of the oval C and C\ with respect to their common 
tangent line at 0 and reverse the orientation of the x-axis. Then we can get 
Pi(9) — p(8) > 0, where 6 and its corresponding original 6 satisfy 0 + 6 = 2tt. 
Hence, we always have pi{6) > p(0). Noticing that every oval is the envelope of 
all its tangent lines, we see that the domain encircled by C must be contained 
in the domain encircled by C\. The assertion of Blaschke is proved. 

If we take a circle with radius 1 and centered at a(so) + N(s 0 ) as Ci, and 
take a as C, then ii) follows immediately from the above assertion. 


3102 

Let a be a regular C°° curve in M 3 with nonvanishing curvature. Suppose 
the normal vector N(t) is proportional to the position vector; that is, N (t) = 
c(t)a(t) for all t, where c is a smooth function. Determine all such curves. 

{Indiana) 

Solution. 

For convenience, we assume that the parameter t is the arc length of the 
curve a. Differentiating both sides of the equality N(t) = c(t)a{t) with respect 
to t, we have, by the Frenet formula, 

-k (t)T(t) - r(t)B(t) = c'(t)a(t) + c(t)T{t). 

Thus we can immediately obtain k(t) = constant, r(t) = 0 and c(t) — —k. 
Therefore, by the fundamental theorem of the theory of curves, we know that 
the curve a must be a circle (or a part of it). 
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3103 


A surface 5 C M 3 is called triply ruled if at every p £ S we can find 
three open line segments L 2 , £3 lying in 5 such that Li Pi L 2 Pi L 3 = {p}. 
Determine all triply ruled surfaces. 

(Indiana) 

Solution. 

If S' is a triply ruled surface, then, by the hypothesis, there are three differ- 
ent asymptotic directions at every point of S. Observe that every asymptotic 
direction (du,dv) satisfies 

L(u, v)du 2 + 2M(u, v)dudv + N ( u , v)dv 2 = 0, 

where L(u,v), M(u, v), N(u,v) are the coefficients of the second fundamental 
form of S at point p(u, v). Noticing that the above equation is of 2nd order 
with respect to du : dv and it has two roots, we obtain L(u, v ) = M(u, v ) = 
N(u,v) = 0 for all (u, v). In other words, every point of S is a planar point. 
Therefore, S must be a plane (or a part of it). 


3104 

Let 7 : (a, b) — > 2R 3 be smooth with (7'! = 1 and curvature k and torsion 
r, both nonvanishing. Denote the Prenet frame by {T, N, B}. Assume there 
exists a unit vector a 6 1 R 3 with 

T • a = constant = cos a. 

a) Show that a circular helix is an example of such a curve. 

b) Show that N ■ a = 0. 

c) Show that k/r = constant = =t tana. 

(Indiana) 

Solution. 

a) Let a circular helix be parameterized as follows 
7 ( 3 ) = (r cosms, rsinws, has), 
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where r, h, w = (r 2 + h 2 ) 2 cure all constants. Then it is easy to verify that s 
is the arc length parameter. Hence 

T(s) = (— rwsinws, rwcosws,/iw). 

If we take a = (0, 0, 1), then T(s) ■ a = hu = constant. 

b) Differentiating T-a = constant with respect to the arc length parameter 
s, we obtain k(s)N(s) • a = 0, from which follows N(s) ■ a = 0 for all s £ (a, b). 

c) By the property of b), we may assume that the constant vector 

a = cos a • T(s) ± sin a • B(s). 

Differentiating the above equality with respect to s, we have 
0 = (cosa • k(s ) ± sina • t(s))N(s). 

Thus, for all s G (a, b), fe(s)/r(s) = ±tana. 


3105 

Show that if 7 is a geodesic on the cone z = x 2 + y 2 , ( x , y) € -K 2 \{0, 0}, 
then 7 intersects itself at most a finite number of times. 

(Indiana) 

Solution. 

If we cut the cone along a generator l and develop it into a plane, then the 
cone becomes an infinite sector without the vertex, and the geodesic 7 becomes 
a straight line on the developed infinite sector. Noticing that the central angle 
of the sector is y/2it, an obtuse angle, and the image of 7 on the sector must 
be one of the following three cases: 
a generator, 

a straight line never intersecting the generator l, 
two rays which start from the generator l, 
then we can conclude that 7 never intersects itself. 


3100 

Let 7 : (a, b) — > M 3 be a C°° curve parameterized by arc length, with 
curvature and torsion k(s) and r(s). Assume k(s) ^ 0, r(s) / 0 for all 
s £ (a, b ), and let T and N denote the unit tangent and normal vectors to 
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7. The curve 7 is called a Bertrand curve if there exists a regular curve 
7 : (a, b) — > St 3 such that for each s £ (a, b) the normal lines of 7 and 7 at s 
are equal. In this case, 7 is called the Bertrand mate of 7 and we can write 
7 (s) — 7 (s) + rN(s) for some r = r(s) £ St. (Note that s might not be an arc 
length parameter for 7.) 

(a) Prove that r is constant. 

(b) Prove that if 7 is a Bertrand curve (with r as above), then there exists 
a constant C such that rk(s ) + CV(s) = 1 for all s £ (a, b). 

(c) Prove that if 7 has more than one Bertrand mate, then 7 is a circular 
helix. 

( Indiana ) 

Solution. 

(a) From 7(5) = 7(3) + r(s)N(s) it follows by differentiation that 

(fa 

T(s)— = (1 - r(s)k(s))T(s) + r'(s)N(s) - r(s)r(s)B(s). 

Taking inner products at both sides with N(s) = ±N(s), we have that r'(s) = 
0, namely r = const. 

(b) From (a), now we have 

^(s) = ^(1 - rk(s))T(s) - ^ rT(s)B(s ). 

If we denote 

T(s) = a(s)T(s) + b(s)B(s), 
then by differentiating with respect to s, we obtain 
_ 

k(s)N(s )— = a'(s)T(s) + ( a(s)k(s ) + 6(s)r(s))IV(s) + b'(s)B(s). 
as 

Hence, from N(s) = ±N(s) we know that a'(s) = b'(s ) = 0, namely 

ds ds 

— (1 — rk(s)) = const, — rr(s) = const. 
ds ds 

Therefore, there exists a constant C such that rk(s) + Ct(s ) = 1 for all s £ 

(a,b). 

(c) Suppose that 71 and 72 axe the Bertrand mates of 7. Then, by (b), 
there exist constants ri, r2, Ci, C2 such that for all s £ (a, 6), 


rik(s) + C'ir(s) = 1, 
r 2 k(s) + C 2 t(s) = 1. 
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Because the non-zero constants rq , r 2 are not equal, the above system of linear 
algebraic equations lists solution k(s) = const, t(s) = const. Hence 7 must be 
a circular helix. 


3107 


Let x(s) be a curve in 1R 3 parameterized by arc-length. Assume that r(s) 7 ^ 
0 and k'(s ) 7 ! 0 for all s. Show that a necessary and sufficient condition for 
x(s ) to lie on a sphere is that 

1 1 k ,2 (s) + 

+ =coas ‘“‘' 

( Indiana ) 

Solution. 

Suppose that x(s) lies on a sphere centered at the origin. Then we may 
assume that x(s) = a(s)T(s) + b(s)N(s) + c(s)B(s ), where {T(s), N(s), 5(s)} 
is the Frenet frame field along x(s), and a(s), b(s), c(s) are suitable functions 
to be ascertained later. Differentiating { x(s),x(s )) = R 2 with respect to s, we 
have { x(s),T(s )) = 0, from which it follows that a(s) = 0, Vs. Differentiating 
(e(s),T(s)) = 0 with respect to s again, we obtain 

1 + k(s)(x(s), N(s)) = 0, 

which means that b(s) = At last, still differentiating { x(s),N(s )) = 

~k(T) res P ec t *° s > we obtain 

(x(s),B(s)) = - k 2^(sy 


namely, 

Therefore, 


, v k'(s) 

C{S) ~ P(s)r(s)' 

, , 1 1 V 2 (s) 

R = (*(«),*(«))- p^y + ^y- 


Conversely, differentiating 
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with respect to s, we have 



1 

k(s) 


N(s) + 


V(s) 

k 2 (s)r(s) 



N(s) 


that vanishes identically because k'(s) ^ 0 and 


_ d r i i t*(«) i 

ds [fc 2 (s) r 2 (s) ife 4 (s) J 

= y(5) / *'(«) y 

fc 3 (s) fc 2 (s)r(s) \fc 2 (s)T(s)/ 
= 2fc'(s) [ r(s) ( k\s) V 

fc 2 (s)r(s) k(s) \fc 2 (s)r(s) / / 


Then 

is a constant vector, denoted by m. Hence (x(s) — m,x(s ) — m) = constant, 
namely, x(s) lies on a sphere centered at m. 


3108 

Let M C M 3 be the torus obtained by rotating the circle {(0, y, z) : (y — 
2) 2 +z 2 = 1} around the z-axis, and let c(t) = (2 cost, 2 sint, 1) (“top circle”). 
Is this curve a geodesic on Ml Explain without long computations. 

( Indiana ) 

Solution. 

Observe that the geodesic curvature of a curve on M can be computed as 
follows 

k g = ±fc(t)sin#(t), 

where k(t) is the curvature of the curve, and 0(t) is the angle between the 
normal of M and the principal normal of the curve at the point corresponding 
to the parameter t. 

Then, the curve c(t) is not a geodesic on M, because neither the top circle 
is a straight line, nor its principal normal, which is orthogonal to the z-axis, is 
parallel to the normal of M along c(f), which is parallel to the z-axis. 
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3100 

Let 7 : [0, 1] — * St 3 be a C°° curve with |-y| = 1 and nonvanishing curvature. 
Assume the torsion r = 0. 

(a) Show that 7 lies in a plane. 

(b) What happens if the curvature is allowed to vanish at a point? 

( Indiana ) 

Solution. 

(a) |7| = 1 implies that the curve is parameterized by arclength s. From 
the Frenet formula we know that the binormal vector field of 7, denoted by B, 
is constant. Thus, ^(7 (s)B) — 0, which means that 7 (s)B = constant, that 
is, 7 lies in a plane. 

(b) The vanishing curvature at point so means 7(«o) = 0, i.e., so is a 
stationary point of 7’s tangent vector field. If the point is the strict extreme 
value point of the tangent vector field, then it is an inflection point of the curve 
7- 


3110 


Let / : 1R — > 1R be positive and smooth. Let M be the surface in JR 3 
obtained by rotating the graph {(x, /(x)) : x G M} of / in the xz plane about 
the x axis. Characterize in terms of / the set of x such that is a principal 

curvature of M at (x, 0, /(x)). 

Hint. Local coordinate computations are not necessary. 

(Indiana) 

Solution. 

At P = ( x p , 0, f(x p )), in the direction of the circle of latitude, the corres- 
ponding normal curvature 


k n = k cos 9 = 


1 

fi x P ) 


cos 9(x p ), 


where 9(x p ) is the angle between the normal of M and the principal normal 
of the circle of latitude at P. Since every circle of latitude on M is a line of 
curvature, then the corresponding normal curvature k n is a principal curvature. 
Thus, k n = implies that cos 6(x p ) = ±1, that is, the curve {(x, 0, /(x)) : 

x G JR} has a tangent parallel to the x axis at P. Namely, f'(x p ) = 0. 
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Besides, the meridian passing P is also a line of curvature. Its curvature 
k at P is just the other principal curvature of M. Thus, the second possible 
case is 

ir(zp)i i 

(i + /*(*,))*/* f(x p y 

Therefore, we conclude that the set of x such that is a principal curvature 

of M at (as, 0, f(x)) is 


jx G M : /'(x) = 0 or 


A») 

(l + /' 2 (x)) 3 / 2 



3111 

Let a(s) C St 3 be a smooth curve parameterized by arclength. Assume 
that the position vector a(s) is always a linear combination of the binormal 
and normal vector B(s), N(s) of a(s). Show that a (s) does not pass through 
O G JR 3 . 

(Indiana) 

Solution. 

If the position vector a(s) is always a linear combination of the binormal 
and normal vectors, then ( T(s),a(s )) = 0. Integrating the obtained equality, 
we have (a(s),a(s)) = const. Therefore, if a(s) passes through the origin, we 
will get a(s) = 0, the trivial case. 


3112 

Let M 2 C JR 3 be the cylinder x 2 + y 2 = 1. Suppose the curve cc(s) € M 2 
is parameterized by arclength. 

i) If k(s) > 0 and r(s) = 0, show that a(s) is a closed curve. (Here k, t 
are curvature and torsion of a in IR 3 .) 

ii) If k g (s) = 1, show that a(s) is a closed curve (k g is the geodesic curvature 
in M). 

(Indiana) 

Solution. 

i) The hypothesis of torsion r(s) = 0 implies that the curve a is a plane 
curve, whereas the hypothesis of curvature k(s) > 0 implies that the plane 7r 
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where the curve a lies does not parallel the generating line of the cylinder M . 
Therefore, the curve a C M D ir must be closed. 

ii) If one develops M into a plane 7r, then the corresponding plane curve 
of a, denoted by 5, has the same geodesic curvature k g (s) = 1. Thus the 
curvature of 5 is k = yjk* + fcj* = 1 which means that it is a circle with radius 
1 in ir. So, a must be closed. 


3113 


Let T be a two dimensional distribution in 2R 3 defined by 

( d d 8 ) 

T (l - span | dx , Qy + * Qz J • 

i) Show that T is not involutive. 

ii) Given a C°° curve a(s) 6 JR 2 = {(x,y, 0 ) : x,y G JR} C JR 3 and 
a(so), show that there exists a unique C°° curve (3(s) G JR 3 such that /3 '(s) G 
3>(.) ,/3(so) = a(so) and tt(/?(s)) = a(s), where v(x,y,z) — (x,y, 0). 

iii) Show that if a(s) is a simple closed curve of length L bounding the 
region II in JR 2 then /3(s 0 + L) — /?(so) = (0, 0, ±.A) where A = area of Q. 

(Indiana) 

Solution. 

i) That [£, ^ + *£] = £ and £ + x£, are linearly indepen- 
dent shows that T is not involutive. 

ii) Let a(s) = (x(s),y(s), 0 ). By ir(/9(s)) = a(s), we may assume that 
fl(s) = (x(s), y(s), z(s)) where z(s ) is unknown. Then (3 '(s) G Tp(t) implies 
that 

0 ' {s) = a(s) °- + b ( 8 ) (|; + »(.)£) 

for suitable functions a(s) and b(s), i.e., 


Hence 




ds ’ ds ‘ 

Thus the problem of finding /3(s ) reduces to solving the following initial value 
problem 

/ t = 

X *!.=.. = «. 
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When the given plane curve a(s) is C°° , the unknown function z(s) can be 
uniquely determined by 




ds 


and so is the space curve /3(s), i.e., 


(3(s) = (x(s),y(s), £ x(s)^^-ds'j . 
iii) If a (s) is simple and closed, then we easily have 


(3(s 0 + L) — /?(sq) 


^x(s 0 + L) - e(s 0 ), y(»o + L) 
(0,0, ±A), 


y(so), j> xdy 


where the sign is determined by the orientation of the curve a. 


3114 

Call a normal vector field v along a space curve 7 parallel if v is always 
tangent to 7 . 

i) Show that the angle through which a parallel normal vector field v turns 
relative to the principal normal N along 7 is given by the total torsion of 7 , 
i.e., 

J r(s)ds. 

Jo 

Here s and L denote arclength and the length of 7 , respectively. 

ii) Show that the total torsion of any closed curve 7 which lies on a sphere 
in JR 3 must vanish. 

( Indiana ) 

Solution. 

i) The hypothesis that v is always tangent to 7 means that {v. v ) = 0, and 
hence, the normal vector field v has constant norm. Therefore, without loss of 
generality, we may assume that \v\ = 1, and i/(s) = cos 6(s) ■ N(s) + sin0(s) • 
B(s), where 0(s) is a smooth function globally defined on 7 , which measures 
the angle between i/(s ) and N(s). Thus we have 

v = (— sin# • N + cos# • B)9 + cos 6 ■ (—kT — tB) + sin© • tN 

= - cos 6 • kT — (0 — r) sin 0 ■ N + (0 — r) cos 6 • B. 
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Noting that i> is parallel to T, we see that the above equality implies that 
0(s) = r(s), and hence 

8(L)~9( 0)= j L r(s)ds. 

Jo 

ii) For any closed curve 7 which lies on a sphere in 1R 3 , the unit normal 
vector field v of the sphere along 7 satisfies the above mentioned hypothesis. 
Therefore, we have the relation 


0(s) = f r(s)ds + 0(0). 

Jo 

On the other hand, the smooth function 0(s), s G [0, L] can be regarded as a 
lift of a certain differentiable map / : [0, L] — » S 1 into JR 1 . The fact that 7 is 
closed means that ^ 

f T(s)ds = 8(L) - 0(0) = 2 nx, 

Jo 

where the integer n is just the degree of the map /, i.e., n = deg /. Let p 0 G 7 
and 7 contract to po smoothly on 5 2 . Thus we get a family of curves {7*}, 
t G [0, 1]. Furthermore, we may assume that for every t G [0, 1), 7 1 overlaps 
with 7 = 70 about p 0 = 71 . Also, for every 7 t , we have the corresponding map 
ft such that fo = f, fi = the constant map into po. Because the degree of a 
map is homotopically invariant, finally we have 


1: 


r(s)ds = 27T • deg/i — 0. 


3115 

Let M be a surface in 1R 3 and let P be a plane. Suppose M and P intersect 
orthogonally. Show that the intersection curve (parameterized by arclength) 
is a geodesic on M . 

( Indiana ) 

Solution. 

Let k(s) be the curvature of the intersection curve C = M fl P. If k = 0, 
then C is naturally a geodesic on M. Otherwise, along the segment where 
k(s) f 0, the normal of M is parallel to the principal normal of C, hence the 
segment is also a geodesic one. 
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3116 

Let tt(.s) be a C 2 curve in 1 R 3 parameterized by arclength. Suppose that 
for some function f(s), a"(s ) = f(s)a(s). What can you deduce about f(s), 
a(s)? 

( Indiana ) 

Solution. 

From 

f(s)a(s)a'(s) = ^d(a'(s)) 2 = 0 

we have 

f(s)d(a(s )) 2 = 0. 

If f(s) = 0, then a" (a) = 0, i.e., a(s ) is a straight line. 

If f(s) 0, then (a(s)) 2 = const, i.e., a(s) is a spherical curve. Further- 
more, differentiating 


a"(s) = k(s)N(s) = f(s)a(s) 
with respect to s, we have 

k\s)N(s) + k(s)(-k(s)T(s) - r(s)£(s)) = f(s)a(s) + f(s)T(s) 
which implies that 

f(s) — —k 2 (s), t(s) = 0, fc'(s) -- 0. 

Hence fc(s) = const, and a(s) is a circle or part of it with radius — i=. 


3117 


Suppose 7(t) parameterizes a space curve with curvature function n(t). 
Define a new curve 7 by setting, for each t € M, 7 (t) := c-y(t/c), where c G M 
is an arbitrary fixed constant. Derive the curvature function for this new curve. 

(Indiana) 


Solution. 

The hypothesis is 


K(t) = 


!/(<)* 7 "(<) 1 
| 7 '( t )| 3 
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Therefore, from 7 '(<) = 7 '(f/c) and = 7 "(</c)/c we have 

_ ITOxTOI _ «(|) 

( } ~ \m\ 3 ~ h ' 


3118 

Let a : (a, b ) — > 1 R 3 be a smooth curve with nonvanishing curvature. 

i) Show that if the torsion of a vanishes identically then there is a plane 
7r C St 3 containing a, that is, a(t) £ x for all t £ (0,6). Is x unique? 

ii) Is the conclusion of i) still true if the curvature is allowed to vanish at 
a single point c £ (o, b)? [Of course, the torsion is not defined at c, but is 
assumed to be zero at all other points.] 

( Indiana ) 

Solution. 

i) Let a be reparameterized by arclength s\ namely, suppose a = a(t(s)), 

s £ (si,s 2 ) with t(s 1) = a, t(s 2 ) = b. The condition k ^ 0 means that we can 
define the Frenet frame field {T, N,B} along a. Then the hypothesis r = 0 
implies that B is a constant vector field. Hence, = 0, from which 

follows 

(a(t(s)),B) = const = (a(t(s 0 )),B). 

Therefore, the plane x : (p — a(t(so)), B) = 0 contains the curve a. Obviously, 
the connectedness of a and the smoothness of the Frenet frame field imply 
that x is unique. 

ii) If the curvature k is allowed to vanish at a single point c £ (a, 6), then, 
according to the above discussion, a(t), t £ (a, c) must be on a plane xi; and 

t £ (c, b) must be on another plane x 2 . Of course, maybe, xj ^ x 2 . A 
counterexample is as follows. Let 

f (i, /(<), 0) if i < 0, 
a(<)=^ (0,0,0) if < = 0, 

l (t,0,/(<)) if <>0, 

where the function / is defined by 



if t ^ 0, 
if t — 0. 
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3119 

Let a and /3 be two regular curves in JR?. The curve j3 is called an involute 
of a if for all t, (3{t) lies on the line tangent to a at ct(t) and («'(<),/?'(*)) = 0. 
Show that every involute of a generalized helix a is a plane curve. (Recall that 
a is a generalized helix if for some constant vector u ^ 0, { u,a'[s )) = const, 
where s is arclength for a.) 

[Indiana) 

Solution. 

For convenience, let a and (3 be parameterized by their arclength s and 
si respectively, and let s, si represent their corresponding points. Then we 
may assume /3(s i) = cr(s) + A(s)T(s). Differentiate the equation with respect 
to s. Using the Frenet formulas and the hypothesis (T(s),Ti(si)) = 0, we 
can ascertain that /3(si) = a(s) + (so — s)T(s). Differentiate the obtained 
expression for /3 successively. Noting that a being a generalized hrelix implies 


we obtain by straightforward calculation 



i.e., the torsion of /3 vanishes everywhere. Therefore, f3 is a plane curve. 


3120 


Suppose that the unit normal vector to a surface M C JR 3 is constant along 
a regular curve a C M. Deduce that in this case, a is an asymptotic (Note: A 
curve in a surface is called asymptotic if its acceleration is everywhere tangent 
to that surface.) curve, that a plane contains it, and that the Gauss curvature 
of M vanishes at each point of a. 

( Indiana ) 

Solution. 

Let a be parameterized by arclength s, and M be locally parameterized by 
X (m 1 , u 2 ). Firstly, by the Weingarten formula, we have, along a, 


dn _ _ A t dv? dX 
ds ,4< J ds du’ 

t,j=i 


= -W 



-W[a'). 
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Further, by the Gauss formula, we immediately deduce that, along a 


a 


n 


sr ( ^ V' r* duj duk \ dX Vo dui duk 

4—* \ ds 2 da da ] du’ ^ * k da ds 

*=i \ i.fc= i / i,*=i 

fc s n x a' + {W(a'),a')n = fc 9 n x a', 


• n 


where k g is geodesic curvature. Hence a." is everywhere tangent to the surface. 

Secondly, along a, noting that n is constant, we have d(a(s),n) = 0. There- 
fore, 

( a(s ), n) = const = ( a(s 0 ), n), 

namely, (a(s) — a(so), n) = 0, which means that the curve a is contained by a 
plane ( p — a:(ao),n) ; 0. 

Thirdly, from III — 2H1I + Kl = 0 it follows that along a 
K = -(^) 2 + 2 ff ( W ( a '), a f )= 0 . 


3121 


Sketch the closed regular plane curve /3 : [ — vr, x] — * 1R 2 having /3(0) = (0, 0) 
and /3'(0) = (1, 0), if /3’s curvature function k(s) (a = arclength) is odd, satisfies 


£ 


k(s)ds 3x/2, 


and has the following graph. (Include an explanation with your sketch.) 

(Indiana) 



Fig.3.4 
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Solution. 

The image of the plane curve /3 is a “figure eight”, as shown in Fig. 3. 5, which 
has z-axis as its tangent line at (0,0). And y-axis is almost its “tangent” line 
at (0, 0), too. This assertion follows from 

/ k(s)ds= f ~ds = 8(ir) — 8(0) & 

Jo Jo 2 

where 9(s) is the oriented angle formed by j3'(s ) and /?'(0). 

Cl. 

(0,0> 



Fig.3.5 



SECTION 2 

DIFFERENTIAL GEOMETRY OF SURFACES 
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3201 


i) Show that there exists a metric on the plane so that some geodesics are 
simple closed curves. 

ii) Let a(s) be a simple closed geodesic as described above and K(x) be 
the Gaussian curvature of the above metric at x G JR 2 . Compute 

/ *• 

interior of a 


Here the integral is with respect to the Riemannian volume induced by the 
metric. 

( Indiana ) 

Solution. 

i) Let S 2 = {(*i, x 2 ,X3) G St 3 : x\ + x 2 + x§ = 1}, and JR 2 be the 
Xi o x 2 plane. For every p G JR 2 , its coordinates with respect to the x 1 and 
x 2 axes are denoted by (u,v). Suppose that it : S 2 \{N} — * IB 2 is the stereo- 
graphic projection from the north pole of S 2 into the plane 1R 2 , which maps 
(xi, x 2 , X3) G S 2 \{N} to (it, v) G JR 2 . By direct calculation, we obtain 

2it _ 2i> _ it 2 + v 2 — 1 

211 “ u 2 + v 2 + l’ 212 ~ u 2 +v 2 + l' * 3 “ u 2 +v 2 + l 

Then the metric of 5 2 \{iV} can be expressed by 


2 _ 4(dtt 2 + dv 2 ) 
dS = ( u 2 + v 2 + l ) 2 ' 


Now, using the pull back of ds 2 by (tt - 1 )*, we can obtain a 2-dimensional 
Riemannian manifold (JR 2 , (x -1 )*ds 2 ). Thus, the map x : (S 2 \{N},ds 2 ) —* 
(JR 2 , (x _1 )*ds 2 ) is an isometry. Since all great circles which do not pass 
through the north pole are closed geodesics on S 2 \{N }, then their images 
are simple closed geodesics on (JR 2 , (x _1 )*ds 2 ). 
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ii) Denote by D the simply connected domain encircled by the simple closed 
geodesic a. Then, using the famous Gauss-Bonnet formula, we immediately 
have 

J K(x) = 2 tc X (D) = 2ir. 

interior of a 


3202 


Let M 2 C M 3 be a surface containing x = 0. Assume that and ~ are 
tangent to M at x = 0, and that in that basis the Weingarten map 



Let a be the curve (near x = 0) obtained by intersecting M with the £1*3 
plane. 

i) What is the normal curvature of a at x = 0? 

ii) What is the geodesic curvature of a at x = 0? 

iii) What is the Gaussian curvature of M 2 at a: = 0? 

iv) Sketch the surface near x = 0. You may assume that the normal to the 
surface at x = 0 is (0, 0, 1). 

( Indiana ) 

Solution. 

i) By the Meusnier theorem, the normal curvature of a at x = 0 is 


K 



{ 3ii)iM = u± +3 ± _ L )-4 


ii) Since a is obtained by intersecting M with X\X 3 plane, i.e., a is a normal 
section, then its curvature at x = 0 is fc(0) = |fe n (0, gf-)| = 4. By the relation 
among fc(0), k n (0, -^r) and the geodesic curvature k g ( 0, q~~) 


k 2 (0) = k 2 n 



we immediately obtain fc 9 (0, = 0. 

iii) Because the eigenvalues of the Weingarten map L are ±5, we know that 
the Gaussian curvature of M 2 at x = 0 is -K'(O) = —25; or more directly, 

if(0)^det^ _ 3 4 )=-25. 
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iv) From iii), we know that x = 0 is a hyperbolic point of M 2 . Noting that 
the normal to the surface at x = 0 is (0, 0, 1) and fc„(0, g|-) = 4 > 0, we sketch 
the surface near x = 0 as follows. 



Fig.3.6 


3203 


Let M = {( x,y,z ) € 2R 3 : z = 6 — (® 2 + J/ 2 )} (a paraboloid of revolution). 
D = {(z, y, z) £ M : z > 2}, and w = yz 2 dx + xzdy + x 2 y 2 dz. Orient M and 
evaluate 

I zdxAdy + dw. 

Jd 

( Indiana ) 

Solution. 

Choose the unit outward pointing normal as the orientation of M. Let 
P = {( x,y,z ) (E iR 3 : x 2 + y 2 < 4, z = 2} and take (0, 0,-1) as its normal 
vector. Then, by the Stokes’ formula, we have that 


Jdi 


dw — 0 . 


Hence, 


Therefore, 


J dw = — J dw. 

I zdx f\dy + dw = f [6 - (a; 2 + y 2 )]dx A dy - I dw. 
Jd Jd Jp 

Firstly, we have 

f [6 — ( x 2 + y 2 )]dx Ady = f dd f (6 — r 2 )rdr = 167r. 

Jd Jo Jo 
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Secondly, noticing that 

dui = z 2 dy A dx + 2yzdz A dx + zdx A dy 

+xdz A dy + 2xy 2 dx Adz + 2 x 2 ydy A dz, 


we have 


-x 





A dx + 2 dx A dy 



—8w. 


Hence, 


L 


zdx A dy + du> = 8w. 


3204 

Let 5 be a surface diffeomorphic to the ordinary 2-sphere. Suppose there is 
a C°° metric of positive curvature on S for which there exist two simple closed 
geodesics 71 and 72. Show that 71 and 72 must intersect. 

( Indiana ) 

Solution. 

Here we assume the Jordan curve theorem. 

If 71 and 72 do not intersect, then 71 and 72 encircle a domain D such 
that the Euler characteristic x(D) = 0 and dD — 71 U72. Applying the global 
Gauss-Bonnet formula to the domain D C S and noting that 71 and 72 are 
geodesics of 5, we have 

[ Kdcr = 2*x(D) = 0, 

JD 

which contradicts the assumption of positive curvature. 


3205 

Let D be the disk {(*,2/) € JR 2 : x 2 + y 2 < and let O = (0, 0) G D. Let 
(®i, £ 2 ) = (r, 8) be the usual polar coordinates and define a metric on D\{0} 

by 

(ffii)-(o h(r,ff))’ 
where h(r, 6) = r 2 [ 1 — 2 r 2 + r 4 sin 2 0] 2 . 
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(a) Prove that this metric extends to a smooth metric on D. 

Hint. Use a smooth coordinate system. 

(b) Show that line segments in D which pass through the origin (suitably 
parameterized) are geodesics. 

(Indiana) 

Solution. 

(a) Set 

f i = r cos 0, 

\ y = r sin0. 

Then Wi7$ = r ■ So > on D\{0}, we can choose (x,y) as the coordinates. From 

f dx = cos Odr — r sin Odd 
\ dy — sin 6 dr + r cos Odd 

follows 

{ dr = cos dx + sin Ody 

dO = 1 (cos Ody — r sin Odx). 

Hence the metric of D\{0) may be rewritten as 

ds 2 = dr 2 + h(r, 6)d0 2 

= [cos 2 0 + (1 — 2 r 2 + 4 r 4 sin 2 0) 2 sin 2 0]dx 2 
+2 cos0sin0[l — (1 — 2r 2 + 4 r 4 sin 2 0) 2 ]dxdy 
+[sin 2 0 + cos 2 0(1 - 2 r 2 + 4 r 4 sin 2 0) 2 }dy 2 
= gudx 2 + 2g 12 dxdy + g 22 dy 2 . 

When r — > 0, we see that gn = 1 + o(r), gi 2 = o(r), g 22 = 1 + o(r), and 
= o(l), = o(l). Therefore, this metric can extend to a smooth metric 

on D. 

(b) For any line segment l in D, we can express i\{0} as the union of 
fi = {(r,0) : 0 < r < \,0 = 0 o ) and l 2 = {(r,0) : 0 < r < \,0 = 0 o + 7r}. 
Using ds 2 = dr 2 + h(r,0)d0 2 , we know that both ii and l 2 are geodesics in 
D\{0}. If we use the extended metric, the geodesic curvature k g of l must be 
a continuous function of the coordinates. Because /i and l 2 are geodesics by 
either metric, we know that k g \o = 0. Hence, as a whole line segment, l is a 
geodesic, too. 
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3206 

i) Let M be a surface (without boundary) in JR 3 . Suppose M is inside a 

ball of radius R and suppose a point p G M is on the boundary sphere. Show 
that the Gauss curvature of M at p is > . 

ii) Show that there is no closed minimal surface in JR 3 . 

( Indiana ) 

Solution. 

i) The surface M and the sphere S 2 , the boundary of the ball, have the 
same tangent plane at p. Let tt be a normal plane of M and S 2 at p. Then, 
using the local canonical forms of the normal section curves M flir and S 2 Oir 
at p, one can easily show that, at p, the curvature of M fl ir is not less than 
that of S 2 Hit = S 1 , and p is an elliptic point of M. Hence the Gauss curvature 
of M at p is greater than or equal to ^j. 

ii) Suppose that M is a closed minimal surface in JR 3 . Then there is a 
family of spheres that contain the surface M inside and have a fixed center. 
Ler R be the infimum of their radii. Then, there must be at least one common 
point of M and the sphere with radius R and centered at the fixed point. Using 
the result of i), one concludes that the Gauss curvature of M at p, K{p) > 

But it contradicts the fact that , for minimal surfaces, 

K = k x k 2 = -k\ < 0. 


3207 

Let H 2 = {(*,J/) £ JR 2 , 2/ > 0} be the upper half-plane in JR 2 and let H 2 
have the Riemannian metric g such that 

g(x, y) = y) for (x, y) € H 2 , 

where ( x,y ) is the usual inner product on JR 2 . 

(a) Compute the components of the Levi-Civita connection (i.e., the Chris- 
toffel symbols). 

(b) Let V(0) = (0,1) be a tangent vector at the point (0, 1) G H 2 . Let 
V(t) = (a(t),6(t)) be the parallel transport of V(0) along the curve x = t, 
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y = 1. Show that V(t) makes an angle t with the direction of the y - axis in the 
clockwise direction. 

Hint. Write a(t) = cos 0(t), b(t) = sin0(t) where 6(t) is the angle V(t) 
makes with the aj-axis. 

(Indiana) 

Solution. 

(a) Prom the hypothesis we have E = G = ^, F = 0 and hence 


r i - El - o r 1 _ E * - 1 r i _ Gl _ n 

ril -2£-°’ ri2 ~2 E~~y' ^ 22 — ~2E ~ °’ 


p 2 - -El - I p2 _ _ n 

Tll ~ 2 G~y' ri2_ 2 G -0, 


r 2 _ Gz _ 1 

22 ~ 2G~ y- 


(b) For convenience, denote the curve (x,y) = (t, 1) = (u 1 (t), u 2 (t)) and 
the parallel transport vector field V(t) = ( a(t),b(t )) = (v 1 ^), v 2 (t)). Then 
V(t) must be the solution to the following initial value problem 


4 ^+E i r;,«'(«) 4 i !1 = o, i = i.2 

(»‘(0),»' s ’(0)) = (0,l). 


Noticing the above expression of r* k , along the curve, we see that the problem 
is equivalent to 

/ ^ = m T = -a(t) 

\ (a(0),6(0)) = (0,l). 

Therefore, writing a(t) = cosff(t), b(t) = sin 0(t), we have immediately 6 = —t. 


3208 

Consider the hyperboloid S of one sheet x 2 + y 2 — z 2 = 4. 

(a) Define the Gauss curvature K of S. 

(b) Use the definition from part (a) to compute K at (0,2,0). 

(Indiana) 

Solution. 

(a) The Gauss curvature K of S at P is defined by K = kik 2 , where ki, k 2 
are the two principal curvatures of S at P. 

(b) At P = (0,2,0), in the direction of the circle of latitude, the normal 
section is a circle x 2 + y 2 = 4. Thus, by taking the outer unit normal vector 
field as the orientation of S, the corresponding principal curvature ki = -§; 
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whereas in the direction of the meridian, the normal section is a component of 
the hyperbola y 2 — z 2 = 4, thus the corresponding principal curvature k 2 = 
Therefore, the Gauss curvature K = k\k 2 = — |. 

3209 

Calculate the toteil geodesic curvature of a circle of radius r on a sphere of 
radius R > r. 

( Indiana ) 

Solution. 

By the Gauss-Bonnet formula, the total geodesic curvature is given by 

I kgds = 

Jc 


where C is the given circle, 


- J J Kd<T + 2*x(to) 

W' 2irR 


- ■ 2 vR(R - y/R 2 - r 2 ) + 2 tt 


27 r 


R 


find fi is the spherical cap encircled by C. 


3210 


Let M be a compact surface embedded in 2R 3 , with smooth unit normal 
vector field u. 

Show that the mapping P e : M — ► JR 3 defined by P s (x) = x + £v(x) will 
immerse M provided |e| is the reciprocal of neither principal curvature k\ or 
&2 at x 6 M. In this case, express the principal curvatures of M e := P E (M) at 
P e (x) in terms of ki and k 2 - 

( Indiana ) 

Solution. 

If, locally, we take the lines of curvature as the parametric lines of M, then 
by the Rodriques equation we have on P e (M) 


Ap, (l ) = (1 _ £ti) |l i = 1 , 2 . 


Thus, 
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provided that |e| is the reciprocal of neither Aq or k 2 at x £ M, which shows that 
the mapping P e immerses M into IR 3 . Furthermore, again by the Rodriques 
formula, we see that the u 1 and u 2 parametric lines are the lines of curvature 
in P C {M), and the corresponding principal curvatures are ek\ — 1 and ek 2 — 1, 
respectively. 


3211 


Let A : IR — ♦ IR be a smooth function with compact support, and consider 
the Riemannian surface obtained by equipping IR 2 with a metric g of the form 

ff (v,w) := e A W(v,w) 


for v, w £ T( ri9 )2R 2 . Assuming the Gauss curvature K of this metric is ev- 
erywhere non-negative, use the Gauss-Bonnet Theorem to deduce that in fact, 
the surface is flat. 

( Indiana ) 

Solution. 

Using the Descartes coordinates (x,y) in IR 2 , we can express the metric 
of the Riemannian surface M 2 by ds 2 = e x ( y \dx 2 + dy 2 ), which is obviously 
conformal to that of the Euclidean plane IR 2 . Take a positive number a and 
consider a square domain V in IR 2 , whose vertices are A(—a, —a), B(a, —a), 
C(a, —a), D(—a,a) respectively. Suppose that, in M 2 , the corresponding part 
of V is V, and the corresponding points of A, B, C, D are A, B, C, D , respec- 
tively. 

Then, by the Liouville formula, we can see that the geodesic curvatures of 
the segments of coordinate curves AB and CD are 




(d0 1 gin E 

\ds 2 VG dy 



(dti 1 din E 

\ds 2 y/G dy 



cos 6 + 


cos 6 + 


1 dlnG 
2 \[E dx 


1 dlnG 
2 VE dx 




0=0 ,y=-a 




whereas both BC and DA are geodesics of M 2 . Applying the Gauss-Bonnet 
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formula to V C St 2 , we have 

I kgds + I I Kdcr = 0, 

Jav J 

where the Gauss curvature 

^ 1 a , A 1 d 2 X 

K = — ^ Alne A = — rjr. 
e A e A dy 2 

Noting the area element da = e x dxdy and the line element ds 2 = e x ^dx 2 
along .42? and CD, from the above integral equality we can obtain 


( dx \ 

fdX\ 

\dy) y =-a 

\ d y) 


Because the number a is arbitrarily chosen, letting a — ► 0, it leads to 

Besides, by the hypothesis K > 0, we have 

d 2 A n 
-jt < 0; 
dy 2 

namely, ^ is a decreasing function. Thus, 


fd\\ 

> 0 > I 

f-) 

\ d y)y=-< 


\dy) , 


which combining the above equality shows that ^ = 0 in St 1 . Therefore, 
K = 0, i.e., SI is flat. 


3212 

Let M 2 C St 3 be a smooth compact surface such that M 2 C {(k, y,z) : z > 
0}. Assume that M 2 C\{(x,y,z) : z = 0} is a smooth curve a(s), parameterized 
by arclength. 

i) Show that a(s) is an asymptotic curve on M 2 . 

ii) Show that oc'(s) is always a principal direction. 
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iii) Let’s now drop the assumption that M 2 fl {[x,y,z) : z = 0} is a curve. 
What kind of a set could M 2 fl {(*, y, z) : z = 0} be? 

[Indian a) 

Solution. 

i) The hypotheses imply that along the curve a(s), the plane {(x,y,z) : 
z = 0} is a tangent plane of the surface M 2 . Thus, the unit normal vector field 
n[s) of M 2 is constant along a(s). Therefore, along «(s), dn J - ‘ ^ = 0, which 
means that the tangent vector of a(s) for every s is an asymptotic direction. 
Hence, a(s) is an asymptotic curve on M 2 . 

ii) Noticing the above fact, we see that along a(s), dn Jf) = —0 • a'(s), from 
which the Rodriques equation says that a'(s) is always a principal direction 
with the principal curvature 0. 

iii) If we drop the assumption that M 2 fl {(a;, y, z) : z = 0} is a curve, then 
the set M 2 fl {[x,y, z) : z = 0} consists of elliptic or parabolic points of M 2 , 
at which the plane {(x,y,z) : z = 0} is tangent to M 2 . 


3213 

(a) Construct an example of a non-compact C°° surface in J? 3 with a 
sequence of closed geodesics {<x a - } such that length (<r t ) — ► 0. 

(b) Show that this is not possible if the surface is compact. 

[Indiana) 

Solution. 

(a) Consider the following surface S of revolution generated by a C°° vi- 
brating curve C, illustrated in Fig. 3. 7, rotating around the x-axis which is 
the asymptote of the curve. Let Pi denote the points where C has horizontal 
tangents. Then, on 5, Pi draw closed geodesics er,, and length (<r t ) — > 0. 



Fig. 3. 7 

(b) Suppose 5 is a compact surface. If there exist closed geodesics <Tj such 
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that length (er.) — * 0, then by the Gauss-Bonnet formula we have 


JL 


Kda = 2 irx(Mi), 


where O, denotes the domain encircled by <r,. Because 5 is compact, when 
i is sufficiently large, we may suppose O, is simply connected. Thus, setting 
i -+ oo in the above equality, we come to a contradictory result 0 = 2ir . 


3214 

Let (r(s), 0, z(s)) be a unit speed curve in M 3 with r(s) > 0. Consider 
the surface of revolution (s, 0) — > (r(s) cos 0,r(s) sin 0, z(s)). On this surface 
compute the covariant derivatives V^. and Jjj in terms of and Jy. 

( Indiana ) 

Solution. 

The direct computation gives 

I = ds 2 + r 2 (s)d9 2 = Eds 2 + GdO 2 . 

Denoting (s,0) = (u^u 2 ), we have 


„ d 

3 

d 

Gi 3 

Gi 3 

—r(s)r'(s 

V-a. •£- 
dd 

~ l 22f s +^22 d0 - 

2 E ds + 2G 39 

„ d 

d 

3 

Ei 3 

G\ 3 

r'(s) 3 

Vs — 

w 3s 

F21 3s + 21 30 

2 E 3s + 2 G 36 

r(s) 39' 


where denotes the Christoffel symbol (i, j, k = 1, 2). 


3215 


Let M 2 C M 3 be an embedded compact surface of genus > 1. Show that 
the Gauss curvature of M must vanish somewhere on M. 

(Indiana) 

Solution. 

By the Gauss-Bonnet formula, we have 



Kda = 2 ir X (M 2 ) = 4tt(1 - g) < 0. 
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Firstly, we claim that because of the compactness of M 2 , there must be a 
point P with K(P) > 0; hence, by the continuity, there exists a domain U of 
P such that K\u > 0. Secondly, we show that there exists another point Q 
with K(Q) < 0. Otherwise, we would have 

0 >Jf Kda > J J Kda > 0, 

a contradiction. Finally, by the connectedness, the continuous function K must 
vanish somewhere on M 2 . 


3216 

Consider the torus-of-revolution T obtained by rotating the circle (x — a) 2 + 
z 2 — r 2 around the z-axis: 

T = {(*, y, z) : (x 2 + y 2 + 2 2 + a 2 - r 2 ) 2 - 4a 2 (x 2 + y 2 ) = 0}. 

Parameterize this torus, compute its Gauss curvature function K, and verify 
that f T KdA = 0 by explicit calculation. 

( Indiana ) 

Solution. 

Thus obtained torus-of-revolution T can be parameterized by 

X(u, v) = ((o + r cosu) cost;, (a + r cos u) sin v,rsinu), 0 < u, v < 27t. 

A straightforward computation gives the coefficients of its first and second 
fundamental forms 

E = r 2 , F = 0, G = (a + rcosu) 2 ; 

L = r, M = 0, N = cosu • (a + rcosu). 

Therefore, its Gauss curvature function 

K __ LN - M 2 _ cos u 

EG — F 2 r(a + r cos u) 

Noting that the area element on T is 

dA = V EG — F 2 dudv = r(a + rcosu)dudv, 
we have immediately 

/ KdA = f dv f 
Jt Jo Jo 


cos udu = 0. 
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3217 


Let 

x(t) = ^ cos(<), i sin(t), , 0 < t < 2tt 

be a curve on 5 2 C -K 3 . Let X 0 = G Q ^S 2 . Compute the parallel 
translation of Xq along x(t). 

( Indiana ) 

Solution. 

Consider the cone that is tangent to the unit sphere S 2 along the curve 
x. This cone minus one generator is isometric to an open set D C JR 2 given 
in polar coordinates by 0 < p < +oo, 0 < 6 < y/Z ir. Because the parallel 
translation in the plane coincides with the normal Euclidean one, we obtain 
the result that, for a displacement t of a moving point p along x starting from 
(|, 0, (corresponding to the central angle 6 = in the domain D), the 
oriented angle formed by the tangent vector x'(t) with the parallel translation 
vector X ( t ) of Xq is given by 2-ir — 8 = 2tt — ^ t . 


3218 


Show that for any Riemannian metric on S 2 with |Jf| < 1, where K is the 
Gauss curvature, the area of S 2 is not less than 4w. 

( Indiana ) 

Solution. 

By the Gauss-Bonnet formula, for any Riemannian metric on S 2 . we have 


I, 


Kdv = 2*x(S 2 ) = 4 7T. 


Thus, if |.Jl | < 1, then 

4ir < I |2Sl Jci-u < Area (S- 2 ). 

Js 2 


3219 


Define “geodesics”, and characterize (with proof): 
i) All geodesics on the unit sphere S 2 C -K 3 . 
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ii) All geodesics on the surface {(a -,y,z) G 2R 3 : x 2 + y 2 = 1}. 

( Indiana ) 

Solution. 

Let o(s) be a curve on a surface M parameterized by arclength. Along a, 
we have 


a"(a) = k(s)N(s) 


f d 2 u' y , dui du k \ 
“ 1 ds 2 ds ds J 

= fc 9 n x a' + fc„n, 


5X du> du fc 

£? + 2^ n i*-STdr n 
j,k 


where u 1 , u 2 are local coordinates on M , n is the unit normal vector field of 
M along a, and k g is the geodesic curvature of a. Then, a is a geodesic of M 
if and only if along a, k g = 0 or 


d 2 u' y • du* du k 

■^r + 2-. ;*d7"d7 

j.* 


= 0 i = 


1 , 2 . 


i) On the unit sphere, every great circle is a geodesic, because along a, 
the principal normal vector N is parallel to n. On the contrary, owing to the 
uniqueness of the initial value problem 


i,k 

= “tn ^7 1 = v o> 


every geodesic on M, that starts from a given point and is tangent to a given 
direction, must be a great circle. 

ii) Since geodesics are intrinsic objects, then if we develop the cylinder to 
a plane, every geodesic must become a straight line. Therefore, every geodesic 
on the cylinder must be a helix, or a circle of latitude, or a straight generating 
line. 


3220 

Give an example (e.g., draw a picture) to show that a connected surface 
can have two points which are not jointed by any geodesic. What is the usual 
topological hypothesis that prevents this problem? 


( Indiana ) 
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Solution. 

Let 7r be a plane and p, q two points in tt. Let r be an interior point of the 
line segment pq. Then the surface 7r\{r} is a case in point. “Completeness” is 
the usual topological hypothesis that prevents this problem. 


3221 

Define “minimal surface in St 3 " , and prove that the catenoid, obtained by 
rotating the graph of y = cosh(a;) around the 2 -axis in JR 3 , is minimal. 

( Indiana ) 

Solution. 

A minimal surface is a surface with mean curvature 
1 EN- 2 FM + GL 
*=2 EG^T* 

The straightforward calculation shows that the catenoid 

X(x, 9) = (2,cosh(t)cos(0),cosh(t)sin(0)) 
is a minimal surface in St 3 . 


3222 


The “Clifford” torus in S 3 can be parameterized using charts of the form 


X(u,v) = — p(cosu, sin u, cost), sin v), 

V2 


where u and v are constrained to lie within intervals length < 2tc. 

i) Compute the metric [jfy] on the Clifford torus for a coordinate chart of 
the indicated type. 

ii) Figure out the Clifford torus’ Gauss curvature function. 

Hint. Calculation is not necessary here. 

iii) Deduce from the result of ii) that the Euler characteristic of a torus is 
zero. 

( Indiana ) 

Solution. 

i) From 


X n = -^=(— sin u, cos u, 0, 0), X v = -^=(0,0, - sin v, cos u) 
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we easily have 

ffu = 922 = 2 ’ 912 = 92 1 = 0. 

ii) The Gauss equation implies that the Clifford torus’ Gauss curvature 
function K = 0. 

iii) Using the Gauss-Bonnet formula, we see that the Euler characteristic 
of a torus T 


3223 


Let / : IR 2 JR be a smooth function with a critical point (e.g., a minimum 
or maximum) at the origin xx = *2 = 0. 

i) Show that the principal curvatures of the graph 

z = f{xi,x 2 ) 


at (0,0, /(0,0)) € JR 3 are the same as the eigenvalues of the Hessian matrix 
[d 2 f/dxidxj] at (0,0). 

ii) Show that JR 3 contains no compact embedded surface with strictly nega- 
tive Gauss curvature at all its points. 

Hint. Look at the “lowest” point on the surface. 

(Indiana) 

Solution. 

i) The hypothesis means that an d JL L vanish at (0, 0). Then, by 
straightforward calculation, we have 



Therefore, the principal curvatures of the graph 

z = /(* i,* 2 ) 


at (0, 0, /( 0, 0)) £ JR 3 are the roots of the following equation 


det[ftjj - Ag,j]( 0 ,o) = 



dxidx 2 


a 2 f 


d Xl dx 2 



= 0 . 
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ii) Let p(x 0 , 2 / 0 , zo) be the “lowest” point on the surface. (The existence of 
such a point follows from the compactness of the surface.) Since the surface is 
above the plane x : 2 = zq and p is the common point of x and the surface, then 
x is the tangent plane of the surface at p. By observing the normal section at 
p, it is easy to conclude that any normal curvature of the surface at p is greater 
than or equal to zero, if we take (0, 0, 1) as the unit normal of the surface at 
p. Thus the Gauss curvature of the surface at p is not less than zero. 


3224 

Let M be a 2-dimensional manifold smoothly embedded in 1R 3 with unit 
normal n. 

a) Prove that for each p € M there exist an open neighborhood U p of p in 
JR 3 and a smooth function F : U p —* M such that F _1 (0) = U P C\ M. 

b) Find F if M is the graph of a smooth function / : 1R 2 — > M. 

( Indiana ) 

Solution. 

Since the inclusion map M — > 2R 3 is an embedding, for each coordinate 
neighborhood V C M of p £ M, there exists a neighborhood U of p in 2R 3 , 
such that V — U 0 M. Using the local coordinates (u, v) for V and ( x,y,z ) 
for U , we can express this embedding as (u,v) —* (x(u,v),y(u,v),z(u,v)). 
Noticing that 


we know from the implicit function theorem that there exists a neighborhood 
V p C V of p, such that on V p , 

( x = x(u,v) 

\ y = y(u, v) 

has smooth inverse 

u = u(x,y) 
v = v(x,y). 

Then, we can find a neighborhood U p C U of p in 2R 3 , such that V p = JJ P fi M, 
and in terms of the local coordinates (x, y), the embedding can be expressed 
by (x,y) — ( x,y,f(x,y )), where f(x,y) - z(u(x, y), v{x, y)). 

Therefore, setting F : U p — > 1R 3 by F(x,y,z) — z — f(x,y), we have 
F-^O) = U p DM. 


rank 


d(x,y,z) 
d(u, v ) 


= 2 , 
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b) If M is the graph of a smooth function / : El 2 — + JR, then for each p £ M, 
we can take U p = JR 3 , and F : JR 3 — ► IR defined by F(x, y,z) = z — f(x, y ). 


3225 


Let M be a 2-dimensional manifold smoothly embedded in JR 3 with unit 
normal n. Assume that M is the boundary of a bounded convex open set. 
Assume that n is the exterior normal and that the Gauss curvature K of M 
is everywhere positive. [Recall that 5 C JR 3 is defined to be convex if for each 
two points of S the line segment joining these points lies in S. You may use 
without proof the fact that M lies on one side of each of its tangent planes.] 
a) Define the Gauss (or sphere) map 

rj : M —> S 2 = {(x, y, z) : x 2 + y 2 + z 2 = 1}. 


b) Prove that 77 is one-to-one. 

c) Assuming that 77 is one-to-one, prove that 77 is a diffeomorphism onto 


d) Show that 


Jm 


K(p)dp 


= 4x. 


(You may assume b) and c) if you wish.) 

{Indiana) 

Solution. 

a) For each p £ M, define T) (p) as the end point of the unit exterior normal 
n(p) after parallel translating it to the origin of El 3 . 

b) and c). We first prove that 77 : M — > S 2 is a local diffeomorphism. 
For each p € M, there exist a coordinate neighborhood E C M of p and a 
coordinate map h : E — + TJ C JR 2 , which is a diffeomorphism, such that on U 
the Gauss map has the following expression 


77 o h 1 (u, v) = (a(u, v),/3(tt, u), y(u, v)) = n{u, v), 


where n(u, v) is the unit normal at X(u,v) £ E C M. 

Since n u x n v = KX U x X v and K > 0, X u x X v ^ 0, the rank of the 
Jacobi matrix 


= 2 . 


rank 


a u a v 
Pu % 
7« 7v 
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Thus, the implicit function theorem says that 77 o h ~ 1 has a smooth inverse on 
a neighborhood of h(p) (which may be smellier than U ); hence 77 oh -1 is a local 
diffeomorphism. Therefore, in the neighborhood of h(p), 77 = (77 o h -1 ) o h is a 
diffeomorphism. Thus, on M, 77 is a local diffeomorphism. 

Next, we show that 77 : M — > S 2 is surjective. Since 77 : M — > S 2 is a local 
diffeomorphism, 77 is an open map. Besides, because M is compact and S 2 is 
a Hausdorff space, 77 is also a closed map. Thus 77(M) is an open, closed and 
non-empty set of S 2 . The connectedness of S 2 implies that rj(M) = S 2 . 

Now we prove that 77 : M — > S 2 is globally one-to-one by leading to a 
contradiction. Suppose that there are two distinct points P,Q £ M such that 
77(f) = 77 (Q). From the above argument we know that there are neighborhoods 
Ep, Eg of P,Q respectively, such that 77]^ : Ep — > 77 (Ep),? 7 | s ^ : Eg — > 
77 (E g) are diffeomorphisms. Because P ^ Q, in M we can choose Ep,Eg so 
small that Ep HEg = 0. Now take the inverse images of 77(Sp) (1?7(Eg) under 
77 1 and ?7|s q , respectively. Namely, set 

U = (v 7 | 2p )- 1 (7 7 (Sp)n77(Sg)), 

V = (7 ? | SQ )- 1 (7,(Ep)n77(E g)). 

Thus, Unv = 0 and r)(U) = 77(F), which implies rj(M\U) = S 2 . On the other 
hand, it is easy to show that M is compact, connected and oriented. Then the 
Gauss-Bonnet formula gives 



Kdcr = 47t, (by noting K > 0), 


where dtr, da have local expressions 


da = \X U x X v \dudv, da = \n u x n v \dudv. 


4 -7T = / Kda — f Kda + f Kda 

Jm Jm\u Ju 


[ dd+ [ 
Js 2 Ju 


Kda = Air + Kda, 


Since f v Kda > 0, we arrive at a contradiction. 

In the end, noticing that differentiability is a local property, we see that 
the globally one-to-one, surjective local diffeomorphism is naturally a global 
diffeomorphism. 
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Remark. In fact, this problem is the famous Hadamard theorem. Using 
the theory of covering map, we can simplify its proof as follows. 

Firstly, as the above, show that r] : M —* S 2 is a local diffeomorphism. 

Since M is compact and S 2 is connected, then the local diffeomorphism 
r) : M — > S 2 is also a covering map. 

Further, because S 2 is simply connected, and M C JR 3 is connected and 
hence path connected, we know that the covering map rj must be a homeomor- 
phism and hence a global diffeomorphism. 


3220 


Let M be a 2-dimensional manifold smoothly embedded in JR 3 with unit 
normal n. 

a) Explain what is meant by intrinsic and extrinsic quantities on M. 

b) Are the principal curvatures intrinsic? 

c) Discuss why the covariant derivative on M, defined using the covariant 
derivative on St 3 , is intrinsic. 

d) Assuming c), discuss why the Gauss curvature of M is intrinsic. 

( Indiana ) 

Solution. 

a) The terminology “intrinsic quantities” means those geometrical quanti- 
ties that are definable only by the first fundamental form of M and its deriva- 
tives. Otherwise, they are called “extrinsic quantities”. In other words, intrin- 
sic quantities are those that are invariant under isometric correspondence, but 
extrinsic ones are not. 

b) The principal curvatures are not intrinsic; they are extrinsic. For exam- 
ple, consider a plane and a cylinder. 

c) Although the covariant derivative on Mis defined by using the covariant 
derivative on St 3 , the last local expression of the covariant derivative of M 
involves the tangent vector field and the Christoffel symbols of M. Therefore, 
it is intrinsic. 

d) For each p £ M, let C be a simple closed curve encircling a simply 
connected domain D where p lies. Let Aw denote the angle variance caused by 
a tangent vector after parallel translating it around C once. Using the Hopf’s 
rotation index theorem and the Gauss-Bonnet formula, we can show that the 
Gauss curvature of M at p can be expressed by 


K(p) = 


lim 

D->p 


Aw 

fJ D d<7 ' 
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Since parallel translation is intrinsic, then the Gauss curvature is intrinsic, too. 


3227 

By revolving the curve 7 sketched below around the E-axis, we get a surface 
of revolution M 2 C JR 3 . Compute J M KdA, where K is the Gauss curvature 
and dA the area form, on M. (Make sure to justify your answer.) 

( Indiana ) 


Fig.3.8 


Solution. 

The surface M 2 of revolution generated by the curve 7 is homeomorphic 
to a section of a cylindrical surface. Thus the Euler characteristic number 
x(M 2 ) = 0. Besides, the boundary of M 2 consists of two circles which are just 
geodesics of M 2 , because along these circles the normal vector of M 2 is parallel 
to the principal normal vector of the two circles respectively. Therefore, by 
the famous Gauss-Bonnet formula, we have immediately 


Im 


KdA = 0. 


3228 

A surface £ 2 immersed in a Riemannian manifold N is said to be ruled if 
it can be parameterized near any point by a mapping X : (0, l ) 2 — *■ N such 
that for each fixed v 0 6 (0, 1), the u-parameter curve X(u,v 0 ) is a geodesic in 
N. 

a) When n— 3, show that the Gauss curvature of a ruled surface in JR" is 
nowhere positive. 

b) Show it for arbitrary n. 


(Indiana) 
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Solution. 

a) Since every geodesic in N = M 3 is a straight line, then E 2 can be 
characterized locally by X(u, v) = <*(«) + («— |)Z(t>), where l(v ) is the direction 
of the geodesic corresponding to v £ (0,1). Thus, through computation, we 
can easily deduce that the first coefficient of the second fundamental form of 
E 2 


L = ( n , 


8 2 X 

du 2 


) = 0 , 


which shows that the Gauss curvature of the surface 


LN - M 2 
~ EG-F 2 


M 2 

EG-F 2 


< 0 . 


b) Similar to the above, suppose E 2 can be characterized locally by 


X(u,v) — a(v) + ul(v), 

where, for convenience, we may assume that v £ (0, 1) is the arclength of the 
curve a(v), |l(u)| = 1, and (a'(u),l(v)) = 0. Then, by a routine work, we see 
that the first fundamental form of E 2 is 


ds 2 = du 2 + (1 + 2u(a'(v), l'(v)) + u 2 \l' (v)\ 2 )dv 2 . 


Since the Gauss equation says 


K — — 


/g 

du 2 


Vg ’ 


it suffices to show that > 0. However, we have 

dVG _ (ct(v), V{v))+u\V(v)\ 2 

du ~ y/i + 2 u{a’(v),l'(v)) + u 2 |Z'(w)| 2 ’ 
8 2 VG | l'(v)\ 2 - ( a '(v),l'{v)) 2 

du 2 (1 + 2 u{a'(v), l'(v)) + u 2 \l'(v)\ 2 ) 3 / 2 ' 

Noting that 


|l'(i;)| 2 - (a'(v%f(v)) 2 = |a'(u) x l'(v ) | 2 > 0, 


we obtain the desired result. 
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SECTION 3 

DIFFERENTIAL GEOMETRY OF MANIFOLD 


3301 

Let M n be a Riemannian manifold and x a 2-plane in T*M. 

i) Let { X , Y) be an orthonormal basis of i r. Use this basis to define the 
sectional curvature K{i r) and show that it depends only on 7r and not the 
particular basis chosen. 

ii) Define the Riemann curvature tensor in terms of covariant differentia- 
tion. Explain why it is a tensor. 

iii) Recall that if M n C lR n+1 is a hypersurface, then 

R(X,Y)Z = (LY,Z)LX - { LX,Z)LY , 

where L is the Weingarten map. Using this or any other valid method, compute 
all sectional curvatures of the sphere {a: E 2R 4 : |z| = 3}. 

( Indiana ) 

Solution. 

i) The sectional curvature is defined by K(ir) — -R(X,Y,X,Y), where 
R( ) is the Riemannian curvature tensor field of M n . If {X, Y } is another 
orthonormal basis of x, then X = aX + bY , Y = cX + dY. Noticing that 

^ is an orthogonal matrix, and R( ) is a 4th order co variant tensor 

field, we can easily have R(X,Y,X,Y) = R(X, Y, X, Y), which proves that 
K(ir) depends only on x. 

ii) For any vector fields X, Y, Z, W on M n , define the Riemannian curvature 
operator by R(X, Y)Z = VxVyZ - VyVxX - V[ X ,y]X and the Riemannian 
curvature tensor field by R(X,Y, Z,W) = (R(X,Y)Z,W), respectively. Then 
for any C°° function / on M" , using the properties of covariant differentiation 
and of the inner product, we can conclude from straighforward computation 
that 


( a b 
\ c d 


R(fX,Y,Z,W) = R(X,fY,Z,W) = R{X,Y,fZ,W) 

= R{X,Y,Z,fW) = fR(X,Y,Z,W). 

Thus, in terms of local coordinate frame field, one can show that Vp 6 M”, 
R(X,Y,Z,W)\ P is dependent only on X p ,Y p ,Z p ,W p E T p (M n ). Therefore, 
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R( )| p is a well-defined 4th order multilinear function. Besides, the inner 
product and covariant differentiation are all C°° . Hence, R( ) thus defined is 
a C°° tensor field. 

iii) For the sphere M n = {* £ JR 4 , |x| = 3}, we can regard the position 
vector field x as the normal vector field of M n . Let {e,} be a local orthonormal 
frame field about a; (as a point) of M”. Then by the original definition of 
covariant differentiation, one can easily show that V ei x = e,-, where V denotes 
the covariant differentiation in JR 4 . Hence, the Weingarten map is L : X >—► 
L(X) = -Vj | = — X/3. Therefore, if {X, Y } is any orthonormal basis of an 
arbitrary 2-plane ir in T p (M n ), 

K(r) = ~(R(X,Y)X,Y) = (LX,X){LY,Y) - {. LY,X){LX,Y ) = 1/9. 


3302 


Let C = {x 6 JR 3 : 0 < < 1} be the unit cube in JR 3 . Suppose 

F : IR 3 — * JR 4 is a 1-1 C°° immersion in some neighborhood of C. The image 
F(C) is then a compact Riemannian submanifold of JR 4 with boundary and 
therefore has a volume. Justify the following formula: 


vol(F(C)) = 



dxidx 2 dx 3 . 


Also, evaluate the integrand if 


F( x) = ((1 + xi) 2 , (1 + x 2 ) 2 , (1 + Z 3 ) 2 , (2 + * 3 ) 3 )- 


Solution. 

Consider the following four points in F(C ) 


( Indiana ) 


Pi = F(xi,x 2 ,x 3 ), P 2 -F{ xi + Ax ± ,x 2 ,x 3 ), 

P 3 = F(xi, x 2 + Ax 2 , x 3 ), P 4 = F(x!,x 2 ,x 3 + Ax 3 ), 


where j Aa;i (, | Aa; 2 1 , |Ax 3 | cire sufficiently small. Construct three vectors as 
follows 

, dF 

P 2 Pi = F(x 1 +Ax 1 ,x 2 ,x 3 )-F(x 1 ,x 2 ,x 3 )=—Ax 1 + ---, 

t dF 

P 3 Pi = F(x 1 ,x 2 + Ax 2 ,x 3 )-F(x 1 ,x 2 ,x 3 ) = —Ax 2 + ---, 

> x dF 

P4P1 = F(x!,x 2 ,x 3 + Ax 3 ) - F(x 1 ,x 2 ,x 3 ) = q^-Ax 3 4 . 
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Let A u be the volume of the parallelopiped spanned by the vectors P 2 P 1 , P 3 P 1 
and P 4 P 1 in 2R 4 . Then 


Act = 


P 2 Pi A P3P1 A P4P1II 


is an infinitesimal when Axi — > 0, Ax 2 — » 0, Ax 3 — > 0. We take the principal 
part of the infinitesimal A cr as the volume element, namely, the volume element 
of F(C ) is 

* = I'* (sr) A '• (£) a (k) h* 4 *** 

Hence the desired formula follows immediately. 

Furthermore, if F(x) = ((1 + xj) 2 , (1 + x 2 ) 2 , (1 + x 3 ) 2 , (2 + x 3 ) 3 ), then, by 
denoting F(x) = P(x 1 ,x 2 ,x 3 ) = (j/i, 2/2, 2/3, 2/4)5 we have that 


Since 


dyi ’ 9 y 3 



\dx\) 

= 2(1 + - ) & 

F *{ 

^dx 2 ) 

= + 

p.( 

f ±) 

< dx 3 ) 

= 2(1 + x 3 )^ — |- 3(2 + x 3 )' 

and 




, d 
dyi 


2(1+I5) _ +3 ( 2+is)! _ 


411 + u)’ +9(2 + 1 4 


form an orthonormal frame, we obtain that 

H^) ar (^) af -(^)|' 


= 4(1 + Xi)(l + X 2 )i/ 4(1 + x 3 ) 2 + 9(2 + x 3 ) 4 . 


3303 

There is no submersion from S 3 into M 2 . 


( Indiana ) 
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Solution. 

Let S 3 C JR 4 be defined by {(x 1 , x 2 , x 3 , x 4 ) 6 JR 4 ; (x 1 ) 2 + (a : 2 ) 2 + (x 3 ) 2 + 
(a ; 4 ) 2 =1}. Observe the following three vector fields 


Xi 


X 2 

X 3 


2 d i d 4 d 3 d 

x dx 1 ~ x fa 2 +a: fa 3 ~ X fa 4 ' 

4 B 3 d 2 d 1 d 

x dx 1+x dx 2 X dx 3 X dx 4 ' 

3 B 4 d 1 d 2 d 
~ x fat + x fa 2 +x fa 3 ~ x fa 4 ' 


where (a; 1 , x 2 , x 3 , x 4 ) E S 3 . It is easy to see that they are nowhere-vanishing 
tangent vector fields on S 3 . Since (a 1 ) 2 + (x 2 ) 2 + (as 3 ) 2 + (x 4 ) 2 = 1, then, 
without loss of generality, we may assume a ; 4 ^ 0. Hence, from the fact that 


/ x 2 —x 1 x 4 
det x 4 x 3 -x 2 
\ —x 3 X 4 X 1 


= (x 4 ) 3 + x 4 (x 3 ) 2 + x 4 (x 2 ) 2 -f x 4 (x 4 ) 2 = X 4 ^ 0, 


we know that Xi,X 2 ,X 3 are three linearly independent vector fields. Further- 
more, by direct calculation, we obain 


[X u X 2 ] = 2X 3 , [X 2 ,X 3 ] = 2X U [X 3 , X x ] = 2X 2 . 

Now we suppose that there is such a submersion x : S 3 — * JR 2 . Then, 
x* : T p (S 3 ) - T t(p) ( 1R 2 ) is a surjection for every point p E S 3 . Thus, we may 
assume that, for example, x,X 2 ,x*X 3 are linearly independent, and x*Xi = 
ax»X 2 + 6 x*X 3 at p. Then, on the one hand, 

[x.Xj.x^] = b[x*X 3 ,x*X 2 ] = fex*[X 3 ,X 2 ] 

= -26x»Xi = -2a6x,X 2 - 2 6 2 x,X 3 ; 


on the other hand, 


[x.Zi, x,X 2 ] = x* [Xi, X 2 ] = 2x*X 3 . 


Therefore, 

x*X 3 = — a6x«X 2 - 6 2 x*X 3 

from which we get ab = 0 and —b 2 = 1. Similarly, from [X 3 ,Xi] = 2X 2 we 
can deduce that — a 2 = 1 and ab — 0. They are all contradictory. So, there is 
no submersion from S 3 into M 2 . 
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3304 


Let M n and N k be Riemannian manifolds. Then M x N is naturally a 
Riemannian manifold with the product metric. If x\, ■ • • , x n are local coordi- 
nates on M and yi,---,yic are local coordinates on N, the product metric in 
local coordinates (x\, ••• ,x„, yi, , y*) looks hke 

g.i(s) 1 0 A 

0 I 9 Pq (y) ) ' 



i) Let X be a vector field on M x N “along” M (i.e., in local coordinates no 
y p and are present) and Y be a vector field along N. Show that DxY = 0. 

ii) Show that at z £ M x N, some sectional curvatures always vanish, (e.g., 
product manifolds in the product metric never have strictly positive curvature.) 

( Indiana ) 

Solution. 

i) Using the properties of the Riemannian connection on M x N, we only 
need to verify D e = 0. In fact, observing that the inverse matrix of g is 
of the form 

_i _ ( g‘ J (s) 0 
9 \ 0 | g™(y) 

and the first class of Christoftel symbols of M x N satisfy 


l ip,h — 


1 (dg ih dg ph _ dgjp 


2 \dy p 


dgir_ 

dy P 


dx t 

dg P r 

dxt 


dx] 

dgip 

dx r 


we easily conclude that 

D i& 7 dyp = E^p a^7 + E r h> 


= 0, 


= 0, 


dy q 


“E^^+E^^o. 


i.ft 


dy q 


Obviously, we also have D g|- = 0. 

ii) By the definition of the curvature operator, using the result of i), we 
have 


dxi ’ dy p ) dy h 


a hr-.i r- = * Ur- hr = °- 


d_ d_ 
dx, ’ dy p 


d_ 

dy g 


This means that R = 0, Hence, for arbitrary X along M and Y 

along N, using the C°°(M X lV)-linearity of the curvature operator, we have 


R(X,Y,X,Y) = 0. 
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Therefore, the sectioned curvature determined by X and Y always vanishes. 
Obviously, here X may involve y p , and Y may involve X{. 


3305 

Let F : M — * N be smooth, X and Y be smooth vector fields on M and 
N, respectively, and assume F t X = Y ; that is, that 

F. p (X(p)) = Y(F(p)) for pGM. 

a) Let w be a smooth 1-form on N. Define the Lie derivative Lyw of w 
with respect to Y. (If you use local coordinates, you must verify independence 
of choice of coordinates.) 

b) Prove that 

,F*(Lyw) = Lx(F*w). 

c) Let Z be a smooth vector field on M such that F*Z = W. where W is 
a smooth vector field on N. Show that LyW = F t (LxZ). 

( Indiana ) 

Solution. 

a) Lyw is defined by Lyw = d(Y [cj) +Y [dui , where the symbol denotes 
the interior product of a vector field with a form, for example, if 0 is a p-form, 
then y|fl is a (p- l)-form defined by 


(Y [n)(Y u • • • , y,_o - fl(y, n, • • • , y p _ x ). 


Thus, Lyw is a well-defined 1-form on N. 

b) Let Z be a smooth vector field on M such that F*Z = W, where W is 
a smooth vector field on N. Then we have 

F*(Lyu)(Z) = (.T(d(y|w) + y|dw))(Z) 

= (dF*(yi«))(z) + (F*(yLcL;))(y) 

= i.dF*(w(Y)))(Z) + (Y[du>){F t Z) 

= (do>(F*X))(Z) + du(F*X,F*Z) 

= (d(F*w)(X))(Z) + ( F*dv)(X , Z) 

= (d(X[F*u))(Z) + dF*u{X,Z) 

= (d(X L^’w) + X | dF*u>)(Z) 

= (L x F*v)(Z). 
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c) Noticing that L Y W = [Y,W] and [F.X,F t Z] = F*[X,Z ], we imme- 
diately obtain LyW = F*(LxZ)- 


3306 


Let r, 0, z be the usual cylindrical coordinates in 2R 3 . Let 
w = [2 rz sin 0+Zz 2 r cos 0+5 r 2 sin 2 0\d0+[—2r cos 0+6 zr sin 6)dz+[Azr 2 sin 0\dr. 
Let the curve 7 be given in rectangular coordinates by 

7 (t) = (x(t), y(t),z(t)) = (cos t, sin t, 4 sin 5 1 + sin 2 1 cos 8 1), 0 < t < 2ir. 

Evaluate f r w. 

{Indiana) 

Solution. 

Let a function / be defined by 

f(r, 0,z) = — 2r2: cos0 + Zz 2 rsm.0, (r, 0, z) G 2R 3 . 

Then / is a C°° function in M 3 and we have 

df = [2rz sin 0+Zz 2 r cos 0]d0+[—2r cos 0+5 zr sin 0\dz+[—2z cos 0+Zz 2 sin 0]dr. 

It is easy to see that / 1 7 is also a C°° function, and by the invariance of the 
form of first order differentiation, the above expression of df is an exact 1-form 
on the closed curve 7. Noticing that 7 is a closed curve, we have, by using the 
Stokes’ theorem, 


j w = J (u> — df) — J 5r 2 sin 2 OdJ0 + {Azr 2 sin 0 + 2z cos 0 — 3z 2 sin 0)dr 
Without loss of generality, we may assume 0 < 0 < 2w and r — 1. Then 
J^ = J 2 J 5 sin 2 0dO = 5 1 ~ C ° s28 dO = 5*. 


2 
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3307 


Let M be a C°° Riemannian manifold. Assume the theorem that there is 
a unique C°° mapping V : X(M) x X(M) — > X(M) denoted by V : (A, Y) — > 
which has the following linearity properties: For all /,j 6 C°°(M) and 
X, X ', Y, Y' G A’(ilf), we have 


VfX+gX'Y 

Vx(fY + gY') 

[X,Y] 

X(Y,Y') 


= f(VxY) + g(V X 'Y), 

= fV X Y + gVxY' + (Xf)Y + (Xg)Y', 
= VxY-VyX, 

= {V x Y,Y') + {Y,VxY'). 


a) Suppose a : [a, 6] — » M is a smooth curve. Define what it means for a 
vector field Y on a to be parallel along a. Derive the differential equations 
that must be satisfied if Y is parallel along a. 

b) Let X,Y G X(M). Let p G M and let a : [0, 6] — » M be an integral 
curve of X such that a(0) = p, da/dt = X(a(t)). Show that 


(VxY)(p) = £[P~l t Y(a(t))] t= o, 

where P a -,o,t ■ Ta( o)M — * T a ( t )M is the parallel transport along a. 

( Indiana ) 

Solution. 

a) As known, thus defined mapping V is the Riemannian connection. Using 
the properties of V, we can prove that V ^Y is completely determined by a(t) 
and Y(a(t)). So VdaF is well-defined for every vector field along a. 

Now we give a definition that a vector field Y on a is parallel along a, if 
and only if Via. Y = 0, W G [a, &]. In order to derive the differential equations, 
we choose a coordinate neighborhood with local coordinates {ai‘}. Then 


da ■ » 

17 = 2^ 


&»•'(*) d 
dt dx * 




d _ r. d 


Denoting 
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we have, by the properties of V, 


= E 

3 

= E 




dYi{t) d 
dt dx* 

3 


9 




Therefore, the desired differential equations are 

'”“'- + E(rt-»<»)^'«) = o. vt. 


dt 


b) Choose a basis {ei, • ■ • , e„} of T p (M), where n = dim M . Let 

e,-(t) = Pa;0,t(ei)- 


Since P Q;0 ,t is a parallel isomorphism for every t, then (ei(t), • • ■ , e n (t)} is a 
basis of T a ( t )(M). Hence we can denote 

Y(a(t)) = XV(f)e,(f). 

* 

Then, by the properties of the connection V and by the fact that e,(t) is 
parallel along a(f), i— 1, - - • , n, we immediately have 

(V X Y)( P ) = v fe(0) r = £ 


On the other hand, because 


p a -A<n = <?(*) 


is equivalent to 


we can write 


e « — 

P„";0, t (^(«W)) = E y, W e *- 
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Therefore, 

^[Palt(YWtMt=0 = E^(°) e * = (VxY)(p). 

* 


3308 


Let M be a Riemannian manifold with the property that given any two 
points p,q £ M the parallel transport of a vector from T p M to T q M is in- 
dependent of the curve joining p and q. Prove that the curvature of M is 
identically zero, i.e., R(X,Y)Z = 0 for all X,Y,Z £ X{M). 

(Indiana) 

Solution. 

For an arbitrary point p £ M, take a coordinate neighborhood D of p with 
local coordinates x 1 ,-- ■ ,x n . Let 

Vpi = 

i 


be n linearly independent vectors in T p M . Using the hypothesis that the 
parallel transport of a vector from T p M to T q M is independent of the curve 
joining p and q , then for q £ D, we can transport every V P i from T P M to 
T q M. Thus, we can define n linearly independent vector fields V\, 
in D. Obviously, all Vi’s are well-defined, and if we transport along special 
coordinate curves, then 


° = v * f » = E P + EW-)) £<*> E-ibMsrM. 

k \ I / k 


namely 

v h,j( x ) = 0 i,j,k -!,■■■ ,n. 

Now, by the Ricci identity, we have 

vkjmi*) - A mj (x) = = °- 

I 


Noting the linear independence of Vi’s, we immediately have, in D, 


Rjj m = Q k,l,j,m— 1, 


i.e., the curvature of M is identically zero. 
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3309 

Let M be an n-dimensional Riemannian manifold. Suppose there are 
n orthonormal vector fields Xi, , X n that commute with each other (i.e., 
[X,-, Xj] = 0; i, j = 1, • • • , n), show that the sectional curvature of M is identi- 
cally zero. 

{Indiana) 

Solution. 

Set 

Vx i X j = ^ijXk. 

k 

Then, from (X,-,Xj) = Sij it follows that 

(V Xk X i ,X j ) + (X i ,V Xk X j ) = 0, 

i.e., r{. + r* fc . = 0; i,j, k = 1, • • • , n. On the other hand, from [Xj , Xj] — 0 it 
follows that 

V Xi Xj - V Xj Xi = [X i ,X j ] = 0, 

i.e., T*- - = 0; i,j,k — l,---,n. Namely, the Christoffel symbols ify’s 

are antisymmetric with respect to k, j, and symmetric with respect to i,j. 
Therefore, 

— pi _ _pi _ p» _ p< _ _pfc _ _p* 

L ij~ L ik~ L ki~ L kj- L jk- L jt~ L ij > 

which means rjj- = 0; i, j, k = 1, • • • , n. Hence the sectional curvature of M is 
identically zero. 


3310 


Let X be a smooth vector field on a Riemannian manifold M. The diver- 
gence of X, denoted by div(X), is defined by the function trace (VX). 
i) If M is closed (i.e., compact without boundary), show that 


Jm 


div(X)dv = 0. 


ii) If M is compact with boundary dM, show that 
/ div(X)dr) = [ (X, N)ds, 

Jm J dM 
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where N is the outer normal vector field of dM . 

Hint. Consider w G A X (M) defined by w(T) = (X,Y), and try to use the 
Stokes’ Theorem. 

( Indiana ) 

Solution. 

In fact, this problem is the famous Green theorem. The outline of the proof 
is as follows. 

Firstly, one can show that, for example, by means of the normal coordinate 
system about p £ M, thus defined div(X) satisfies div(X)f2jv/ = d(i(X)UM), 
where Om is the volume form of M and i( ) is the interior product operator. 

Next, for p £ dM, choose an oriented orthonomal frame field about p 
{ei, • ■ • , e„} such that, at p, ei = N p . Let {to 1 , - • • , w”} be the dual frame field 
of {ei, • • • , e„}. Then the volume elements of M and dM are respectively 

dv — Om(p) = w 1 A • • • A w“, ds = fiaAf(p) =w 2 A---Aw". 

Observing that, at p, 

i(X) fi m = i^A-Aw") 

= u 1 (X)u 2 A • • • A w" + (terms involve w 1 ) 

= (X, N)Qom + (terms involve w 1 ), 

and along dM lo 1 ~ 0, one can obtain, by Stokes’ theorem, 

/ div(X)du= f d(i(X)Sl M )= f ( X,N)£l dM = [ (X,N)ds. 

Jm Jm JdM JdM 

If M is compact without boundary, the right hand side of the above formula 
vanishes naturally. 


3311 

Let w 1 , ■■ ■ ,w k be one-forms. Show that {ro’}*-! are linearly independent 
if and only if u> x A w 2 A • • • A w k ^ 0. 

( Indiana ) 

Solution. 

Let to 1 , • • • , w k be defined on an n-dimensional manifold with n > k. 
Suppose to 1 A • ■ ■ A to* ^ 0. If w 1 ,---,w k cure linearly dependent, then 
without loss of generality, we may suppose that 

w k = a\ to 1 + ■ ■ • + ajt_ito* 1 
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with suitable functions <*i, • • • , a*_i. Thus we have 

w 1 A • • • A w k — w 1 A • • • A w k_1 A (aito 1 + 1- ajfc_iu; fc_1 ) = 0, 

which contradicts the above hypothesis. 

On the contrary, if to 1 , • • • , w k are linearly independent, then we can extend 
them to a basis {w 1 , • • • ,w k , w k+1 , • • • ,w n }. Thus 

w 1 A • • • A w k A w k+1 A • ■ • A w k / 0 

implies that 

w 1 A • • • A w k 0. 


3312 

Let M be a Riemannian manifold. Let p £ M. 

(a) Show that there exists <5 > 0 such that 

expp : B«(0) C T p M -» M 
is a diffeomorphism onto its image. 

(b) Show that there exists £ > 0 such that exp p (S £ (0)) is a convex set. 
Hint, let d(x) = distance from x to p. Show that d 2 is convex in a neigh- 
borhood of p. 

( Indiana ) 

Solution. 

(a) This is just the existence of the normal neighborhood of p. Use the fact 
that d exp p is nonsingular at p, and then the implicit function theorem. 

(b) The existence of convex neighborhoods is a classic result due to J. H. 
C. Whitehead. Refer to every standard textbook on differential geometry. 


3313 


Let 



: a,b,c,d 6 1R, ad — be = 


*}■ 


Show that 

(i) A is a differentiable manifold. 
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(ii) A is a Lie group with the standard matrix multiplication as a product. 

( Indiana ) 

Solution. 

Define a map F : Gl(2,M) GI(1,1R) by F{X) = detX. Then F is a 

smooth homomorphism between Lie groups, and the rank of F is constant. 
Therefore, the kernel of F 


kevF = F-'il) = A 

is a closed regular submanifold of Gl( 2, 1R) and thus a Lie group. 


3314 


(a) Let / be a smooth function on a Riemannian manifold M. Let grad / 
be the vector field defined by the equation 

(grad/, v) p = d p fv, v € T P M. 

Let (x 1 , • ■ ■ , x n ) be local coordinates around p. Find the expression for gradf 
in terms of x 1 , • • • ,x n . 

(b) For a vector field X define the divergence of X, div(Jf) as the trace 
of the operator Y — ► DyX where D is the Levi-Civita connection. Find the 
expression for the divergence of X in a local coordinate system (a; 1 , • • • , x n ). 

(c) Use (a) and (b) to find the expression for the Laplacian A in local coor- 
dinates, where A acting on a smooth function / is defined by A / = div(V/). 

( Indiana ) 

Solution. 

For convenience, we omit the suffix p. 

(a) Let 

grad/ = ■£ o' A 

Then, from 

< grad/ ’ a? 1 = = * (a?) = |? 


= £ 7 * 


1L 

dx k 


it follows that 
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Thus, 


(b) Denote 




x =Z x ‘£- 


Then, by the definition of divergence, we have 


div(x) = !>**, = E + E r U‘) ■ 


(c) 


Af = div(grad/) = E 

= IV 


— \ i V'r*' n kl d * 

dxi \^ 9 dx k ) + 2^> Tki9 fix} 


k,I 


dx l 


dx'dx k 


E r ^ 


dx m 


3315 

Let M be a compact connected Riemannian manifold without boundary. 
Let / be a smooth function satisfying Af — 0. Show that / = const. 

Hint. Use the definitions in Problem to show that div(/V/) = ]V/| 2 + /A/. 

(Indiana) 

Solution. 

For any function /, by straight calculation, we have 
div(/V/) - |V/| 2 + /A/. 

Now, noticing the hypothesis of this problem, by Green’s theorem we have 

[ |V/| 2 du = 0, 

Jm 


which implies df = 0 everywhere, that is, / = const. 
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3316 

Suppose F : M — * N is a smooth map between differentiable manifolds, and 
is homotopically trivial. Show that in this case, F*u> will be exact whenever 
w is a closed 1-form on N. (Note: F is homotopically trivial if it extends to a 
smooth mapping F : M x [0, 1] — » N such that F(x, 0) = F(x), for all x £ M , 
while F(x, 1 ) = q £ N (q constant) for all x.) 

( Indiana ) 

Solution. 

Consider the map G : M — ► {g} and the inclusion i : {g} — > N. Then the 
map F : M — > N is homotopic to the composition ioG. Furthermore, we know 
that F* and (i o G)* = G* o i* induce the same homomorphism 

F** ={i o G)** : H 1 (N, d) -> H 1 (M, d ). 

Since i*{Z 1 {N,d)) C Z l ({q),d) = 0, the induced homomorphism F ** = (io 
(?)** is a zero homomorphism, i.e., F*(H 1 (N,d}) = 0. In other words, for 
every u; € Z l (N,d), F*u> € B 1 (M, d), namely, F*u) is exact. 


3317 

Regard 2R 9 as the space of all 3 x 3 matrices with real entries. Does the 
subset 

E = {A£ M 9 : det(j4) = 0} 
form a smooth submanifold of 2R 9 ? 

( Indiana ) 

Solution. 

Observe that {A £ 1R 9 : rank.A < 1), the union of all axis in M 9 , is 
closed. Then M := 1R 9 \{A 6 M 9 : rankA < 1} is an open submanifold of 
1R 9 . Define a map F : M ^ 1R 1 by F(A) = det(A), A € M. Noting that 
dF = (An, A12, A13 , A 2 i,A 2 2, A 2 3 , A 3 i, A 32 , A 33 ) where Aij is the algebraic 
complement of the corresponding entry a,-y of A, we see that rank dF = 1 
on M. Therefore, F~ 1 (Q) = {A £ JR 9 : det(A) = 0} is a closed regular 
submanifold of M. Hence, it is also a submanifold of JR 9 . 
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3318 


Let 


w = x x dx 2 A dx 3 A dx 4 + x 2 dx x A dx 3 A dx 4 + x 3 dx x A dx 2 A dx 4 . 


Compute / s j,w, where 5 3 = {x € Ft 4 ■ |x| = 1}, oriented as the boundary of 
the unit ball (assume standard orientation on 2 R 4 ). 

(Indiana) 

Solution. 

Denote D 4 = {i£ JR 4 : |x| < 1}. Then, by the Stokes theorem we have 


/ u = / w = / 
Js a ■/aiM Ad 4 


du> 


- L 


(dx 1 A dx 2 A dx 3 A dx 4 + dx 2 A dx 1 A dx 3 A dx 4 
+dx 3 A dxi A dx 2 A dx 4 ) 

f 7r 2 

/ dxi Adx 2 Adx 3 Adx 4 = vol(D 4 ) = — . 

JD* 2 


3319 


Prove that 

j(x:,x 2 ,X3,x 4 ):rank(( ** )) = l} 

is a three-dimensional submanifold of M 4 . 

Solution. 

Define a map F from JR 4 \{(0, 0, 0, 0)} into 1R 1 by 


(Indiana) 


F(x x ,x 2 ,x 3 , x 4 ) = Xl X2 = X 1 X 4 - x 2 x 3 . 

| x 3 x 4 | 

Then F is a C°° map with (x 4 — x 3 — x 2 x x ) as its Jacobi matrix which has 
constant rank 1 on JR^KO, 0, 0, 0)}. Thus 

F- 1 ( 0 ) = |(x 1 ,x 2 ,x 3 ,x 4 ):rank^ ^ )) = l} 
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is a regular submanifold of 1R 4 \{(0, 0, 0, 0)} with dimension 3. Noting that 
JR 4 \{(0, 0,0, 0)} is an open submanifold of M 4 , we see that 

£ )) = l} 

is also a three-dimensional submanifold of 2R 4 . 


3320 

Let vector fields X\,X 2 on M 4 be defined by 

V 9 9 Y 9 ^ 9 

Xl — -Z hXl^ ) X 2 = ~ hX 2 -£ • 

OX 2 OX 3 UXi OX 4 

i) Is there a 2-dimensional submanifold M 2 of 2R 4 such that for each p 6 
M 2 ,X 1 {p),X 2 {p)eT p M 2 ? 

ii) Is there a nonconstant function / in the neighborhood of 0 6 1R 4 such 
that XJ = 0 and X 2 f = 0? 

{Indiana) 

Solution. 

i) No, there is not. The reason is that the bracket [X^X-z) = 
does not satisfy the Frobenius condition. 

ii) Yes, for example, we can set / = x\x 2 — (x 3 + *4). 


3321 


Let M = {(x,2/) : x,y G IR 3 , ||x|| = 1 , ||y|| = 1 , { x,y ) = 0 }. 

i) Show that M is a smooth compact embedded submanifold of 1R 6 and 
explain how M can be identified with the unit tangent bundle of S 2 . 

ii) Show that M is orientable. 

{Indiana) 

Solution. 

i) Identify IR 6 with {(x, y) : x, y € IR 3 } and define a map F : JR 6 — ► 1R 3 by 
F{x,y) = (/1,/2,/a) = (IM| 2 ; ||l/|| 2 , ( x ! y))- 


It is easy to verify that the Jacobi matrix of the C°° map F 

d{fuh,h) 

d{x 1 ,x 2 ,X3,y 1 ,y2,y 3 ) 


2xi 

2x 2 

2*3 

0 

0 

0 

0 

0 

0 

2i/i 

22/2 

22/3 

Vi 

2/2 

2/3 

Xi 

*2 

*3 
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has constant rank three when /i — ||x|| 2 = 1 , f 2 = ||y|| 2 = 1 and / 3 = ( x,y ) = 
0. Therefore, 1,0) — M is a closed embedded submanifold of St 6 . 

Besides, since ||(x,y)|| = (||x|| 2 + ||y|| 2 )i = -\/2 which means M is bounded in 
St 6 , M must be compact. 

Naturally, for every (x,y) G M, if we regard x G S 2 and y G T X (S 2 ) with 
||y|| = 1, then we can identify M with the unit tangent bundle of S 2 . 

ii) Because S 2 is orientable, S 2 has a covering {(U a , <i> a )} of coherently 
oriented coordinate neighborhoods. By using identification of M with the 
unit tangent bundle of S 2 , for every (x,y) G M, x has the local coordinates 
(w*,u 2 ) G U a , and y is uniquely determined by the oriented angle 0 a at x 
from to the unit tangent vector y G T X (S 2 ). Thus, (U„ x I a ,<f>a x ip a ) is 
a coordinate neighborhood of (x, y) G M, where I a = ( 9 a — £, 6 a + e) with e 
being a suitable positive real number and tp a is the map from (x, y) to 6„. 

If (U a x I a ,<j>a x V’a) H (Up x Ip,<f>p x ipp) ^ 0, then the transition function 
has the following Jacobian 


9(Ug,ul,0 a ) 

d(up,u 2 p,0p) 



* 


0 

1 


d(ul,u 2 ) 


which means that {(U a x <p a x ip a )} form a covering of coherently oriented 
neighborhoods. Hence, M is orientable. 


3322 

Let F : M — * N be a local isometry between connected Riemannian mani- 
folds M and N. Show that if M is complete, so is N and F is a covering 
map. 

(Indiana) 

Solution. 

Because F is a local isometry, F(M) is open in N. If y is a limit point of 
F(M) in N, then there is a point x G M such that there exists a geodesic in 
N connecting F(x) and y. The local isometry of F and the completeness of M 
imply that the above geodesic can be uniquely lifted to a geodesic in M starting 
from x, and the image of its end point under F must be y. Therefore, F(M) is 
also closed in N. Thus, the connectedness of N implies that F(M) = N, i.e., 
F is surjective. Besides, since F maps every geodesic of M into a geodesic of 
N, the Hopf-Rinow theorem means that N is complete, too. 

Next, we show that F is a covering map. For every x' G N, take 6 > 0 
so small that exp x , : B'(6) — + B' 6 is a diffeomorphism, where B'(6) = {z/ G 
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T X .(N) : |i/| < £} and B' f = {/ G N : d(y',x') < 6 }. Since Fisa local 
isometry, F~ 1 (x') is discrete. Denote F~ 1 (x') = {*„} C M and set B a ( 6 ) = 
{u g T Xa (M ) : \v\ < 6} and Bf = {y £ M : d(y,x a ) < 6}. Then, we claim 
that B ' 6 is an admissible neighborhood of x' and F is a covering map. 

Firstly, we claim that F~ 1 (B' S ) = (J-®?- I n fact) if z G F~ 1 (B g ), then 

a 

there is a unique geodesic 7 : [0, 1] — > B g such that 7(0) = F(z) and 7(1) = x' . 
Since F is a local isometry, there exists a geodesic 7 : [0, 1] — > M such that 
F(j(t)) = 7 (t), it. Hence ^(7(1)) = x' and 7(1) = x a for some a. Besides, 
L( 7) = L( 7) < 6 means that z = 7(0) e B°, i.e., F~ 1 (B' f ) C (J B° . On the 

other hand, |J B g C F~ 1 (B’ g ) is obvious. Thus the claim is proved. 

Secondly, we say that for any a, F : B g —* B ’ 6 is a diffeomorphism. Since 
M is complete, we have the following commutative diagram 


s%5y Bxsy 

exp* | |ex Px , 

B s -Bj 

and exp Xc> is surjective. Besides, we know that dF. exp x < are diffeomorphisrns. 
Therefore, F o exp Xo = exp x , o dF is a diffeomorphism and hence exp :c > is 
an immersion. So, exp Xa is also a diffeomorphism. Hence F = exp x , o dF o 
(exp x > ) _1 is a diffeomorphism. 

Thirdly, we claim that if a (3, then Bf fl B g =0. Otherwise, if there 
is ^ C: B g (1 B g , then there exist unique geodesics j a , 7/3 connecting z with 
x a , xp respectively. Let 7 be the unique geodesic in B g connecting F(z) and 
x 1 . Because both F : Bf — ► B' s and F : B g — » B' f are isometric, we have 
F(y a ) = 7 = F( 7/3). In other words, 7„, 7/3 are the lifts of 7 through z. The 
uniqueness implies 7 a = jp. In particular, x a = 7a(l) = 7/3(1) = xp, which 
contradicts a ^ (3. 


3323 

Let F : M — * M be an isometry of a Riemannian manifold M. 
i) Show that each component of X = {* 6 M : F(x) = x) is an embedded 
totally geodesic submanifold of M. 
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Hint. Use exponential coordinates. 

ii) Give an example in which the components of X have different dimen- 
sions. 

( Indiana ) 

Solution. 

i) First, we show that X has submanifold structures. For x £ X C M, 
set B(6) = {i/E T X (M ) : \v\ < £} and Bg = {y £ M : d{x,y ) < <5}, where 
<5 is so small that exp x : B(6) —* Bg is a diffeomorphism. Define V = {v £ 
T X (M) : dF{v) = j/}. Thus, V is a subspace of T X (M). Then we claim that 
XnBg = exp x ( V C\B(6)). If this is proved, because exp x (Vfl B(6)) is obviously 
a submanifold of M, we can assert that X has submanifold structures. In 
order to prove the claim, we first assume that y = X D Bg and v £ B(6) 
such that exp x v — y. Let 7 : [0, 1] — ► M be the unique shortest geodesic 
7 (t) = exp x (ti>) connecting a: and y. Since x,y £ X, and F is an isometry, 
F( 7) is also a shortest geodesic connecting F( x) = x and F(y) = y. Thus 
the uniqueness implies F(y) = 7. In peirticular, dF(7(0)) = 7(0), namely, 
dF{v) - v. Therefore, u £ V which means that y £ exp x (F fl B(6)), i.e., 
XDBg C exp x (F n B(6)). On the other hand, suppose that v £ V fl B(6) and 
y = exp x v. Let the geodesic 7 : [0, 1] — * M be defined by 7 (t) = exp x (ti/). 
From dF(v) = v follows ^(7(0)) = 7(0). Then, that F is an isometry implies 
F (7) = 7. In particular, F(y) — ^(7(1)) = 7(1) = y, which means that 
y £ X fl Bg, i.e., exp x (V fl B(6 )) C X fl Bg. 

Next, we show that every geodesic 7 : (a, b) — * X parameterized by ar- 
clength is also a geodesic of M. For any so £ (a, 6), let ((s) be a geodesic 
of M such that ((s 0 ) = j(so), C(«o) = 7( a o)- Since F(C(s 0 )) = C(s 0 ), 
dF(C(so)) = C( s o) and F is an isometry, then F(Q and £ are two geodesics of 
M which satisfy the same initial conditions. Therefore, F(Q = £, i.e., ( lies 
in X. Besides, ( is naturally a geodesic of X. Thus, in a neighborhood of s 0 , 
£ = 7. Because So is arbitrarily chosen. 7 is a geodesic of M . Hence, X is 
totally geodesic. 

ii) Let 

M = {(x, y, z) £ 1R 3 : y > 0, z = 0} U {(*, y, z) £ 1R 3 : x — 0, y < 0}, 

and F be a reflection with respect to the plane z = 0, i.e., F(x,y,z) = 
(. x , y, —z). Then M is a 2-dimensional manifold, F is an isometry, and 

X = {(a;, y, z) £ 1R? : y > 0, z = 0} U {(z, y, z) £ 1R 3 : x = 0, y < 0, z = 0}. 
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3324 

Compute the de Rham cohomology groups of the circle S 1 . Do so directly; 
i.e., without citing the de Rham Theorem. 

( Indiana ) 

Solution. 

since B°(S 1 ,d) = 0 and S 1 is connected, then 

d) = z°(s 1 ,d ) = {/ g c'X'is^m 1 ) | df = o} “ m 1 . 

For H k (S 1 ,d),k > 1, since there are no non-vanishing fc-forms on S 1 , we 
have Z k (S 1 , d) = 0 and hence H k (S 1 ,d) = 0. 

Besides, observe that 

z 1 (s 1 ,d) = c°°(s 1 ,a 1 (s 1 )), B 1 (s\d) = {df\fe c 00 ^ 1 ,® 1 )}. 

Let 8 be the polar coordinate characterizing S 1 . Then ^ is a non- vanishing 
vector field on S 1 . Let dS be its dual non-vanishing 1-form on 5 1 (Caution: 
Here d9 is only a formal symbol, because 0 in usual sense is not a globally 
well-defined function on S 1 ), and it is not exact. For every u> = g{9)d9 E 
C°°(S 1 , A 1 (5 1 )), define a function 

~ Jo 9 ^ ~ (2* Jo 9 ‘ 

Because 0(0) = 0(2ir), 0 is globally well-defined on S 1 . Hence, denoting 

c= hl 

we see that w — Cdd = dO, i.e., w — Cd8 is exact. Therefore, 

H^S^d) = Z 1 (S 1 ,d)/B 1 (S 1 ,d) = {CdO | C G 1R 1 } = JR 1 . 

3325 

Let X denote a submanifold of Euclidean space IE n , and set 

U e X := {x + v : x eX,v E N x X,\v\ < e}, 

B(X,e) := { 2 / G IE n : \y — ar| < e for some x E X}. 
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Show that U e X c B(X,e) for all e. Show that the two are not generally 
equal. (Consider examples of 1-dimensional submanifold in IE 2 .) Can you 
give conditions which imply equality? 

{Indiana) 

Solution. 

Setting y — x + v immediately implies that U e X C B(X, e). 

Let X be an open line segment in IE 2 . Then considering the boundary of 
X, i.e., the end points, can show that U £ X is a proper subset of B(X,e). 

If X has no boundary, e.g., either compact or complete, then U e X = 
B{X,e). 


3326 

Consider a Riemannian manifold ( M,g ). Call a vector field Z on M a 
killing vector field if Z generates a 1-parameter group of isometries of M . 

i) Show- that when Z is Killing, we have Lzg - 0, i.e., 

Z(g(X, Y )) = g{L z X, Y) + g(X , L Z Y) (**) 

for all vector fields X and Y on M. Here L z denotes the Lie derivative along 
Z. 

ii) Show that the expression (**) above is equivalent to 

g(V x Z,Y) = -g(V Y Z,X), 

where V denotes the Levi-Civita connection for ( M,g ). 

( Indiana ) 

Solution. 

In local coordinates (as 1 , • • • , x m ) of ( M,g ), let the 1-parameter group of 

isometries generated by a vector field Z = z ‘ gfr be expressed by 3? = 

»= 1 

^•(a; 1 , ■ • • , x m \t) := »*( x ,t) such that 

m m 

y~' j g i j{x)dx , dx 2 = ^ gu(x)dx k dx 1 , 
i,j = 1 fc,l=l 

where g,j(x) = g (gfr, gfj), and x 1 = x*(a;,t) satisfies 

clix* 

x'ix, 0) = x\ — |t=o= Z*. 



217 


Thus we have 


^ Sz* dx l 

•iW=L»%5 v 

k,l-l 


Differentiating the obtained equality with respect to t and then setting t = 0, 
we obtain 

dgij k , „ dz k _ dz k \ 


E agij k az~ 

\7hS z + 9k ^ +9ik 

k-1 

which can be written as 


dx k " ' Ox*" y,k dxi ) 
9kjZ k + g ik z k - 0 , 


= 0 , 


or equivalently 




~,v^z) = 0 . 

OX * ’ 


From this follows what we desire in ii). 

Noting that the Levi-Civita connection V satisfies 

Z(g(X, Y)) = g(V z X, Y ) + g(X, V Z Y) 

and the Lie derivative satisfies L Z X = [Z, X], we easily obtain (**). 


3327 


Let M 2 be a connected Riemannian manifold and X, Y complete vector 
fields on M. Assume that the flows X t and Y t are isometries of M for all t. 

i) Show that the integral curves of X are curves of constant geodesic cur- 
vature. 

ii) Assume that X and Y are linearly independent at all x G M 2 and that 
their flows commute X t oY, = Y, o X t . Conclude that (X,X), (X, Y) and 
{Y,Y) are constant on M. 

( Indiana ) 

Solution. 

i) For every p € M, take a local coordinate neighborhood about p such 
that the coordinate curves are the integral curves of X and their orthogonal 
trajectories. Namely, we may assume that X = X 1 and g k2 - (gfr, afa) = 
0. Because the flow X t of X for every t is an isometry, the vector field X 
should satisfy the Killing equation X t j + Xjj = 0; i, j = 1,2, or equivalently, 
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Taking i = 1, j = 2, we obtain = 0, i.e., X 1 — X 1 (x 1 ). Now, make the 

following coordinate transformation 


* 1 = J 


XH* 1 )’ 


dfx 1 ,! 2 ) 

d(x x ,x 2 ) 


t 0. 


If we still adopt the original notations, then the vector field X = g|j-. Hence 
from the corresponding killing equation, taking i = j = 1 and i = j = 2, we 


obtain 


dgn _ n dg22 _ „ 

a* 1 _ u> a® 1 _ ’ 


which means that the metric of M 2 about p can be written as 


ds 2 = grj^x 2 )^® 1 ) 2 + g 22 {x 2 )(dx 2 ) 2 . 


Then, using the Liouville formula, we can compute the geodesic curvature of 
the x ^coordinate curve as follows: 




1 dlnffi: 


de 

ds 2 y/g^ dx 2 
1 Minfin 


1 a In g 22 . 
cos 0 + n a 1 sin 6 

2 v'gu dx 1 


2y/ff22 dx 2 


= L(x 2 


where 0 = 0. Therefore, along every integral curve of X, = 0, i.e., k g = 
const. 

ii) Analogously, about p , take the integral curves of X and Y as the x 1 
and x 2 coordinate curves, respectively. Then, we have locally X = X 1 -^, 
Y — y 2 g Because their flows are commutative Xt oY, — Y, o X t , that is 


equivalent to 


[X,Y\-X dxl g x2 Y dx 2 dx l U ’ 


= 0 . 


we immediately have 

dY 2 _ dX 1 
dx 1 ’ dx 2 

Therefore, we can make a suitable coordinate transformation and then, if 
adopting the original notations, X = g|r, Y = Again, by the corre- 

sponding Killing equations, we can obtain = 0; i,j,k — 1,2, i.e., all gij's 
are constants. Noting the expressions of X and Y, we obtain 


{X,X) = gu = const, (X,Y) = g 12 - const, (Y,Y) = g 22 = const. 
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3328 

Let M be a compact Riemannian manifold without boundary. For any 
/ 6 C°°(M), define V/ € X{M) and A / 6 C°°(M) as follows: 

At any p 6 M, choose an orthonormal frame field {ei, • • • , e„} around p 
and then define 

(V/)(p) = J>/)(e,) and (A/)(p) = - J>(e</) - (V ei e,-)/]. 

Verify first that V/ and A/ are well defined (i.e., they do not depend on the 
choice of orthonormal frame) and then show that 

J fAf = /||V/|| 2 . 

(Indiana) 

Solution. 

Let {e£, be another orthonormal frame field around p. Then we 

may suppose that 

e i = ^2 a i e j *=l,-",n 
i 

for suitable functions aj, i,j = 1, • • • ,n. Noting 

(ei,ej) =z(e* i ,e* j ) = Sij, 

we have 

i i 

Using these equalities and the properties of Riemannian connection, we can 
easily obtain 

Xfc'/) = 

9 * 

t * 

Hence V/ and A/ are all well defined. 

Using the definition of the Laplacian here, through direct claculation, we 
have div(/V/) = ||V/|| 2 - /A/. Then Green’s theorem implies 

J /A/ = J ||V/|| 2 . 
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3329 


Let p(x i,x 2 , x 3 , x 4 ) = (x 2 + x\)(x\ + * 4 ) and q(x 1 , x 2 , x 3 , x 4 ) = x\ + x 2 + 
x\ + x\. Define 


S a , b = {a; € JR 4 | p(x) — a and q(x) = b}. 


For what a,b> 0, is S a ,b a manifold? Explain. 

( Indiana ) 

Solution. 

Denote a = x\ + x\ and /3 = x\ + x\. Then a/3 = a and a + (3 = b 
means that a and /3 are two roots of the equation A 2 — bX + a — 0. Therefore, 
b 2 — 4a > 0 is the prerequisite condition. 

1. If a — b = 0, then xi = x 2 = x 3 = x 4 = 0. Thus 5o,o is a 0-dimensional 
manifold. 

2. If a = 0, b ^ 0, then 

S 0 ,b = {x 6 2 R 4 | xi = x 2 = 0 , x\ + x\ = b or x\ + x\ = b, x 3 = x 4 = 0 }. 


Using the theorem of closed regular submanifolds proved by rank theorem, we 
can easily show that So,b is a 1 -dimensional submanifold of M 4 . 

3. If a 0, b 0, then when b 2 — 4a > 0 


„ 1 m4 1 ■> 7 b + y/b 2 — 4a 

S a , b = {16 M 4 a 2 + xl = 


x 3 + x 4 = 


b — y/b 2 — 4 a 


, 2 b — y/b 2 — 4a 2 2 1> + y/b 2 — 4 a 

or x x +x 2 = , x 3 + x 4 = 


and when b 2 — 4a — 0 

S a , b = {* € 1R 4 | x 2 + x\ = x\ + x\ = 

Analogously, we can show that they are all 2-dimensional submanifolds of St 4 . 


3330 

Let F : M — + N be a C°° map between two C°° manifolds. Assume that 
F is onto. Let AT be a smooth vector field on M . 

(i) Show by an example that dF(X ) may not be a vector field on N. 
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(ii) Suppose Y — dF(X) is a smooth vector field on N. Show that F takes 
integral curves of X into integral curves of Y. 

(iii) Suppose Xi, Yi, and X2, Y 2 are related as X and Y in (ii) above. Show 
that dF([X 1 ,X 2 }) = [Y U Y 2 ]. 

(Indiana) 

Solution. 

(i) Let M = {(®,y) : x,y £ St}, N - {x : x E St}, X = (x 2 + y 2 )^, 
and F : M N be defined by F(x,y) = x. Then, if y± 7^ y 2 , we have 
dF(X(x,y 1 )) / dF(X(x,y 2 )). Therefore, as a vector field, dF(X ) is not well 
defined in every point of N. 

(ii) Let a(s) be an arbitrary integral curve of X. Then, along a, we have 
do. (£■) = X. Hence, 

d(F o a) = (dF o da) (J-'j = dF(X) = Y, 

which means that F takes integral curves of X into integral curves of Y. 

(iii) Using local coordinates, by direct computation, one will obtain the 
desired equality. 


3331 


Let M n be a Riemannian manifold. Show that whenever / : M — ► St is a 
smooth function, there is a unique vector field V/ (called the gradient of / on 
M) such that 

<V/(p),7«> = 

whenever 7 is a smooth curve in M with 7 (t) — p. 

(Indiana) 

Solution. 

Let (e 1 , • • • , x n ) be the local coordinates about p and set p ■ (so."’.*?)- 
If j(t) is the i-th coordinate curve that passes p, i.e., 7 (t) has the following 
expression 

x' =t, x j = x J 0 (j ^ i), 


(V/(p),7(<)) = |/(7(*)) = 


then, by 
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we have the expression 


V/(p) = 



d 

dxi ’ 


where gr* J ’s are the components of the matrix = [(gfr, gfj-}] -1 . It is 

easy to verify that the above expression of V/(p) is independent of the choice 
of local coordinates. 


3332 


The space JR" X " of n x n real matrices forms an n 2 dimensional Euclidean 
space, in which the dot product between A = [a,j] and B = [6,j] is given by 

{A,B) ■■='jrY j a ij b ij . 

i=i j= 1 

Let S" -1 be the unit sphere in JR", and define cr : S" -1 — ► JR"*" as the map 
sending x = (®i, • • • , x n ) in S" -1 to the symmetric matrix cr(x) = A-[xiXj]. 

i) Show that cr maps S" -1 into the sphere of radius centered at the 
origin in JR nx ". 

ii) Prove that cr is a local isometry (i.e., the pull-back via cr of the dotpro- 
duct metric defined above on JR nxn is the standard one on S'" -1 ). 

( Indiana ) 

Solution. 

i) Let x = (*i, ■ • • , x„ ) 6 S" -1 . Then J2 x i = 1- Hence 


(<r(x),<r(x)) = | ^ x?x] = 
i,j = 1 

which means that cr(x) is on the sphere of radius centered at the origin in 
JR nxn . 

ii) Let i : S" -1 — » JR" be the standard inclusion map, and r : JR" — + JR" X " 
be defined by (*i, • • • , x n ) — * = -^[xiXj], Suppose that 


= Tv i ^~, w = 

< dxi A-j fix} 


dx‘ 
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belong to T X (S" 1 ). Then we have 

n n 

^2, ii) * * v ' x i — ^2/ wtx ' ~ 


Therefore 


Hence we have 


dcr(y) — dr o di ( V'' v k — — 

\tl dxk 

_ Y' k d Vii 9 

i,&Li dxk dy '> 


1 , n ^ n ^ 

(da-(v),dcr(w)) = - ^ (v'xj + v*Xi)(w'xj + w*Xi) = ^ v'w' = (v, w). 


•J= i 


3333 


Let M be the Riemannian manifold obtained by equipping JR" with a 
metric conformal to its usual one; i.e., a metric of the form = e 2 ^[<5,j], 
where / : JR" — > JR is a smooth function, and 6ij is the Kronecker delta. Let 
e, = denote the standard coordinate basis vector fields, 
i) Show that for arbitrary indices i,j, k £ {1, 2, • • • , n} 


ii) Show that when n = 2, the sectional curvature of M along an ei,e 2 

plane at p is given by 


_e- 2 /(p) 


\9* 2 dx\) 


( P )■ 


( Indiana ) 
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Solution. 

i) Set 

n 

Ve i e i =S r ';«,’ 

J=1 

From gij = e 2 ^6ij it follows that 


( S7 e . ej ,e k ) 



1 / dgj ft _ dgti dg ik \ 

2 V dxi dx k dxj ) 


'{die _df, 

* h dxk ,J 


, df 
+ d^ hi 


ii) The sectional curvature of M along an e!,e 2 plane at p is just the Gauss 
curvature of M at p. Noting that E = G = e 2 f , F = 0, from the Gauss 
equation we obtain 


K(p) = - 


1 

Veg 




Vchc^ dx\ 


0 


(P). 


3334 

Let X, y be complete vector fields on a manifold M and let X t , Y t be the 
flows induced by them. 

i) Show that X, o Y t = Y t o X, for all s, t £ St implies [X, T] = 0. 

ii) Prove the converse to i). 

{Indiana) 

Solution. 

Observe that for a diffeomorphism F : M — ► M, the complete vector field 
Y is F-in variant, i.e., F*Y = Y , if and only if F o Y t = Y t o F, V< G JR. 

i) Suppose that X, o Y t — Y t o X, for all s,t £ JR. Since X, is a diffeomor- 
phism for each s, then Y is X, -invariant. Thus 

[X, Y] = L X Y = Jim ^[Y - X„Y] = 0. 


ii) Now suppose that [X, T] = 0. Then 

o = x„[x,y] = [x,*x,x,»y] = [x,x„r] = l x (x..y). 
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Hence for each p £ M and any / G C°°(p), we have 

0 = (Lx{X,.Y))J = Vnn a ±-\iX,,Y),f -<X±,.IX,.Y). V S\ 

= to 0 - (X<.+*.).Y),f] = - i( X »Y)pf 

for all s G 1R. Therefore, 

( X.*Y) p f = (X 0 *Y) p f = Y p f. 

Since / is arbitrary, we obtain X,*Y = Y, namely, Y is X, invariant. Hence 
X s oY t = Y t o X, for all s,t G JR. 


3335 

If <t> : Gi — ► G 2 is a Lie group homomorhism, show that for all v G LG\, 
we have 

4>(exp(v)) — exp (<f> t v). 

( Indiana ) 

Solution. 

Note that exp tv, t G JR 1 is a 1-parameter subgroup of G x generated by 
v G LG i. Since <j> is a Lie group homomorphism, then <p(exp tv) is also 
a 1-parameter subgroup of G 2 generated by a suitable w G LGo- namely, 
4>(exp tv) = exptw. 

Let (x 1 , - ■ ■ ,x m ) and (y 1 , • • • , y n ) be local coordinates of G x and G 2 about 
the identities e x and e 2 , respectively. Locally, <j) can be expressed by 

fix 1 , • • • , s m ) = (^(x 1 , • • • , x m ), • • • , • • • , x" 1 )); 

and exp tv and exptw can be denoted by 


and 

(*V(*| • • • , *"(t)), • • • , <f> n (x\t), • • • , x m (t)), 

respectively. Assuming that 


V ep 



We 3 


= E w< 


d 

dy a ' 
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we have 


Therefore, 


d<j>{v ei ) 


dx^t)^ 

w a — 



. dt ) t 

=0 

V dt 

)t = 0 

<f>*v ei = 

m m 

X>‘£i 

i=l a=l 

(d* a ' 

Kdx' j 

\ ~ 

L= x( o) d v a 

EE 

i= 1 a= 1 

©J 

Kdx' j 

} x=x( o)dy a 


y' ( d <l> a \ d _ 

V di ) t = o _ 


Furthermore, by left translation, we have d<f>(v) = w, i.e., <f)*v = w. Hence 
<f>(exptv ) = exp t<j>*w. Taking t — 1 completes the proof. 


3336 

Consider the linearly independent vector fields r and v on U 2R 4 \0 
whose values at x = (*i, x 2 , S3, 2:4) 6 M 4 are given by 

t x : = fa?i, x 2 , *3i *4)1 

v*: = (—*2, *i, — *4> *3) 

a) Is the rank-2 distribution defined by these two vector fields in U com- 
pletely integrable? 

b) Is the rank-2 distribution orthogonal to these two vector fields completely 
integrable? 

( Indiana ) 

Solution. 

a) Direct calculation gives [r, v] = 0. Thus the Frobenius theorem guar- 
antees that the rank-2 distribution defined by r and v in U is completely 
integrable. 

b) Construct the following linear algebraic equations about 2/1, 2/2 >2/3 and 
2/4 

f xiyi + x 2 y 2 + * 32/3 + * 42/4 = 0, 

\ -*22/1 + *12/2 - *42/3 + *32/4 = 0, 
which are equivalent to 


( *1 *2 ^ 


)*( 

2:3 *4 \ 


V *2 *1 / 

V, 2/2 , 

*4 *3 y 

v 2/4 y 
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Because (xi, x 2 , x 3 , * 4 ) € JR 4 \0 = U, without loss of generality, we may 
assume xi 0. Therefore, we obtain 

( yi \ _ -! / *1*3 + x 2 x 4 x x x 4 - x 2 x 3 \ / 1/3 "N 

\ V 2 ) x\ + x\ V *22:3 - *12:4 2:22:4 + 2:12:3 ) \ 2/4 ) ' 

Setting 

(£M~ W o +I|) ) 

and 



respectively, we obtain the following two linearly independent vector fields a 
and (3 which define a rank- 2 distribution orthogonal to the above one and 
whose values at a; are given by 

a = (xi®3 + x 2 2J4) X2X3 — X1X4, -(xl + xl), 0), 

/3 = (xix 2 - 2 : 22 : 3 , x 2 x 4 + 2 : 1 X 3 , 0, -(®i + x|)). 

By a long but straightforward calculation, we have [o:,/3] = —2{x\ + x 2 )v 
which does not belong to the distribution defined by a and /3. Thus the 
Frobenius theorem tells us that this distribution is not completely integrable. 


3337 

Let G be a Riemannian manifold with a global frame-field {e,}"_i. 

a) Show that any connection on G is competely determined by its effect on 
the frame field, i.e., by the vector fields V ei ej, i,j = 1, • • • , n. 

b) Show that when G is a Lie group with a bi-invariant metric ( , ), and 
the frame-field is left-invariant, we characterize the Levi-Civita connection on 
(G, ( , )) by setting, 



for all i,j = 1 , • • • , n. 

( Indiana ) 

Solution. 

a) For arbitrary smooth vector fields X and Y on G, we have 

* = £>'«.. r = -£fa. 

* = 1 *= 1 
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Then, motivated by the properties of connection, we can well define 

V X Y = V£ x , e . | x'e i (y j )-e j + ^ x^Ve.ej. 

i \ i ) i,j = i *ii= i 

Thus defined operator V certainly satisfies all properties of a linear connection 
on G. 

b) For every left invariant vector field X on G, let g(t) denote the unique 
1-parameter subgroup of G such that gr(0) = e, = X e , where e is the unit 
element of G. Noting that g(t) is a geodesic of G and Xg(t ) = we have 

obviously 

V y DX s(t) I -P ( dg{t) \ I _ 

Vx * X dt L=o dt\ dt ) L=o ~ °' 

Besides, because the metric of G is bi-invariant, we know that VxX = 0 is 
valid everywhere. Especially, if X = e< + ej, then V ej + ej (e« + e j ) = 0 implies 
that 

V ei ej + V ej .e, = 0. 

On the other hand, the Levi-Civita connection V satisfies 
V ei ej - V ej .e t - = [e,-, ej]. 


Ve.ey = - [e,-,ey]. 


Thus, we obtain 



Part IV 


Real Analysis 




SECTION 1 

MEASURABLITY AND MEASURE 
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4101 


Let S C [0, 1] be the set defined by the property that x G S if and only if 
in the decimal representation of x the first appearance of the digit 2 precedes 
the first appearance of the digit 3. Prove that S is Lebesgue measurable and 
find its measure. 

{Stanford) 

Solution. 

For any x G [0, 1) there is a unique sequence {pn(®)}^°=i of integers satis- 
fying the following properties 

(1) 0 < p„(*) < 9, (2) Vn, 3m > n : p m (x) < 8 and (3) x = £ 

Then 

S = {1} U {x G [0,1) | Vn,p„(a:) ^ 2 and p„(x) # 3} 

U{x G [0, 1) | 3n,p„(x) = 2, Vi < n,p,(x) ± 2 and pi(x) 3}. 

Let 

A = {x G [0, 1) | Vn,p„(x) ± 2 and p„(x) ^ 3} 

and 


B = {x G [0, 1) | 3 n,p„(x) =2,Vi< n,pi(x) ± 2 and p,(x) ^ 3}. 


Then 


l°°l II fcl fen-l 2 fci fc«_i 4 \ 

[0, 1) V* = IJ (J Yq + ' " + 10" - 1 " + Io» ’ 10 + ’ " + 10" - 1 + 10" j 

n = lit i? £2,3 L 


and 


_ i°°i i i fc n -i ,2 ki fc„_i 6 

U [ l 0 + ’ ' ' + 10"- 1 + 10 “ ’ 10 + “ ' + 10"- 1 + 10 " 

n=lfc i? £2,3 u 

It follows that both A and B are measurable and therefore is S. Since 

m ([o, i)\^) = S Y^r ' 8 ""‘ = 1 
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and 


we have 


m(B) — Y -8" 1 = -, 
10 " 2 

m(S) = m(j4) + m(B) = 


4102 

Define S 1 = M/Z endowed with the natural Lebesgue measure. Consider 
on S 1 the equivalence relation: [x] ~ [y] <=> x — y £ Q, for x,y £ JR and [ ] 
denoting the class in S 1 . For each £ £ S 1 / ~, choose a representative £ £ S 1 , 
and let E C S 1 be the set of these points, i.e., 

E = {l\.tyt,vtes 1 /~}. 

Show that E is not measurable. 

( Stanford ) 

Solution. 

S 1 is an abelian group under the binary operation ([x], [y] ) ^ [x + y] and 
the inverse operation [x] i— * [— a:]. 

For any [x] £ S 1 there is by the construction of E a unique element [y] £ E 
such that x - y £ Q. Then [x] = [t/] + [r], where r £ [0, 1) fl<? is such that 
r = x - y mod Z. So we conclude that S 1 = [J (E + [r]). 

re[o,i)n<? 

If r, s £ [0,1) DQ are such that (E 4- [r]) D (E + [s]) ^ 0 there are H [y] e e 
such that [x] + [r] = [y] + [a]. It follows that x = y mod Q and therefore 
[x] = [y\ by the construction of E. Thus [r] = [a], which then implies that 

r = s since — 1 < r — a < 1. 

It follows that {E + [r] | r £ [0, 1) fl<?} is a partition of S 1 . 

Let m denote the natural Lebesgue measure on S 1 such that m(5 1 ) = 1. 
If E is measurable then 

m ( 51 ) ■ ]C rn ( E + M) = m (^)- 

re[0,l)rv? re[0,l)n<? 

If m(E) = 0 then m(S 1 ) = 0, a contradiction; Otherwise m(S 1 ) = oo, a 
contradiction, too. 
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4103 

Let X be a set and V C V(X), V closed under finite intersection. Denote 
by 7 2 the ring generated by V. Futhermore, let 7r be the smallest system, 
V C 7r C V(X) such that ir is closed under the following operations: 

(i) finite disjoint unions. 

(ii) differences A\B, B C A. 

Prove that 7r = 72. 

(Iowa) 

Solution. 

Obviously, tt C 72. We have 

{A g 72 | AnB e 7T, Bev} = n (l) 

since the former is a ring containing V. Also we have 

{b en\AnB £ir,A£H} = n, ( 2 ) 

since by the equality (1) the former is a ring containing V. By equality (2), 
72- = 7 r since for any A £ 72, A = A fl A. 


4104 

Let fi* be the Lebesgue outer measure on JR and A, B subsets of IR such 
that 

inf{|a; - y\ \ x £ A, y £ B} > 0. 

Prove or disprove that 


fi*(Al)B) = h*(A)+,j,*(B). 


Solution. 

We will show the equality. Let r = d(A, B) > 0. Let 
U = {x£lR\d(x,A)< r -} 


(Iowa) 


and 


V ={x£M\d(x,B)<-}. 
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Then U and V are disjoint open sets containing A and B respectively. We 
have 

/J,*(AUB) = inf{/x(W) | W open, A U B C W} 

= inf{/i(W) | W open, AUB CW CUllV} 

= inf{^(Wx) + fi(W 2 ) | Wi open, A C W x C U,B C W 2 C V} 
*= inf{/i(Wi) | Wi open, A C Wi C U} 

+ inf{/r(W 2 ) | W 2 open, B C W 2 C V} 

= + fi*{B), 

where the equality (1) follows from the following equality 
inf(X + Y) = inf X + inf T, X, Y C JK. 

4105 

a) Consider a measurable space (X, / 1 ) with a finite, positive, finitely addi- 
tive measure fj,. Finite additivity means that whenever {£, } is a finite collec- 
tion of mutually disjoint measurable sets, then ji(UBi) = ^ M-®*)- Prove that 
/j, is countably additive if and only if it satisfies the following condition: 

If A n is a decreasing sequence of sets with empty intersection then 

lim fJ.(A n ) = 0. 

b) Now that suppose X is a locally compact Hausdorff space, that B is the 
Borel cr-algebra, and that fj, is a finite, positive, finitely additive measure on 
B. Suppose moreover that /i is regular, that is for each B £ B, 

H{B) — sup {n(K) | K C B and K is compact}. 

Prove that (j is countably additive. 

(Iowa) 

Solution. 

a) The sufficiency. Let { B n } be countably many measurable sets which are 
mutually disjoint. Let A n = (J Then p) A n = 0. We have 

«=n+l n=l 

J2KBi) + KA„))=f2KBi). 

.»=! / i = l 


lim 
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Therefore p is a measure. The necessity is obvious. 

b) If p is not countably additive, by a) there is a decreasing sequence {A n \ 
of measurable sets with empty intersection such that 

lim n(A n ) = inf p(A n ) > 0. 

n—>oo n 

For each n there is a compact K n contained in A n such that 

/xU„)</i(^n)+^ rT infM^)- 

Then 

p (a„\ f] < f>(* W < ^inf p(4,), 

which implies that 

and therefore 

n + 0 - 

i=i 

Thus { p| K{ | n G W} is a decreasing sequence of nonempty compact subsets 
*=i 

oo 

in the compact space K\. So f] K n ^ 0, which contradicts the fact that 

n=l 

oo 

fl An = 0. 

n = l 


4106 

For / : [0, 1] — ► JR, let E C {x \ f'(x) exists}. If m{E ) = 0, show that 
m(f(E)) = 0. 

( Indiana-Purdue ) 

Solution. 

Denote 

F 1 = {* | z e E, |/'(z)| < M], 

where M is any positive number. It suffices to prove m(f(F)) = 0. Set 
Fn = {x I x e F, I f(y) - f(x) I < M|y - z| if \y-x\< i}. 
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Then 

F i C F 2 c ■■■,m(F„) = 0, 

and 

f(F) CUf(F n ) = limf(F n ). 

For any e > 0, take a sequence {/„,*} of open intervals such that 
F n C Y^ m ( In < k ) < £ ' 

k n k 

For x,y E F n C I n ,k-, we have 

I /(*) - f{y ) I < Mm(I n , k ). 

Therefore 

™W»)) = m* [f (F n n(\Jl n , k 

k 

< M y^m(7 w ,fc) < Me. 

Thus m*(f(F„)) = 0, which implies that m(f(F)) = 0. 

4107 

Suppose A C Mis Lebesgue measurable and assume that 
m(A n (a, &)) < ~~ 2 ~ 

for any a,b 6 M, a <b. Prove that m(A) = 0. 

(Iowa) 

Solution. 

If m(A) ^ 0 there is an n such that m(A fl (n, n + 1)) ^ 0. There is an 
open subset U in (n, n + 1) such that 

A fl (n, n + 1) C U C (n, n + 1) 

and 

m(U) < m(A n (n, n + 1)) + e, 
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where e < m(A (~l (n, n + 1)). 

There are at most countably many disjoint intervals (o,j,&j)’s such that 

U = \J(a j ,b j ). 
j 

Then 

A fl (n,n + 1) = [J A n ( a.j,bj ). 


We have 


m(A fl (n, n + 1)) = m(A f~l ( aj,bj )) 


s £ 


bj ~ a j 


which deduces that 


a contradiction. 


\™{U) < \{m(A 0 (n, n + 1)) + c) 


m(A fl (n, n + 1)) < £, 


4108 

Choose 0 < A < 1 and construct the Cantor set K\ as follows: Remove 
from [0, 1] its middle part of length A; we are left with two intervals Ii and I 2 . 
Remove from each of them their middle parts of lengths A|/,y j, etc. and keep 
doing this ad infinitum. We are left with the set K\. Prove that the set K\ 
has Lebesgue measure zero. 

( Stanford ) 

Solution. 

Claim. For any n E W, the total length of intervals removed in the n-th 
step is A(1 — A)" -1 . 

The claim holds for n = 1. Assume that it holds for any n < k. Then the 
total length of intervals removed in the k + 1-th step is 

A^! — X>(i — A)’-^ =A(1-A)*. 
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By induction the claim holds for any n G IN. 

It follows that the Lebesgue measure of K\ is 

l-f>(i-A ) n-1 = o. 


4109 


Suppose y is a positive Borel measure on IR such that 
(i) /i([0,l]) = 1, and (ii) y(E) = y(x + E) for any Borel set E of IR and 
every x 6 IR. Does this imply that y is the Lebesgue measure? Justify your 
answer. 

(Iowa) 

Solution. 

Yes, y is the Lebesgue measure. For any x € IR define 


f M(0,®]), ® > 0 : 

1 -/*((*> °])> z< 


Then g : M —* IR is nondecreasing and right-continuous. Moreover, for any 
x,y G IR with x < y, y.(x,y ] = g(y) - g(x). It follows that the measure y, is 
induced by g. 

For any x,y € IR, from either 


y(x,x + y] = y(Q,y], y> 0 


or 

y(x + y,x] = y(y, 0], y < 0 

we have 

g(x + y) = g(x) + g(y). 

From the right-continuity of g, we conclude that g(x) = xg( 1). However, 

g ( i) = m((o,i]) = M[o,i])-M{o}) 

= 1- lim M(--,0]) 

n— *oo n 

= 1 - lim (ff(0) -flf(-i)) = 1. 

n— *oo n 

It follows that g(x) = x and therefore fj, is the Lebesgue measure. 
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4110 


Let U be a er-algebra of subsets of a set X and \i n : U — * IR be signed 
measures such that pt(E) = lim p, n (E ) exists for every E £U. Prove that p 
is a signed measure. 

(Iowa) 

Solution. 

Let, for each E 


~m = t 


n = 1 


i w m 

n* l + \p n |(X)' 


Then // is a finite measure and p n ’s are absolutely continuous with respect to 
p. Given any mutually disjoint measurable sets E n ’s, by the Vitali-Hahn-Saks 
Theorem one has 


lim sup 

n->oo m 


Urn U Ek 


= 0. 


Then 


vH / = / 

= Jim^Jim^ ^/x ra + Mm ^ [J -®fc j 

= Jim^ ( 'f^p(E k ) + p m I IJ E k j 

n ~'°° \k = 1 \k=n + 1 / 

= i>m 

k=l 

which shows that pi is a generalized measure and therefore a signed measure. 


4111 

Let A be Lebesgue measure on M. Show that for any Lebesgue measurable 
set E C IR with A (E) = 1, there is a Lebesgue measurable set A C E with 

A(A) = |. 


(Iowa) 
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Solution. 

Define the function / : JR — ► [0, 1] by 

f(x) — X(E n (— oo, as]), x G JR. 

It is continuous by the following inequality 

\f(x)- f(y)\<\x-y\, x,yeM. 

Since lim f{x) = 0 and lim f(x) = 1, there is a point xq E 1R such that 
f{x o) = Put A = E fl (— oo,xq], which is required. 


4112 


Let /i be a complex Borel measure on [0,oo). Show that if 
e~ nx dn{x ) = 0 


s: 


for all n = 0, 1, 2, • • •, then fj, = 0. 

{Iowa) 

Solution. 

Let 

5 = span{e _n:c |neWU{0}} 

then S is a self-adjoint subalgebra of C([0, oo]) separating the points of [0, ooj&. 
It follows from the Stone- Weierstrass Theorem, S is dense in C([0,oo]) under 
the supremum norm topology. Therefore for any / E C([0,oo]), 



= 0 , 


which then implies that y, = 0. 


4113 

Let A C [0, 1] be a measurable set of positive measure. Show that there 
exist two points x' yf x" in A with x' — x" rational. 

( Indiana- Purdue) 

Solution. 

Denote all the rational numbers in [—1, 1] by rq,^, • • • ,r n , ■ ■ -. Denote 
A n = {x + r n \x<E ^4). 

Then m(A n ) = m(A) > 0. A n C [-1, 2]. Thus 
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U A » c I - 1 ’ 2 ]- 

n= 1 

Suppose that ,A n O .A m = 0 if n 7 ^ m. Then 

00 

X] m ( j4 ») < 2]) = 3, 

n=l 

which contradicts m(A) > 0. Therefore there must be some m, n such that 
A n D / 0. Take 2 : £ -4„ f) A m . Then we can find a;', a;" £ .4. such that 

2 = x' + r„ — x" + r m . 


Thus 


x 1 - x" = r m - r n . 


4114 


Let E — | §*-|x,, = 0 or 1 j. Prove that E is Lebesgue measurable with 

Lebesgue measure 0. Also show that E + E = [0, 1]. 

(Iowa) 

Solution. 

Obviously, E C [0, 1). We will show next that 

2 a:i _ , a:„_i + 1\ 


[0 , 1A£ = u{[a + ... + f- + i- + ... + ^i) 

|0 < a;„_i < 1 , n £ 22V j-. 


( 1 ) 


00 

Indeed, for any a: £ [0, 1 )\E, x = ^ §“- (where 0 < x n < 2 and for any n 

n=l 

there is an m>n such that x m < 1 ), there is at least one n such that x n = 2 . 
Let n = min{fe | a;* = 2} then 0 < zi, ■ ■ ■ , x„-i < 1 and therefore 


I xi z n -i 2 zi 

[y + --- + ^rr+3^, y + --- + 

The converse inclusion is obvious. 

By equality (1), E is measurable and since 


z„-i + 1 
3 n— 1 


w\m = ± E jr = E 


n=10<n,-,i»- 1 <l ' 


= 1 , 
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m(E) = 0. Since E C [0, |], E + E C. [0, 1]. For any x 6 [0, 1) say x = ^ §£ 

n= 1 

(where 0 < x n < 2, and for any n, there is an m > n such that x m ^ 2). 
Define 


and 


< = {c’ “„ S =2, S1 ’ 

„ _ / 0, 0 < x n < 1, 


n 6 IE. 


1, x„ — 2, 

oo , oo n 

Then x' = 5% and x " — £ yt belong to E so that x' + x" = x. Obviously, 


>=(£=Wf:i) e * + * 


This completes the proof. 


4115 

Let / : St — * St + be measurable, and let e > 0. Show that there exists 
g : 1R — ► 1R+ measurable such that (i) ||/ - g\\oo < e (ii) for every r £ St, 
\{x | g(x) =r}| = 0. 

( Indiana-Purdue) 

Solution. 

Take |r„} such that 0 < ri < r 2 < ■ • • < r n < • • •, limr n = +oo, r„ +1 — 
r n < e, for all n. Set fi(x) = f(x) + arcctgx, Denote 

E n = {x l r„_ i < /i(x) < r n }. 

Set gi = Yj r nXE n - Then 

gx(x) > arcctgx, ||/i - < e. 

Set g(x ) ~ gi(x) - arcctgx. We have g > 0 and \\f - = \\h - ^Hoo < e. 

For every r £ St, 

{x\g(x)-r} = {x | si (s) - arcctgx = r} 

= ^{x I * € En , arcctgx = r n — r}. 

Since |{x | arcctgx —r n — r}j = 0, |{x ) g{x) = r}| = 0. 
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4116 


Let / be the function on [0, 1] defined as follows f(x) = 0 if x is a point 
on the Cantor ternary set and f(x ) = i if x is in one of the complementary 
intervals of length 3 -p . 

a) Prove that / is measurable. 


b) Evaluate 


f f(x)dx. 
Jo 


Solution. 

Let K denote the Cantor ternary set. Then 

[0, 1]\JC=(J |J (0 • oi • • • Op_il, 0 • ai<i2 • • • a p _i2). 

p>lo f =0,2 


( Stanford ) 


By the definition, we have 




p>lOi=0,2 P 

which then is measurable, and 


^(0* a i ***<*p — i l,0*Oia2***Op — 12) ? 


1/0 p>lo;=0,2^ p= l y 


4117 


Let E be a Lebesgue measurable subset of JR with m(E) < oo and let 
f(x) = m((E + x)DE). 


Show that 

(a) /( x ) is a continuous function on JR. 
b) lim f(x) = 0. 

x-*+oo 

( Illinois ) 

Solution. 

We will show first that for any Lebesgue measurable set E, 
lim m((E + h) fl E) = m(E). 
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If E is of the form A), where (a*, A)’ 8 are finitely many mutually 

disjoint open intervals of finite length, then 

m(E) = - «i) 

<=i 

= lim ^(A A (A + h) — V (a* + h)) 

~ >0 ° i=i 

= lim ^ m((a, , A ) n («• + A A + ft) ) 


= lim m A) H (aj + ft, A + ft) 

< lim m(F n(F + ft)) 
h—o 

< lim m(E C[(E + h)) < m(E). 

h—* 0 


So 

lim m((E + ft) fl E) = m(E). 

h—*0 

If E is a compact set, then there is, for any e > 0, an open set E' of the above 
form such that E C E' and m(E'\E) < e. Let F = E'\E one has 

m(E) < m(E') = lim m((E' + ft) 0 E') 

h~* 0 

= lim m(((F + ft) n E) 0 {{E + ft) n F) u((F + ft) n E) u((F + ft) n F)) 

ft-> 0 

< lim m{{E + ft) n E) + 3e < ES m((E + h)OE) + 3e < m(E) + 3e. 

h —*0 h -*° 

It follows that 

m(E) = lim m((E + ft) fl E). 

h—*0 

In general, there is an increasing sequence { E n } of compact sets such that 
E n C E and 

lim m(E n ) = m(E). 

Then 

m(E) - lim m(E n ) = lim^ lim m((E„ + h) n E n ) 

< lim lim m({E + ft) ft E) = lim m((E + ft) PI E). 

«->oo h _ 0 



245 


So 


lim m((E + h)C\E) = m(E). 


(a) For any y,x £ 1 R 


l/(y)-/(*)l = 
< 


M((£ + y)\( E + *)) n£)- m((E + x)\(E + 2 /))| 
m((E + y)\(E + x)) + M((E + x)\(E + y)) 
m(E + (y- x)\E) + m(E + (x - y)\E) 
m(E) - m(E + (y - x)) n E) + m(E) 

—m((E + (x - y)) D E) — ► 0, as y —> x. 


(b) If E is compact, then there is an r > 0 such that for any x > r, 
(x + E) fl E = 0. The claim follows. 

In general there is an increasing sequence {E n } of compact sets such that 
E n C E and lim m(E n ) = m(E). Then 

n—*o o 

lim m((E + x)fl£) 

x — >+oo 

= lim m((E + x) D E) - m((E n + x) 0 E n ) + m((E n + x) fl E n ) 

X — * -j"00 

= Jim^lim o m(((.E + x) fl E)\((E n + x) ("I E n )) + m((E n + x) n E n ) 

< lim {m{(E + x)\(E n + x)) + m(E\E n )) = 0. 

n— »oo 


4118 

Let A C JR be a set of positive Lebesgue measure. Prove that 

<p(x) = J XA(tx)XA(t)dt 

is continuous at x = 1. Use this result to prove that there exists an e > 0 
such that for any m £ 1R with |m — 1| < e, the line y = mx has a non- void 
intersection with A x A. 

(Iowa) 

Solution. 

If B is a bounded open set, say (J (ctj, &,), where 2 < m < oo and (a, , s 

i<m 

are mutually disjoint open intervals, then for any n < m and any x > 0 we 
have n 

|^J(xa,, xbi) fl (a,-, hi) C xB fl B. 

>=1 



246 


We have 


n 

n{B) = sup y ](bi - a { ) 

n<m i = 1 

n 

= sup lim y] n((xai,xbi) fl (a,-, &*)) 

n<ra ^ 

< lim u(xB fl B ) 

X ->1 

< lim n(xB fl J3) < fi(B), 


(1) 


where p, is the Lebesgue measure. If If is a compact set, there is a decreasing 

sequence {B n } of bounded open sets such that K = p| B n . Since 

»=i 

n{xB n n B n ) - n(xK C\K)< n(x(B n \K)) + n(B n \K) 


we have by (1) 

fJ-(K) = lim fi(B n ) = lim lim fJ,(xB n n B n ) 

< lim lim(/j,(xK n K) + n(x(B n \K)) + (J,(B n \K)) 

— lim ^lim u(xK n K ) + 2u(B„ 0 K)^j 

— lim ii{xK Pi K) < lim ^(xK n K) < n{K). (2) 

x— l x - >1 

In general, there is an increasing sequence { K n } of compact sets such that 

U K n C A and n(A\ U K n ) = 0. By (2) we have 
n= 1 n=l 

fi(A) = lim ii(K n ) — lim lim fJ,(xK n fl K n ) 

n—>oo n— >c© x— vl 

< hm fi(xA fl A) < lim fi(xA fl A) < n(A). (3) 

*-l x ~* 1 

Since 

\<p{x) - p(l)| = 1/ {x^ A {t)XA{t) - XA{t))dt\ 

\J — OO * I 

aha) 


= vw-nl 


we have by (3) lim ip(x) = ip( 1). 
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If there is no e > 0 with the property mentioned in the question, then for 
any n E IV there is an m„ E M such that |m„ — 1| < — and the line y = m n x 
has a void intersection with Ax A. However, this implies that m n (A fl A) — 0, 
and therefore 

fj,(A) = lim fj.(m n (A n .4)) = 0, 

n—*oo 

a contradiction. 


4119 


Let fj, be a countably additive measure on a set 5 with /i(S) < +oo that 
is without atoms, i.e., if A is a measurable set with /x(A) > 0, then there is a 
measurable set B C A such that 0 < KB) < n{A). Prove that the range of /j, 
is the closed interval [0, //(5)]. 

( Courant Inst.) 

Solution. 

If there is a to € (0,^(5)) not in the range of fi. Let 

V = {A \ A measurable and n(A) < to}/ 

where ~ is an equivalence relation: A ~ B if fi(A\B) = fi(B\A) = 0. Then V 
is a partially ordered set: [A] < [5] if / i(A\B ) = 0. Given a totally ordered set 
Q of V, let /3 = sup{/i(j4) | [.A] E 2}- Then /3 < to and there is an increasing 

oo 

sequence {[A„]} of 2 with {/i(A n )} increasing to /3. Let A = (J A n , then 

n= 1 


/? < 


fJ.(A) = lim fi 




+ K^n) 


lim n(A n ) = fi < t 0 . 


So y.(A) = /3 < t 0 and therefore [A] E V- For any [B] E 2, if [B] < [A n ] for 
some n, then [B] < [A]; otherwise, [B] = [A] since 


/x(A\B) < f>(A n \B) = 0 


and 


m(b\j4) = KB) -KAr\B) = p-p = 0. 
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It follows that [j 4] is an upper bound of Q in V- There is by Zorn’s Lemma 
a maximal element [Aq] of V . It follows that fi(B) > to — fi(Ao) whenever 
B C S’V^o and fJ.(B) > 0. (e.g. fj,(S\A) > t 0 — /i(-^o))- Let 

U-{B\BC. S\A 0 , fi(B) > 0}/ 

where ~ is defined as above. Equip 7 Z with the partial order < as above. Given 
a totally ordered set S of 71. Let 


a = inf {/*(£) | [B] G <?}, 


then a > to—/j,(A) and there is a decreasing sequence {[B n ]} of S with {fi(B n )} 
decreasing to a. Let 

oo 

b = n 
» = 1 

then 


a = Jim n{B n ) = Jim ^ (b„\ Q B, j + ^ ([1 ) 

< Jim (f2K B n\ B i) + »(f)BX\ =n(B)<a. 


So n(B) = a > 0. Therefore p(B) > to — /*( Aq ). [B] 6 71. For any [ C] G S, if 
[B„] < [C] for some n, then [B] < [C]; otherwise [B] = [C] since 

OO 

MG\B) < £>(G\B„) = 0 


and 

/i(B\C) = /i(B) - fi(BnC) = a-a = 0. 


It follows that [B] is a lower bound of S in 71. There is by Zorn’s Lemma a 
minimal element [Bo] of TZ. However, by the assumption that there is a subset 
G 0 of B 0 with 0 < n(C 0 ) < /i(B 0 ), [G 0 ] < [B 0 ] and [Co] / [B 0 ], a contradiction. 


4120 

Let X be a compact Hausdorff space. Consider the er-algebra B generated 
by the compact Gg sets. Show that any positive measure fi on B which is finite 
on compact sets is automatically regular. 


(Iowa) 
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Solution. 

Recall that sets in B are called Baire sets and each compact Baire set K is 
a Gf, set. Also recall that E is outer regular if 

fi(E) = inf{(j,(V) \ECV,V open and V G B} 

and E is inner regular if 

fj,(E) = sup {n(K) | K C E, K compact and K £ B}. 

Let K. and O denote the classes of compact sets and open sets in B, respec- 
tively. Let 

n = { 0 (jr<\iO I Rub e ic}, 

where the symbol U means disjoint union. Then 72. is a ring such that B — 
S(72). 

By definition, each set in K is outer regular. Let us show each set U in O 
is inner regular. For any e > 0, there is a V in O such that X\U C V and 
p(V) < »(X\U) + e. Then X\V C U and n(U) < n(X\V) + e. 

Let us preceed in five steps to show the regularity of /*. 

Step 1. For any pair K , L in K, K\L is regular. For any e > 0 there are 
a B £ O and an M E K such that K C B and fi(B\K) < e and such that 
M C B\L and fj,(B\L) < fJ.(M) + e. Then we have 

K\L C B\L, fj,(B\L ) < fJ,(K\L) + e; 

KC\M C K\L, fj,(K\L) < n(K n M) + e. 

Thus K\L is regular. 

Step 2. If { Ei | 1 < i < n} is a finite class of mutually disjoint, regular 
sets, then 0 Ei is regular. 

Obviously 

H ^ E t ^j < inf jp(F) | Q Ei C V G O J . (1) 

For any e > 0, there are Bi, ■ ■ ■ , B„ £ O such that Ei C B, with 

» = 1, 

U«eU B ‘ 

i=i »=i 


Consequently, 
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and 


* ( U Bi ) < v- ( U Ei ) + 


which shows the outer regularity of (J Ei. The inner regularity follows from 

«=i 

the following inequalities 

= E 8 U p{^(^*) I E ' 2 Ki g K) 


— sup 


< sup 


{]>>(*.) I Ei 2 Ki G K J 


Step 3. If {E„ | n G IN} is an increasing sequence of regular sets then 

OO 

IJ E„ is regular. 


Let E = [j E n . Obviously 


p(E) < inf{/i(F) | E C V G O). 

For any e > 0 there are V\, • • • , V n , • • • G O such that E n C V n and (Jt(V n ) < 
li(E n ) + ^r. Let V = U V n G O, then 

n=l 

ECV, fi(V) < n(E) + e, 

which shows the outer regularity of E, while the inner regularity follows from 
the following inequalities 

H(E) - sup n(E n ) 

= supsup{/i(ii:) I K C En, K G K] 

n 

< sup{/i(K) I ED K etc}. 


CO 

Step 4. If {E n } is a decreasing sequence of regular sets, then p) E n is 

n=l 


regular. 
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oo 


Let E = f) E n . 

n = 1 

K n C E n and n(E n ) 


For any e > 0, n G IN, there is a K n 
< p.{K n ) + then 


G H such that 


E D p) K, 

n— 1 


and 


H(E) < n 



+ e, 


\n=l / 

which shows the inner regularity of E. The outer regularity follows from the 
following inequalities, 


inf{/i(V) | E C V G O} < 


inf inf {^(V) | E n C V G O} 

n 

inf M^») = KE). 


Step 5. Let 

S = {E G B | E is regular }. 

By steps 1 and 2, S contains 72.. By steps 3 and 4, <S is a monotone class. It 
follows that S = B. 


4121 


Suppose that fi is a nonnegative Borel measure on M n . Let 
f(r) = sup{fj,(B(x,r)) \ x G JR"}. 

Assume f(r) is finite for all r > 0 and assume 

lim^4 = 0. 


Prove that fi is identically 0. 

{Indiana) 

Solution. 

Let 

C(x, r) = {y G 2R n | —r < yi - Xi < r, i = 1, • • • , n} 

and let 

g{r) = snp{fi{C{x,r)) \ x G JR"}. 
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Since C{x,r) C B(x, y/n + 1 r), 


lim 


9 ( r ) 


= 0. 


r— *0 r” 

Given a compact set K of JR”, let s > 0 be such that K C C(0, s). For any 
e > 0 there exists an r > 0 such that g(r) < (2 r)”e. There exist finitely many 
x 1 , - ■ ■ ,x k £ ]R n such that 


k 

KC (J (?(*•>) cC(0,2«) 

i=l 

and C(a5*,r)’s eu:e mutuedly disjoint. Then 

k k 

h ( k ) < ^ 2 ,^( c ( x '' r )) - X)( 2r )" e 

*=1 *=1 

k 

= Y, r))e < A(C(0, 2s))e. 

»=i 

Letting e —> 0, we get that p.{K) = 0 and therefore // is identically 0. 


4122 

Let /ibea finite Borel measure defined on 2R”, and define a function / on 
lR n by f(x) = n(B(x, 1)) where B(x, 1) denotes the open ball centered at x of 
radius 1. Prove that / attains its minimum on each compact set of M n . 

( Indiana ) 

Solution. 

Let K be any nonempty compact set of JR" and let a = inf f(K). There 
exists an sequence {z*} of K such that 

lim f{x k ) = a. 

k — * oo 

Assume without loss of generality that x k — > x in K. It is easy to show that 
B(x, 1) C lim B{x jt.l). 

k-> oo 

fi(B(x, 1)) < p { lim B{x jfc, 1 ) ) < lim fi(B(xk, 1)) = a, 

\k->oo J k-,0 


Hence 
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which shows that 

= a. 

Hence a is finite and / attains its minimum on K. 


4123 


Let E be the set of all numbers in [0, 1] which can be written in a decimal 
expansion with no sevens appearing. Thus, 


- = 0.333 • 


27 28 

• , = 0.2699 •••, — = 0.2800 ■ 

’ 100 100 


• € E. 


(i) Compute the Lebesgue measure of E. 

(ii) Determine whether E is a Borel set. 

{Indiana) 

Solution. 

For any x G [0, 1]\I?, write x = 0.ctia 2 • • - a n ■ ■ Let 


n - min{fc > 1 | a* = 7}. 


If a* = 0 for all k > n then 

x = 0.aia 2 • • • a n _i7 = 0.aia 2 • • • a„_i699 • • • G E, 
a contradiction. It follows that 


0.aia 2 • • • a„_i7 < x < 0 .aia 2 ■ ■ • a„_i8. 


and therefore 


[0, l]\i£ C U{(0.aia 2 • • • a n _i7, 0.ai<x 2 • • • a n _i8) | ai, • • • , a n _i ^ 7, 

n = 1, 2, • • •}. 

The reverse inclusion is obvious. So E is Borel measurable and 

m(E) = l-f;9"- 1 x T i r = l-l = 0. 


4124 

Let / : M — ► M n be a function such that for all x, y G IR 

|/(z) - f(y) 1“ < el x|+|j, l \x-y\. (*) 

Show that if E C M is a measurable set with m^E) = 0 then m n (f{E)) = 0. 

( Indiana ) 
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Solution. 

Assume without loss of generality that E is bounded. Let E C (— r, r). 
For any e > 0 there exists an open set U such that E C U C (— r, r) and 
mi(U\E) < e. Write U = (J(a, •,&,•), where (a,-,6,)’s are mutually disjoint. 

Then condition (*) implies that 

It follows that 


< J2C n e 2r \ bi - 0,-1 < C n e 2r e, 

which implies that m*(f(E)) = 0 and therefore f(E) is measurable. Hence 
m n (f(E)) = 0 . 


4125 

Let / : M n — * 1R be an arbitrary function having the property that for 
each e > 0, there is an open set U with A (U) < £ such that / is continuous on 
lR n \U (in the relative topology). Prove that / is measurable. 

( Indiana ) 

Solution. 

Let Uk be an open set such that X(Uk) < £ and / is continuous on M n \Uk ■ 
Let fk = fXR n \u k > then /* is measurable. For any e > 0, 

™*({z I \fk ~ f\(x) > £}) = m*({a; G U k \ \f(x)\ > e}) < i. 

It follows that {fk} converges to f in measure. Since the Lebesgue measure is 
complete / is measurable. 


4126 

Let A C JR be a Lebesgue measurable set and let rA = {rA \ x G A} where 
r is a real number. Assume that r A = A for every nonzero rational number r. 
Prove that either A or M\A has Lebesgue measure zero. 


{Indiana) 
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Solution. 

Let 1R* = 1R\{0} and B = ^\{0}. Then rB = B and r(M*\B) = M*\B 
for every nonzero rational number r. If m(lR*\B) = m(lR\A) > 0 there 
exists a compact subset K of M*\B with positive Lebesgue measure. For any 
compact subset L of B, define function / : 1R* — > [0, oo) by 

f{x)= f XK^XL-'iy- 1 *)—, x€M*. 

Jr- y 

Then / is continuous and for any nonzero rational number r, 

f(r ) = [ Xk(y)xrL(y)— < f xiR'\B(y)xB(y)— - 0 . 

JiR- y Jjr * y 

Hence f(x) = 0 for any x £ 2R*. Since 


/ Xk(v)~ I Xi-i(y)^=/ f(x)^ = 0, 

Jr' y Jr- y Jr- x 


we conclude that m(L x ) = 0 and therefore m(L) = 0. It follows that m{B) — 
0 and therefore m(A ) = 0. 


4127 


Let (j, be a cr-finite measure on the measure space (X, m ). Prove that there 
exists a probability measure v on (X, m) ( 1 /( 2 ) = 1) such that fj, is absolutely 
continuous with respect to j/, and v is absolutely continuous with respect to p. 

{Indiana) 

Solution. 

There exists a sequence of mutually disjoint measurable sets of 

finite and positive measure such that X — (J E n . For each measurable set E 

n“l 

let 




then v is the desired probability measure. 
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SECTION 2 
INTEGRAL 


4201 

Prove or disprove that the composition of any two Lebesgue integrable 
functions with compact support /, g : M — * JR is still integrable. 

( Stanford ) 

Solution. 

It is not true. For example, let 

f( x ) = X{ 0 }(®) and g(x) = X{o,i}(*)- 

Then f and g are integrable functions with compact support. However, since 
g o f(x) = 1, the function g o / is not integrable. 


4202 


Let / G Li(0, 1). Assume that for any x G 
an open interval J x C (0, 1) such that 

x G 3xi m(J x ) < e, and 

Prove that for every open interval I C (0, 1) 


(0, 1) and every e > 0, there is 



= 0 . 



= 0 . 


(Illinois) 

Solution. 

There is a measurable set E of measure zero such that any x G (0, 1 )\E is 
a Lebesgue point of /, i.e., 

lim — — f f(i)dt = f(x). 

a<x<0 P a Ja 
P-a> 0 
0-a-^O 


( 1 ) 
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For any x £ (0, 1)\_E and for any n there is an open interval J n C (0, 1) such 
that x £ J„, m(J„) < i and 

J r f(t)dt = 0. 

It follows by equality (1) that f(x ) = 0, i.e., f(x) = 0 a.e.. Therefore 



= 0 . 


4203 


Let ( X , M, ft) be a positive measure space with n(X) < oo. Show that a 
measurable function / : X — > [0, oo) is integrable (i.e., one has f x fd/i < oo) 
if and only if the series 

X/‘({* I /(*) ? 

n=0 

converges. 

(Iowa) 

Solution. 

Suppose that / is integrable. Then 


X) M{* I /(*) > "}) 

n=0 

n=0 m=n 

m=0 n=0 


= X ( m + l)M{ a: I m ^ f( x ) < m. + 1}) 

m =0 

OO oo 

= X m Ki x I m < /O ) < rn + i}) + X I m - /(*) < m + !}) 

m =0 ™=0 

< X / f( x Wi x ) + K x ) 

= J (/ + l)d/r < OO. 
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Conversely, 

/ fdjJ- = j>2 f fdfj, 

Jx m= 0 J{x\m<f( x )< m +l} 

< y t (m+ l)p ({x I m < f(x) < m + 1}) 

m= 0 

= y M({* | /(x) > n» < oo, 

n=0 

which shows that / is integrable. 


4204 


that 


(a) Is there a Borel measure \i (positive or complex) on M with the property 


L 




for all continuous / : 1R — of compact support? Justify. 

(b) Is there a Borel measure fj. (positive or complex) on M with the property 
that 


L 


fdn = a o) 

^ _? 

for all continuously differentiable / : IR—tW of compact support? Justify. 

(Iowa) 

Solution. 

(a) Yes. Let /j,(E) = xs(0) for any Borel set E. 

(b) No. If there were such a Borel measure, let <p > 0 be a continuously 
differentiable function of compact support, taking value one on [—1,1]. Then 
a contradiction occurs from the following limits 


lim / <p(t)e "dt = [ <p(t)dt > 0 
n “*°° Jm. Jr 


and 


lim (<t>(t)e » )' !t =0 = lim 


= 0. 


4205 

Let E be a Banach space, (X,ir ,/r) a probability space, and f : X —* E 
such that fir o / is ^-integrable for every g G E' . 
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Define 

L: E' -> IK, L(g ) = J go /dfi. 

Does L G E"? Justify your answer. 

(Iowa) 

Solution. 

It is ture that L G E". Define the linear operator 
T \ E' —* L x (. X ), <p>-Kpof. 

Assume that <p n —+ <p in E' and T(tp „ ) — > h in A 1 (X). It follows that <p n o f 
converges to ip o / everywhere and to h in measure and therefore h — <p o f in 
L 1 (X). By the closed graph theorem, T is bounded. We have 

\m |< / \gofW< [ ||T|||| 0 ||(l/i < ||T||M(X)||fl||. 

Jx Jx 

So L is bounded. 


4206 


Let (X, M,fj) be a positive measure space with /x(X) < oo, and let / and 
g be real-valued measurable functions with 


L f * = L 


gdn. 


Show that either (a) / = g a.e., or (b) there exists an E E M such that 


L 


fd»> 



Solution. 

If (b) does not hold, then for any E G M, 


f fd/J.< 

Je 



(Iowa) 


Since 
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for any E £ M, 

For any e > 0 the sets 

and 




gdfj,. 


E + = { x \ f ( x ) > ff(*) + e} 


E - = { x I /(*) < ff(*) - e} 
are measurable. From the equalities 


/ / < 

</£+ </£!+ 




and 


/ fd/J.= gdfj,, 

Je _ 

we conclude that /r(I? + ) = fi(E-) = 0. It follows that 

/*({* I /(*) ^ M ^ U {* I l»(*) ” /(*) I > j = °- 


Therefore (a) holds. 


4207 

Let ( X , Af , fi) be a positive measure space, and 5 a closed set in(T. Suppose 
that 

whenever E £ M and /x(I?) > 0. Show that {x £ X \ f(x) £ 5} has measure 

0 . 

(Iowa) 

Solution. 

Since d is second countable, one finds that (U\S is the union of countably 
many closed balls {z £ (F | \z — A„| < e n }’s. If 


e x | /(*) £ s}) + o, 
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there is at least an n such that 

fJ-({x G X | |/(a:) — A„| < £„}) ^ 0. 

But then J E fdfj, belongs to {z G (V \ \z — A„| < e n }, not to S, where 
E — {a: € X | |/(:c) — A n | < e n }), a contradiction. 


4208 


Let / : [0, 1] — + (0, oo) and let 0 < a < 1. Show that 



where inf is extended over all measurable E C [0, 1] with m(E) > a. 

( Indiana-Purdue ) 

Solution. 

Obviously, 

[0.1] = (/>l)u(u(i>/>^))- 

Thus ^ 

-»((/ > 1)) + E ™ ((; > / > ^t)) = !■ 

Take an N such that 



Suppose that E C [0,1], m(E) > a. Denote 2?i = E (/ > ^), E 2 = E\Ei. 
Then m(E 2 ) < f , so m(Ei) > f . Therefore 



Thus 
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4209 

Let {/„} be a sequence of real- valued functions in i 1 (J?Z) and suppose that 
for some / £ L 1 (JR), 

J \fn(t) - f(t)\dt < ^ 2 , n>l. 

Prove that /„ -+ / almost everywhere with respect to Lebesgue measure. 

(Illinois) 

Solution. 

Since 

T J £ I/m-i - AIM* < £ + jp) < °°. 

there is, by Levi’s Lemma, a measurable set E of measure zero such that for 
any t £ 1R\E, 

l/i+1 - fk\(t) < oo. 

" fc=l 

Therefore for any t £ M\E, 

n 

fn(t) = fl (##£(/* 
k=2 

converges. It follows that /„ — > / almost everywhere. 


4210 

Let be a finite measure on JR, and define 

nx) = Lv=W iMt) ' xem ~ 

Show that f(x) is finite a.e. with respect to the Lebesgue measure on JR. 

(Indiana) 


0 , 


Solution. 

Let 


9(x) = 


x ^ 0, 
x = 0, 



then g G ^(Mjdi/), where 
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dv(x) = 


dx 


and 


Since 

In (Jr 

= 

Ml 

< 

Jm (l | 

< 

+oo, 


1 + x 2 ’ 

/(*)= [ g{x-t)dn(t). 

Jm 


|ln|x-t||_dx f 

1 + x 2 J, x _ t | 


I In lx — til dx 


dfj,(t) 




by Fubini’s Theorem, the function 


► / g(x-t)dfi(t) 

Jr 


is finite a.e. with respect to the measure i/. The conclusion follows from that 
the measure v and the Lebesgue measure are equivalent. 


4211 


Let (X, be a positive measure space, f n :X—> [0,oo] a sequence of 

integrable functions, and / : X — * [0, oo] an integrable function. Suppose that 
f n — > f a.e. [/i], and that 


[ fndfl - / 

Jx Jx 


fdp. 


Prove that 


(v-u 

Jx 


| dfi -► 0 . 


(Iowa) 


Solution. 

Assume, without loss of generality, that fj. is totally cr-finite, i.e., 
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x=[jx n , 


where X n ’s are mutually disjoint measurable sets of finite and positive measure. 
Let 

1 xx A x ) 


9 ~ n 2 1 + fi(X n 


y 


X £ X. 


Then g is integrable. Let du(x ) = g(x)dfi(x). Then v is a finite measure on 
X, equivalent to ji. Let 

d\ n (x) = f n (x)diJ,(x), n£lN. 

Then A„ < v. 

For any A G M, { f A f n d[i} is bounded and therefore admits a convergent 
subsequence. If {f A fn k d(J,} is any such subsequence, then by Fatou’s Lemma 
one has 

[ fd/j, = f fdfj,+ f fdn 
Jx Ja Jx\a 

= / Jim fnJu-V / lim f„ k dfi 

JA k -+°° Jx\A k -*°° 

< lim / f n „dfi+ lim / f nk d/j. 

k ~* OD J A k->ooJx\A 

= lira / fn k dfi = / fdfi. 

fc-*oo Jx Jx 


It follows that 


fdp 


and therefore 


lim / f n dfi = I fd/J,. 

n ^°° Ja Ja 


For any e > 0 there is a <5 > 0 such that A n (E) < e whenever v(E) < <5, 
by the Vitali-Hahn-Saks Theorem. There is by Egroff’s Theorem an E with 
v(E) < 6 such that converges to £ uniformly on X \E. Then 

0 < lim / | /„ - f\dfi < Gin f \f n - f\d(j. 

~ n—*oo Jx 

\f*~fW+ / I fn-fW 

Je 


= lim 

n — >0 


X\E 
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< 


lim lim 

c _ 0 n— .oc 



fn 

9 


— du -f- 2e 
9 


= 0 . 


4212 


Let /x be a cr-finite, positive measure on a <r-algebra M. in a set X. 

(a) Show that there exists W € L^(ji) which takes its values in the open 
interval (0, 1). Show also that 

/1(E) = J Wdn 

is a positive, finite measure on M, emd that 

ji(E) = 0 O fi(E) = 0 


for E G M. 

(b) Show that if / is a complex function on X which is measurable with 
respect to M, then 


/ [ 

Jx Jx 


fWdn. 


(Iowa) 

Solution. ^ 

(a) Let {X n } be a disjoint sequence of M. such that X = (J X n and 

n = l 

/x(X n ) > 0. Let 

0 ° . 

w = V — **- - 

2” 1 + /x(x„) 


as desired. 

The set function /x is of course a positive, finite measure on M- 
then ji(E) = 0. Conversely, 



If n(E) = 0 


implies that 


/x({z \x£E,W(x)±Q}) = Q, 


i.e., n(E) = 0. 
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(b) If / is a simple function, i.e., 

/ = 

*=1 

where fi(Ei) < +oo, * = 1, then both f x fdjl and f x fWdfj, equal to 

E aiJi(Ei). 

«=i 

In general, if f is integrable with respect to the measure /I, there is a 
sequence {/„} of simple functions integrable with respect to Ji such that 

lim / |/ n — f\dji = 0. 
n -°°J X 

Then /„W’s are integrable with respect to fi, and since 

lim / | f n W - f m W\dfj, = lim / \f n - f m \dji = 0, 

„-oo Jx „_oo Jx 

m — >oo m—> oo 


Jim f n W = fW, 

we see that fW is integrable with respect to fi. We have 


and therefore 


lim / f n Wd/j,= f fWdfi 

n-oo J x J x 


f / 

Jx Jx 


fWdn . 


Conversely, if fW is integrable with respect to fi, assuming without loss 
of generality that / is positive-valued, there is a sequence of simple functions 
{/n} such that \f n \ < f and lim /„ = /. Then f n W is integrable with respect 

ft— ► CO 

to fj, and hence /„ is integrable with respect to /I. Since 

lim [ \f m -f n \dji = 0 

m,n— »oo J x 

and lim f n = /, / is integrable with respect to Ji. Accordingly, 

ft— ►OO 

/ fdfi= I fWdfi. 

Jx Jx 
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4213 


Let m denote the Lebesgue measure on [0, 1] and let (/„) be a sequence in 
L 1 (m) and h a non-negative element of L 1 (m). Suppose that 

(i) / fngdm — ► 0 for each g G C([0, 1]) and 

(ii) |/„| < h for all n. 

Show that 

J f„dm — > 0 

for each Borel subset A C [0, 1]. 

(Iowa) 

Solution. 

For any e > 0, there is a 6 > 0 such that 


L 


hdm < e 


whenever m(E) < 6. For such a 6 there are a compact set K and an open 
set U such that (1) K C A C U and (2) m(U\K) < 6. There is a continuous 
function g : [0, 1] — i ► JR such that (3) 0 < g < 1, (4) g = 1 on K and (5) g = 0 
outside U. Then we have 


lim 

n— >oo 



< 


< 


< e. 


lim 

n— »oo 

lim 


/ fnXAdml 
Jo I 

J /nffdmj + |y f„(xA ~ g)dm\ 


lim ( f f n gdm + f hxu\K d r, 
n_>0 ° \ Ja Jo 


It follows that 


lim J f n dm = 0. 


4214 

Let {/»} be a sequence of non-negative measurable functions in L P (R) for 
some 1 < p < oo. Show that /„ — ► f(LP) if and only if f p — ► /*(&). 

( Indiana - Purdue ) 
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Solution. 

Suppose that ||/„ - /|| p -> 0. Then ||/„|| p -+ ||/|| p , i.e., 

Denote 

/« = min(/„, /), /„ = max(/ n , /). 

Then /„ < / and 

l/» - f\ < l/n - f\ 

which implies that ||/ n — f\\ p — * 0. Just as above, we have 

Since 

F + 7„ = F + F, 

so 

JT,-Jr. 

Therefore 

/ l/£-/ P l = J(7n~ fZ) -» Jf p ~ // P = 0 - 

Conversely. Suppose that 

J \F-F\^o. 


Then 

/« ™ /, 

/>o. 

Since 

VI 

i 

l/£ - F 

it follows that 

I 1 ’-. 

fF- 

For any e > 0, 

take #1 such that 




| < ep/ 2 
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for n > Ni and any measurable set E. Take A, a measurable set, such that 
m(A) < +oo and 

[ f p <ep/2. 

Ja <= 


Then 


J K- 


for n > N x . Take 6 > 0 such that 


if m(e) < 6. Thus 


l f,< T 

!j ’< ' _ 

if m(e) < 6 and n > Ni. Denote rj = e/m(A)r . Take N such that N > Ni 
and m(\f n — f\ > rj) < 6 if n > N. We have 

\ i /p 


GO-") 
Lj'- 
GO-") 


) i/p 

+ 

\ i/p 




l/n-/| P 


1/P 


<[] *)'♦(/ /')'+(//*) 
(//')‘" + (/ 

V-/A" / \^(|/.-/|<n) / 


+ 

< 4e + (V’m(.A)) » = 5e, 
for any n > N. 


4215 

Let 1 < p < oo. All parts refer to Lebesgue measure on R. 

(a) Give an example where {/„} converges to / pointwise, ||/„|| p < M, Vn 
and || /„ - f\\ p -h 0. 
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(b) If {/„} converges to f pointwise and |]/„|| p — > M < +oo, what can you 
conclude about ||/|| p ? Justify this conclusion. 

(c) Show that if {/„} converges to / pointwise and ||/„|| p — > ||/|| p , then 

||/»-/||p-0 

(Indiana-Purdue) 

Solution. 

(a) Consider £[0, 1]. Set f„ = nX(o,i)i Then 

lim / n (x) = /(*) = 0, x G [0, 1] 


and 


l!/«-/|| = ll/n|| = l. 

(b) We conclude that ||/|| p < M. By the Fatou’s lemma, 


(c) Set 

Then g n > 0, and 


J \ f\ p dx < lim J \f n \ p dx — M p . 

g n =2 P (\f n \ P + \f\ P )-\f n -f\ P . 


lim g n (x) = 2 P+1 |/| P 

n— *oo 

pointwise. Using the Fatou lemma, we have 

2 p+1 J \f\ p dx < lim J g n {x)dx = 2 P+1 J \f\ p dx f\ p dx. 


Therefore 


Hm J I U 


- f\ p dx = 0. 


4216 


Suppose /„ is a sequence of measurable functions on [0, 1] with 



dx < 10 


and /„ — > 0 a.e. on [0, 1]. Prove 
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Hint. Use Egorov and Cauchy- Schwartz. 

( Stanford ) 

Solution. 

For any e > 0 there is by Egorov’s Theorem a measurable set E C [0,1] 
such that (1) ro([0, 1] | E) < e and (2) /„ converges to 0 uniformly on [0, 1]\E. 
We have by the Cauchy-Schwartz Inequality 

f'lfnldx = I' \f n \dx+ [ \f n \dx 
JO J[0,1]\E JE 

< (f l/nl 2 ^ n([0,l]\E)i + f \f n \dx 
\J[0,1]\E ) JE 

and therefore 

yl 

Eh / \f n \dx < Vl0^([0, 1 ]\E)i < VlOe. 

" -> °° Jo 

Let e — t 0, and we have 

lim f j/„|<fa: = 0. 

n ~*°° Jo 


4217 


Let (X, M, be a probability space (a positive measure space with fJt(X) = 
1). Show that if / is an integrable function with values in [l,oo), then 


!im ( f 

Pio \Jx 


Solution. 

It suffices to show that 


f p dn ) = exp ( / log fdfj, I . 


(Iowa) 


(!) 

pio v Jx 

If / = 1 a.e., equality (1) holds; Otherwise, for any 0 < p < 1 and any x G X 


0 < fW .1 = f(x)triogf(x) < /( x), (0 < ^ < 1). 

V 
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By the Dominated Convergence Theorem we have 


lim 


log Ux f Pnd ») = lim log(/x 1 + (f pn - W 


Pn 


= .“X,( 


Pn 


l°g(l + fx(f Pn ~ l ) d P) fxiP'-lW 


f x (/P» - l)dp 


Pn 


- L 


log fdp, 


where {p n } is any sequence of (0, 1) decreasing to 0. 
It follows that 

_ 

pj.0 p 


H 


log fdp. 


4218 


Let {a „}„>2 be a sequence of real numbers with |a n | < logn. Consider 

OO 

a„n~ x , V2 < x < oo. 

n=2 

a) Prove that this series converges in L 1 ^, oo) 

b) Prove that 

OO -OO 1*00 °° 

J a„n~ x dx = j a n n~ x dx, 


where the sum on the right is the pointwise limit (you need not prove that this 
pointwise limit exists). 

( Stanford ) 

Solution. 

a) Since 


u 


X dx - 


= y;M n - 

' logn n 2 


The series a n n~ x converges in i 1 [2, oo). 

n = 2 

b) Let 

n 

f n (x) = '^2 a kk' x , x>2. 

k=2 
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Then 

(i) lim f n (x) = f) a k k- x and (ii) |/ n (*)| < £ \a n \n~ x . 
n ~'°° k=2 k = 2 

oo 

By a), i h \ a k \^ x is integrable, and by the Dominated Convergence 
k= 2 

Theorem, 


I o-n n X d x = lim / f n (x)dx 
n =2 h 

= J lim f n (x)dx 
= J ^2 a n n~ x dx. 


4219 

Let 5 be a bounded Lebesgue measurable set in 1R, and let {c n } be a 
sequence in 2R. Show that 

lim / cos 2 (nt + c n )dX(t) = ^A(S), 

n— >oo J s 2 

where A is Lebesgue measure. 

(Iowa) 

Solution. 

By the Riemann-Lebesgue Lemma, we have 

lim J cos 2 (nt + c„)dX(t) 

= lim / 1+COg<2 " < + 2C,) Xs(t)<iA(t) 

™-* 0 7 jr I 

= lim ( j^A(S) + cos ^ c ” f cos 2 ntxs(t)dt 

n->oo \2 2 

_ sm2c„ J sin 2ntxs(t)dtj 

= ^(S). 
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4220 


(a) Is the function 


f(x, y) = [ W+h*' (*> ^ ? (°’ °)’ 

’ 1 0, (*,») = (0,0). 


Lebesgue integrable on the unit square 0<®<1, 0<y<l? 

(b) Compute the repeated integrals in the two orders. 

(c) Does the integral 

Jo Uo \f( x,y ^ dx ) dy 

exist? (If you use a theorem, be explicit!) 

Solution. 

(a) The function / is not integrable on the unit square, for 

/ / \f(x,y)\dxdy > [ \f(x,y)\dxdy 

Jo Jo •'{(*,jdl*,ff>o,* 3 +v 2 <i} 

= r 1 ri cos 28 r 

Jo Jo T ‘ l 

>- j:j: 


(Iowa) 


-rdrdd 


cos 2 6 


drdff 


r dr V2 x 

> / — — = oo. 

- Jo r 2 4 


(b) We have 


J(o,i] (^o, 


dy ) dx 


,x] \Mi ]( x2 + y 2 ) 2 

[ } 

J(o,i] Ao.arctgil sec t 


j(o,i] 1 


(o,i] J(o,arctgX] 

/ / x 2 cos 2 ffdtdx 

J(o,x ] 7(o,arctgi] 

( 0 , 1 ] 1 + x 


-dx = 


1 — In 2 
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and 


• 4 , 1 ] 


* - y 


dx ) dy = 


In 2 - 1 


o,i] ( x 2 + y 2 ) 2 

( c ) If Jo (fo lf( x > y)\ dx ) d v did exist > the » /( 0 ,i]x(o,i] !/(*. y)\d{x, y ) would 

exist by Fubini Theorem, which contradicts (a). So ^ \f(x, y)\dx'j dy does 


4221 


Let (X, M., /i) be a measure space and / £ L(fi). Evaluate 



Solution. 

It is easy to show that for any x > 0 


(Iowa) 


ln(l + x 2 ) < x. 

It follows that for any n € IN the function nln(l + ^-) is dominated by |/| 
and therefore integrable. By the Dominated Convergence Theorem 



4222 

Suppose that / is a measurable real valued function on M such that t >-> 
e tx f(t) is in L 1 (IR) for all x £ (— 1, 1). Define the function 

/ +oo 

e tx f(t)dt 
>oo 
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for all x £ (—1, 1). Prove that (p is differentiable on (—1, 1). 
Solution. 

Since for any x £ (-1, 1), 

= -^ n e^+ sigI1 * i ^ i) |/(<)|, 

1 — 1*1 

and , , , , , . , 

I • 1 — * 1 — |a:| 

a; + signf — - — = \x ± — - — < 1, 

we conclude that t e tx tf(t) is also in 2- 1 (JK), * £ (— 1, 1). 
Next we show that 

i /•+°° r+° ° 

j- J e tx f(t)dt = j e ix tf(t)dt. 

For any fixed a; £ (—1, 1), for any y > x, 


\ y-x 1 

= \(e tz - e tx )tf(i)\, (x < z < y) 
= \e tx "t 2 f(t)(z-x)\ (x < z' < z) 



< J 

\y - x\e fi ^t 2 f(t), t > 0 and x < y < 


- 1 

|?/ - x\e tx t 2 f(t), t < 0 and x < y < 

By the same 

method as above, we see that t >— v e tx t 2 f(t) 

follows that 




lim 

[ +00 



l-oo \ y~ x J 

and 

lim 

r e „ tm ) dt = 


yU J 

Loo V y~ x J 
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lim J (i + “) e~ 2 x dx, 


(Iowa) 



2 • 


is integrable. It 

0 

0. 


Evaluate 
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justifying any interchange of limits you use. 

Hint. First show that (l + f )" < e x for x > 0. 

( Stanford ) 

Solution. 

Since for any n £ IN and x > 0, 


(‘+=r = £(;)©' 


77*1 X % 
*) !n ‘ * ! 


1 + 

‘♦gO-STi) 


and 


we have 


n + 1/ 

lim (l+-)"=e*, 

n-*oo V nJ 


By the Dominated Convergence Theorem 


lim f (l + -) e 2x dx 

n->ooJ 0 V n/ 

= l 

/■°° 

= e X dx = 1. 

Jo 
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4224 


Let (X,A, fx) be a probability space and / : X — ► [l,oo) a measurable 
function. Prove or disprove: 


J f In fd/x > J fdfx J In fdy,. 


(Iowa) 

Solution. 

Under the condition that / In / is integrable we conclude that both / and 
In / are integrable, and 


[ fdft [ In fdfi < [ flnfdfx. 

Jx Jx Jx 


Indeed, since 


{/>»/. 


/(*) < e, 

otherwise 


and 0 < In/ < /In/ we see that both / and In/ are integrable. Since 
Inf < f lnt for any t > 0, 

I fdy, J ln/d/x— j f In /dp, 

Jx Jx Jx 

= \ [ (f(x)^f(y) + f(y)lnf(x))dfj,(x)dn(y) 

1 JxxX 

-If (f(x)fof(*) + f(y)Hy))dn(x)dp(y) 

* JXxX 

- \j /< 




< o. 


4225 

For i = 1,2, let X, = IN (the natural numbers), Let M, = 2 W (the <r- 
algebras of all subsets of IN) and let fx, be the counting measure. For the 
function / : Xi x X? —> ► M defined by 
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-2-', 3 = *. 

f(i,j)={ 2"‘, i = i + l, 

0, otherwise. 


Compute the iterated integrals 

L(S, 


and 




/d/i 2 dn i 


fdm ) cfyi 2 . 


How do you reconcile your answers with Fubini’s Theorem? 

Solution. 

For any i £ X\, j f(i, j) is integrable and 


Therefore 


/ f(i,j)dn2(j) = ~2 ‘ + 2 ‘ = 0. 

Jx, 


lx ! (X 2 


/d/i 2 ) d/ii = 0. 


For any j £ X 2 , i i— ► /(i, j) is integrable and 


: .l)«*Mi(0 = — 


We have 


/ /(i,l 

JXi 

[ f(i,j)dfi i(i) = 2-> (j >2). 

JXi 

L ( L f{ij)dtii{{) ) =- 1 2 + p 2 h =o - 


(Iowa) 


Since / is integrable ( |/|(i,j) = 2), the two iterated integrals exist 

i.jeiv 

and coincide by the Fubini’s Theorem. 


4226 


Let (fi, fj.) be any measure space. For / £ L 1 (fi, /r), and for A > 0 define 

<p(x) = n({x £ n | /( x) > A}) 
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and 

H A) = (m({x G ft | f(x) > -A}). 

Show that the functions ip and ip are Borel measurable and that 

n/iii = 

Jo 

Hint. As usual, it may be helpful to consider / positive first. 

(Iowa) 

Solution. 

The measurablity of <p and ip follows from that they are monotone. 

The function (x, A) X(o,oo)(l/I( a: ) — A) is measurable. On one hand, 

Jo X(o,oo)(|/|(®) - A)d/i(a:)^ dX 
= lo (jn X{ * 1,,( * )l>A} ^ d/i ^) ^ 

= \\m\>x})dx 

Jo 

= / 0 °(^A) + ^(A))dA; 

Jo 

but on the other, 

(Jo X( 0 ,oo)(l/|(*) - A)dA^ dfj.(x) = J^J^ d\dn(x) 

= [ \f\(x)drtz) = ll/llx. 

Jn 

By Fubini’s Theorem we have 

||/|| 1= [°° (<p(\) + i/>(\))d\, 

Jo 

provided that either side exists. 


4227 

Let / G L 2 (0, 1). Set 

F(x)= f(t)dt. 
Jo 
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dx < ell / II 


| F(x + h)~ F(x) | 


for each h, 0 < h < 1 where e is a positive number independent of /. 

( UC, Irvine ) 

Solution. 

We have 


|F(x + h)-F(x)l 


f(t)dt\ dx 


I / fl-h f x+h 

* ill L mr*-** 


i / pi —h px+h 

■ VS U dx J, mf 


= “Tf / dt \f( t )\ 2dx + / & l/WI 

Vh Wo Vo A Jt-h 


+ / dt mfd* 

Jl-h Jt-h ) 

= (£ \m\ 2 tdt + £ h m\ 2 hdt + £ ^ i/(t)i 2 (i - 


^ Of i/( * )|2m< + jf h \f^)\ 2 hdt + f l h 


Let f,g 6 L 1 (0, 1) and assume that f(x)g(y ) = f(y)g(x ) for all x, y € [0, 1]. 
Show that i i 

[ [ f(x)g(y)dxdy = 2 [ f(x)g(y)dA, 
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where 

A = {( x,y ) | 0 < x < y < 1} 
and dA denotes the planar Lebesgue measure. 

Solution. 

We have 

/ / f(x)g(y)dxdy = f f(x)g(y)dA 

J0 Jo «/[0,l]x[0, 1] 

= / f(x)g(y)dxdy + f - 

J A J[( X ,y)\0< X =y< 

+ [ f(x)g(y)dA 

JUx.v)\0<y<x<l\ 


!/<l} 


= / f(x)g(y)dxdy + [ 

J A J{(x,y)\0<x<y<l} 

= 2 J^f(x)g(y)dA. 


(Iowa) 


f(x)g(y)dA 


f(x)g(y)dA 
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SECTION 3 

SPACE OF INTEGRABLE FUNCTIONS 

4301 


Let X be a positive measure space of total measure 1. Show that for any 
[0, oo)-valued measurable function / on X, 


is a nondecreasing function of p € (l,oo). Under what circumstances is I(p) 
strictly increasing as a function of p? 

(Iowa) 

Solution. 

For any p, q E (1, oo) with p < q, let a = £ and /3 = then ^ + j = 1. 
By Holder’s inequality, we have 


(/,')’ dGl'-)‘ (MT-OM 


which shows that I(p ) is a nondecreasing function of p € (1, oo). The function 
I is strictly increasing if and only if / is not almost everywhere equal to the 
constant function. 


4302 


Let (X,M,p) be a fixed measure space, let {pt}"=i be positive numbers 
such that pi > 1, i — 1, . . . , n, p > 1 and 



1 

P' 


If, for i £ {!,•■ • , n}, fi £ C Pi (p), must it be the case that 


/ 1/2 •••/„€ C p (p.)? 


Justify. 


(Iowa) 
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Solution. 

Yes, fi ■ ■ ■ /„ G C p (fi). Moreover 

ll/l---/n||p<||/l|U'--||/„|k. (1) 

In case n — 2, l/ip G jC~*~ ( p) and I/2P G £~*" (/*)> and by Holder’s inequality, 


1/iPW 


(l/ll p )' 


(I/2P)' 


- (/xH GM* 


Assume that the conclusion and the inequality (1) hold for n = fc. Then for 
n = fc + 1, 

. 1 , 111 1 

0 < b 1 — = pp t4 ., < 1, 

Pi Pk P Pk+ 1 

which shows that > 1. By inductive assumption /1 • • • /*, belongs to 

C rk + 1 ~ r (//) and 

PPk + 1 

a PPfc + 1 \ Pfc + i-P 

< ll/lllpx - -11/fclU- 

Then by the case n = 2 we conclude that (/1 • • • fk)fk+ 1 € £ p and 
||(/i---/«)A+illp < ||/i---/fc||_«a±^||/fc+i|U +1 

pfc+i-p 

< ll/illpi '"ll/fclkll/fc+ilk+i. 


which completes the proof. 


4303 

Let X = {a, 6, c}, let Ai be the cr-algebra of all subsets of X, and let fi be 
the measure determined by 

MM) = MW) = !> » nd MM) = °o- 

What are the dimensions of the vector spaces L 1 (/i) , L 2 (n), and L°°(fj,)? Jus- 
tify your answers. 


(Iowa) 
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Solution. 

We have dimZ/ 1 (/i) = dim L 2 (/i) = 1 and dim = 2. Since each func- 
tion / of L 1 (/j) or L 2 (p) vanishes at c and two functions taking the same value 
at b coincide in L 1 (/j,) or L 2 (fi), we conclude that dim -h x (/-t) = dim L 2 (/j) = 1. 
Since two functions are equal in L°°(p.) if and only if they are identical on 
{b, c} we have dimL°°(/i) 2. 


4304 


Let f,g e L 2 ([0, 1]), 


r l 

/ fdm= 0. 

Jo 


Show that 


U! fsdm ) i -( l sdm ))• 


Solution. 

Denoting 


we have 


a 1 


fgdm 



( Indiana-Purdue ) 


Qf f(g-a)dm 

{.Jo f 2d ™) (/ ^ ~ 

(i /2<£m ) (i 92<lm — 2a J gdm + a 2 

(Jo f2dm ) (/„ gdm ) ) ' 


4305 

Let / be a non-negative function in ^(Mt) for some 1 < p < oo and let 
r + s = p, r > 0, s > 0. Also let fh(x) = f{x + h). 
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(i) Show that /£/* £ i x (i2). 

(ii) Investigate what happens to ||/jj/*||i as \h\ 


■* oo. 


{Indiana- Purdue) 

Solution. 

(i) Obviously f h £ L P (R). From /£ e L$, f* £ , and | + £ = 1, it 

follows that 

fir e i 1 ^). 

(ii) We claim that 

lim || /£/%*= 0. 

|J»|— .OO 

For any e > 0, take N such that J Bc f p < £ where E = [—IV, N]. Now if 
|h| > 2 N, then x + h (fc E whenever x £ E. Therefore 



4306 


Let / : R — » R + be measurable, and let 0 < r < oo. Show that 

{Indiana-Purdue) 

Solution. 

Set p = 1 + i. Then p > 1 and ^ ^ = 1. Since 



we have 


m 1+ " < 
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which implies 


jit h f ( 1*1 L f ) 


4307 


where 


Let / be a bounded measurable function on (0, 1). Prove that 
(j[ \f( x )\ Pd *J = ess sup|/|, 

ess sup|/| = H/lloo = inf{t | m({|/| > t}) = 0}. 


Solution. 

For any e > 0, 


( Illinois ) 


m ({® I !/(*)! > ll/lloo — e}) > o. 


Then 


= lim lim (||/|| oo - e)m{{x \ |/(a:)| > ||/||oo - e}) * 

£— ♦Op— +00 


< lim lim j / |/(a;)| p ela; 

e— »0p— »oo \-/{*||/(*)|>||/|| aB -«} 

< hm lim ( f \f(x)\ p di 

£->oop-*oo \J 0 

= lim f / |/(aOl p < fe ) 

P-MX> \J 0 / 

< Km(£\f(x)\ p dxy 


Therefore 


lim 


(1 1/(1 


)I P <H = 
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4308 


Let / be a nonnegative measurable function on [0, 1] satisfying 
”»({* | /(*) > <}) < — ^y, t > 0. 

Determine those values of p, 1 < p < oo for which / G L p and find the 
minimum value of p for which / may fail to be in If. 

(Illinois) 

Solution. 

If 1 < p < 2, then / € I? ■ The minimum value of p for which f may fail 
to be in If is 2. 

Indeed, for any p € [1,2), 


n = l 


it follows that f p is integrable. Let 
However for any t > 0 


I /(*)>»'}) 

n= 1 

00 1 00 1 

Err^<E J t<°°. 

n=ll + ni ’ n=l n ’’ 

. 1 

■ 7 i ' 


”i({x | f(x) > *}) 


m ({*1* - (TT*) 
1 ^ 1 
(l + t) 2< 1 + t 2 ' 


}) 

'}) 


4309 

With Lebesgue measure on [0, 1], prove that 

S ={f e C[0,1] | ll/lloc < 1} 

is not compact in £*[0, 1]. 

(Iowa) 

Solution. 

It suffices to show that S is not closed in L 1 ([0, 1]). For each n 6 IN, let 
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/»(*) = 


1, 0 < x < f , 

0 - §+£<*<!, 

—Anx + (2n + 1), § < x < \ + i. 


Then /„ 6 5 and lim /„ = X[o,i] i 11 ^[O, !]■ Since X[o,i] £ S, S is not closed. 


4310 


Let Ti be Hilbert space L 2 (0, 2x), with inner product defined by 
[ 2 * 

( u,v) = / u(x)v(x)dx, u, 

Jo 

Consider the elements u n E Ti, n = 1,2, defined by u„(x) = sin (nx) for 
x 6 (0,27r). Show that 

(a) the set {w n }^=i is closed and bounded, but not compact, in the strong 
(i.e., norm) topology of Ti. 

(b) u n — * 0 as n — * oo in the weak topology of Ti, i.e., for every v £ Ti . 


lim ( u n , v ) — 0. 


( Stanford ) 


Solution. 

(a) Obviously, the set {■u n }£ t L 1 is bounded. For any m, n > 1 with m ^ n 


tl«m - Mnlb 


■Gf 


(sin mx — sin nx) 2 dx ) = \/2w, 


which shows that {u m \ m G IN) is closed. Since it admits no convergent 
subsequence, it is not compact. 

(b) For any v € Ti, v £ L 1 (0, 2tt) by Holder’s inequality. By Riemann- 
Lebesgue Lemma, 

r 2 * 

lim(u„,u)= hm / v(x)sinnxdx = 0. 

n-.cx> o 


4311 

Let Hi be the Sobolev’s space on the unit interval [0,1], i.e., the Hilbert 
space consisting of functions / £ L 2 [0, 1] such that 
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n/iii = Y c 1 + n2 )i/( n )i 2 < °°> 

where 

~ 1 f 1 

/( n ) = ir~ / /(*) exp(—2ninx)dx 

2.-K J q 

are Fourier coefFents of /. Show that there exists constant C > 0 such that 

II/IU- < qi/lli. 

{Stanford) 

Solution. 

Since for any x 6 [0, 1] 

+oo +oo A +oo . 

E i/w«“"'i<( E » , i/(’*)i 1 )’( E £)+i/i°)i. (i) 

' n=-oo n=— oo 

nj'O n^O 

+o° „ . 

the series £ f{n)e 2T,nx converges to f(x) both in Hi and in L°°. It follows 

n=— oo 

from (1) that 

ll/IU- < c'H/iii. 


Let / be a periodic function on IR with period 27 t such that /|[o, 2 !r] belongs 
to L 2 (0,27 t). Suppose 

+oo 

/(*)= Y “ne'™- 


For each h 6 M define the function //, by fh(x) = f(x — h). 

(i) Give the Fourier expansion of /j, . 

(ii) Find the L 2 -norm ||/& — / 1| 2 in terms of the a„ and h. 

(iii) Prove that 

ft—o |h| 

unless / is constant almost everywhere. 


( Stanford ) 
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Solution. 

(i) We have 


/*(*) = E «ne*' n(x - h) 

n=— oo 

+ QO 

= E a n e~ inh e inx . 


(ii) We have 


IIA-/II 2 = E 2ir|a n e-'" h -a n | 


„ . 2 

E 8tt sin — |a„| 


(iii) If / is constant almost everywhere, then a„ = 0, n ^ 0. It follows that 
fh = f and || fh - f H 2 = 0. If / is not constant almost everywhere, there is an 
n ^ 0 such that a„ ^ 0. Then 

la, Muzllll > ii m y-"' 2 )* - V2?|na„| > 0. 

h—*o |h| h ->° \h\ 


4313 

Let fn(x) be an orthonormal family of functions in the Hilbert space 
L 2 ( 0, 1). Prove that 


E [urn <*, 


for all x £ [0,1], and that this inequality is sharp (equality) if and only if 
{/„ | n = 1, • • •} span a dense subspace of L 2 (0, 1). 

(Iowa) 

Solution. 

By Bessel’s inequality 

II iM = III X(0,*] (<)/«(<) | 

= E l(X(o,»]»/n)| 2 < ||X(o,»]lla = *• 


( 1 ) 
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If {/„ | n G JN} span a dense subspace of L 2 (0, 1), then {/„} is an orthonomal 
basis of L 2 ( 0, 1) and therefore (1) is sharp. Conversely, since 

span{x( 0 ,x] I 0 < x < 1} = span{x( a ,d] I 0 < a < b < 1} 
is a dense subspace of L 2 ( 0, 1) while 


(/G£ 2 (o,i)|n/i|2 = f;i(/,/ n )i 2 

l n = 1 


is a closed subspace of £ 2 (0, 1), containing span{x(o,x] I 0 < x < 1}, it follows 
that 


|/ G L 2 ( 0, 1)|||/|| 2 = J2 I (/- /»)| 2 ] = ^ 2 (°’ !) 
and therefore, {/ n } span a dense subspace of h 2 (0, 1). 


4314 

If / is a function on M, let f t be the translate f t ( x) — f(t + x). Prove that 
if / is square integrable with respect to Lebesgue measure, then 

lim||/t-/IU=(JR) =0- 

( Stanford ) 

Solution. 

Suppose that / : 1R — »(F be a continuous function with compact support. 
Then f t converges to / uniformly. We have 

lim||/ f -/|| 2 = lim Q \f(t + x)-f(x)\ 2 dx^ 


\f(t + x)-f(x)\ 2 dx\ =0, 


= Hm , , 

*-*° \Jk-[- 1,1] 

where K = supp(/) and 

K - [-1,1] = {a; — y | x G K,y G [-1, 1]} 

is compact. In general, there is a sequence {/„} of continuous functions with 
compact support converging to / in L 2 (M). Then 

fim ||/* - f\U < fim(||/ t - /„ t || 2 + ||/„ t - /„|| 2 + || fn - fh) 

< W(2|| /„ - /|| 2 + ||/ nt - /„|| 2 ) = 2||/„ - /|| 2 . 
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Letting n — » oo, we have 

lim||/ t -/|| 2 = 0. 


4315 

A trigonometric polynomial is a function p on 1R of the form 

m = E 

n ——N 

for some C„ G (T, A > 0. Suppose / is continuous and 27r-periodic on 2R, and 
let 



Show that for every t > 0, there exists a trigonometric polynomial 

m= E c " e ’ n< ’ 

n=—N 

such that 

11/ — 2>||oo < e 

and 

|C„ | < |a„| for all n. 

Hint. You may wish to think about harmonic functions on the unit disk. 

{Stanford) 

Solution. 

Regard / as a continuous function on the unit circle S 1 of W. Then 

«n = ^ J f{z)z n ar{dz) 

where e(dz) is the Harr measure on S 1 such that cr(5 1 ) = 27T. Let u be the 
harmonic extension of / to the unit disc D = {z \ \z\ < 1}. Then 

lim sup | u(rz) — f(z)\ = 0. 
r_>1_ ^es 1 


+ OQ 

u{rz) = E a nr^z", 


Moreover 


zes 1 . 
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There is an N such that 

£ KH" 1 < e/2 
W>iV 

where r is fixed so that 

sup \u{rz) - f(z) | < e/2. 

Put 

N 

p{z) = £ a n r^z n , zes 1 , 
n=—N 

which is required. 


4316 

Prove or disprove the following statements: 

(i) the set of continuous functions on the interval [0, 1] is dense in L°° ([0, 1]). 

(ii) L°°([0, 1]) is a separable metric space. 

( Stanford ) 

Solution. 

(i) False. Since C([0, 1]) is separable while T°°([0, 1]) is not, C([0, 1]) is not 
dense in L°°([0, 1]). 

(ii) False. Let 

S= {f€L°°([0 t l]) |/(*) = Oar 1, — < x < n € M, /(0) = 0}. 

n 4- 1 ft 

Then as a subset of L°°([0, 1]), S is of cardinal P. However, since the distance 
between any two elements in S is 1, 5 is not separable. 


4317 

Let {/n)n=i be a sequence in £^([0,1]) (with Lebesgue measure) and 
{g n }T=i a sequence in L 9 ([0, 1]), where L + L = 1. If lim f n = f in L p 
and lim g n = g in L q , is it true that f n g n — * fg in measure? Justify. 

n— mx> 

(Iowa) 

Solution. 

Yes, f n g n — » fg in measure. Indeed, since 
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II fn9n - fg 111 < II fn ~ /llpllgnllg + ||/||p||g» “ 9\\q 0 US 7W OO, 

we have for any e > 0 

A({* | |/»g«(*) - fg(x ) | > e}) 


<-\L 


\\f*g n -fa\(x)>t} 

Wfn9n - fg\\ 


\fn9n ~ fg\(x)dx 


— — ► 0 asn-too, 


where A is the Lebesgue measure. 


4318 

Let AT be a measure space with measure p and suppose that p(X) < oo. 
Let 


S = {(equivalence class) of measurable complex functions on X}. 


(Here, as usual, two measurable complex functions are equivalent if they agree 
a.e.) For / G S, define 




Show that d(f,g) — p(f — g) is a metric on S, and that /„ — * / in this metric 
if and only if f n -* f in measure. 

(Stanford) 

Solution. 

Obviously, d(f,g) = d(g,f) > 0 and d(f,g) = 0 iff g| = 0 a.e., iff 
/ = g in 5. For f,g,h G 5, we have 


d(f,h) = 


< 


< 


L 

L 


\f~h\ 


r dp 


1 + 1 f~h\ 

\f-g\ + \g-h\ 


'x i + \f-g\ + \g-h\ dtM 
l/-g| , |g- h \ 


Li 


U + l/-g| 

d(f,g) + d(g,h). 


1 + |g — h\ 


dp. 
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Therefore d is a metric on S. 

If /„ — > / in measure, then — > 0 in measure by the equality 

f 6X lTT07i 2E } = { ieJc l l/ "^ /l2 T i 7} < 0<£<1 >' 

By the Dominated Convergence Theorem d(f n , /) — > 0. 

Ifd(/„,/) *4 0, then 

i/n - m 


n{{x e x \\fn- f\{x)>e}) = fj,[lxex 


1 + £ 

e 

1 + e 


I 1 + l/n - /|(*; 

l/» -/•!(*) 


^}) 


[ Jf n-f 

A'l+l/n- 


-dx 


f |(*) 

d(f n ,f)-+ 0 as n — ► oo. 


4319 


Let g be a measurable function such that J m |/gr| < oo for every / E IP (JR) 
(fixed p > 1). Prove that there is a constant M such that 


L 


\fg\ < M\f\ p 


all / E IP{M). 


Solution. 

Define for each n £ JV a measurable function g n 

g ( x ) = f SA)’ if ^ n and f*l ^ n > 


( Stanford) 


0, else. 

Then g n E L q (lR) and for any / E L P (1R). 

•ffl/l < Iffz/I < ■ • < \9nf\ < ■ < lff/|- 

Moreover, lim g„f = gf. It follows that the sequence of bounded linear 

n~* oo 

functionals f f(x)g„(x)dx on IP(JR) converges to / *-> f M f(x)g(x)dx, 

pointwise. By the Banach-Steinhaus Theorem, / i-+ f M f(x)g(x)dx is continu- 
ous on IP(]R) and therefore there is an h E L q (M) such that 

[ f(x)g(x) = [ f(x)h(x)dx , / E IP 

Jm. Jm 

which then implies that g a = ‘ h E L q (M). 
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4320 

Let S 1 denote the unit circle (the set of complex numbers with modulus 
one, or the real numbers modulo 2 tt). The convolution of two functions on S 1 
is 2 

f*g( a )=±-J * f(8)g(a-0)dB. 

Suppose that / is an element of L 2 (5 1 ) with the property that its Fourier 
coefficient 

* {n)zz hC w) e ~ in<>de 

is non-zero for all n £ 2. Show that the linear space {/ * k \ k £ L 2 (5 1 )} is 
dense in L 2 (5 1 ). 

(Iowa) 

Solution. 

Let for any n £2, x„(0) = e ,n0 then {Xn}nez is an orthonormal basis of 
L 2 (5 1 ). We have 

C f*Xn)(9 ) = J f(a)xn(9 - a)da 

in6 [2* 

= 17 X 

= f(n)e m9 . 

Therefore {f *k \ k £ L 2 (S 1 )} contains {xn \ n £2} and therefore is dense in 
L^S 1 ). 


4321 

For functions /, g £ L 2 (1R), define the convolution / * g by 

/ +O0 

f(y)g(x - y)dy, 

-oo 

where the integral is with respect to Lebesgue measure. 

a) Show that / * g £ L°°(IR). Do not neglect to check the measurablity of 

f*9 ■ 
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b) Suppose that / has the property that for all g E L 2 (IR ) the convolution 
f*g is also an element of L 2 (M). Define T f : L 2 (Ml) 

It is evident that Tf is a linear operator; you need 
Tf is a bounded linear operator. 

Hint, closed graph theorem. 

Solution. 

Since by Holder’s inequality 

J \f{y)g{x-y)\dy < |/(y)| 2 <fy^ 

< \\fM9\\2, (1) 

f * g(x) is well defined. 

a) We will show that f * g is uniformly continuous. Indeed, 
lim \(f * g)(x!) - (f * g)(x 2 )\ 

\X2-Xl\->0 

/ +OO 

f(y)(g( x i -y)- g ( x 2 - y))dy 

■00 

< , lim . II/II 2 ( f Iff (a: 1 — y) — g{x 2 - y)\ 2 dy] 

= ^hm_J/|| 2 (/ I g( x i ~ x 2 + y) — ff(y)l 2 ^ 

= 0 . 

By (1), f * g is bounded and therefore belongs to L°°{]R). 
b) Let {g n } be a sequence of L 2 (IR) such that 

g n — » g and Tfg n —* h in L 2 (1R). 

Since 

|(/ * ff» - / * ff)(*)l < ll/llallffn - fflla - 0, x E& 
we see that h — f * g = Tfg. By the Closed Graph Theorem, Tf is bounded. 


^L 2 (M) by T f (g) = f*g. 
not check this. Show that 


(Iowa) 


(/: 


|ff(* - y)\ 2 dy 


4322 


If / <E L^M), define 
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/ +oo 

f(x)e^dx. 

Prove that, for any / £ i 1 (JR), /(£) -*0as |£| — ► oo. 


Solution. 

If / is simple, say 




( Stanford ) 

( 1 ) 


then 


lim |/(0| = lim 
lel-.cc 


E 




ak~ 


% 


= 0. 


In general, there is a sequence {/„} of functions of the form (1) such that 
lim ||/„ - /|U = 0. 

n—*oo 

Then 

JE 1/(01 < (l/(0-/n(0l + l/»(0l) 

iei-oo lei-oo 


< lim (||/„ - /111 + |/„(0I) = ll/n - /Hi- 

m-°° 


Letting n — > +oo, we have 


lim |/(0I = 0- 
l€l-°o 


4323 


Let / : [0, 1] — > [0, oo) be an essentially bounded function, ||/||oo > 0. Show 


that 


™ Uo !{l) "*' dx ) / (1 nxrdx ) = 1 


( Indiana ) 


Solution. 

For any a with 0 < a < ||/||oo> let 


E a - {x £ [0, 1] | f(x) > a} 
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and F a = [0, l]\f? a then X(E a ) > 0, where A is the Lebesgue measure. For 
any k G IN, by the Dominated Convergence Theorem, 


Hence 


Jim, ^ /(xy^dx'j j ( I f(x) n dx^j 


< lira 


= 0. 


\(E, 


1_ f (MY i 
E a ) J Fa \ a j 


'jlx 


f(x) n dx ^ 

> lim (a f f(x) n dx + f f(x) n+1 dx\ 

n—>oo \ Jb o JFc / 

f(x) n dx + J f(x) n dx^j 


Letting a f ||/||oo) we get that 


4324 

Let (X,M,n) be a measure space for which fi(X) < oo. Let 1 < p < 
oo. Suppose that {/*} is a sequence in IF^X) such that sup 1 1 /* | | p < oo and 

lim fk{%) = f(x) exists for /i-a.e. x. Prove that 
lim ||/* - /||i = 0. 

k~* oo 

( Indiana ) 

Solution. 

If on the contrary lim ||/*— /||i > 0 there exists a subsequence of {/*}, also 

k — * OO 

denoted {/*}, such that lim ||/* -/||i > 0. Since {|/*|} is bounded in LP(X) 

k—*OQ 

and L P (X) is reflexive there exists a subsequence {|/*,|} of {|/*| | k € IN}, 
converging to |/| weakly in L P (X). 
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By the Vitali-Hahn-Saks Theorem, for any e > 0 there exists a <5 > 0 such 
that for k = 1, 2, • • 

/ \fk,\d»+ [ \m<e 

Je Je 

whenever n(E) < 6. For such 6 > 0 there exists by Egroff’s Theorem a set E 
such that n(E) < 6 and {/*} converges to / uniformly on X\E. Then 

hm / |/ fcl - f\dfJ, < lim f \f k , - f\d/j, + lim f (| f k , \ + \f\)dn < e. 

i—*oo J x\e 00 JE 

Letting e — * 0, we get that 

lim / I/*, - f\d/j, = 0, 


a contradiction. 



302 


SECTION 4 
DIFFERENTIAL 

4401 


Let / : [0, 1] — > St and g : [0, 1] x [0, 1] — *• M satisfy the inequality 

f(y) -/(*)< g(y, x)(y - *) ( for all x,y e (0, 1 )). (*) 

Assume also that g is nondecreasing in each variable, i.e., u < x, v < y => 
g(u,v) < g(x,y). Show that lim g(x,y ) = <j>(x) exists except in a countable 
set and that for 0 < x < y < 1 we have 


f{y) ~ / (®) = J <f>{t)dt. 


Hint. Observe that (*) is equivalent to 

. f{y) ~ f(x 


g(x, x) < g(y, x) < ■ 


y-x 


Solution. 

Let <j>(x) = g( x, x) then cf> is nondecreasing and 


< g(x, y) < g(y, y )> o < * < y < 1 . (**) 

(Iowa) 


<t>(x) < g(y, ®) < y) < <Kv ), ® < y, 

<l>(y) < g(x, y) < n - y) y ~J} x - L < g(y, ®) < ^(®), y<x. 


(i) 


By (1) we have an inclusion 


{a: I lim g(x,y) ^ <^(x)} C {x | lim <f>(y) ^ <f>(x)} 

y—x y *x 

while the latter set is at most countable. So lim g(x, y) ^ <f>(x) exists except 
in a countable set. Again by (1) / is Lipschitz and therefore absolutely con- 
tinuous. However, since by (1), f'(x) = <f>(x) whenever <j> is continuous at x, 
we have 

f(y) - /(®) = j f'(t)dt = J <j>(t)dt. 
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4402 

Prove that a function / : [0, 1] — > M is Lipschitz, with 

I f(x) - f(y)\ < y\ 

for all x, y £ [0, 1], if and only if there is a sequence of continuously differen- 
tiable functions /„ : [0, 1] — * 1R such that 

(I) |/4(*)l<Mforall*eM; 

(II) f n {x) -> f(x) for all s£ [0,1]. 

Hint. There are several different ways to do this problem; one is to use the 
Fundamental Theorem of Calculus. 

( Stanford ) 

Solution. 

If / is Lipschitz, then / is differentiable almost everywhere and moreover 
for any x £ [0, 1] 

f(x) = /( 0) + f f'{x)dx. 

Jo 

Since |/'(*) | < M, x 6 [0, 1] there is a sequence {<?„} of continuous functions 
such that 

\g n (x)\<M, x £ [0, 1] 
and 1 

lim / | g n {x) - f{x)\dx = 0. 
n_ >0 ° Jo 

For any n £ IN, define 

/n(®) = /(0)+/ 9n(t)dt, x € [0, 1], 

Jo 

which is required. 

Conversely, by the Mean Value Theorem 

\f{ x ) — f(y)\ = l/^C 33 ) — /»(2/)i 

= n lirn \ f n (tn)\\ x - y\ 

< M\x — y\. 


This completes the proof. 
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4403 

Let {/„} be a sequence of absolutely continuous real- valued functions on 
[0, 1] such that 

(a) f(x) = 53 fn( x ) converges for every x G [0,1]. 

n=l 

(b) Jo ( 53 l/4(*)l) da: < + 00 - 

' n=l ' 

Show that / is absolutely continuous on [0, 1]. 

(Illinois) 

Solution. 

Let ^ 

9(x) = J2fn( x ) 

11—1 

in L ^0, 1]. Then 

oo oo 

/(*) = £(/-(*> “/-(°))+E/-(°) 

n=l n=l 

= £/»(°) + £ / fn{ x ) dx 

= m+ f 9(t)dt. 

Jo 

It follows that / is absolutely continuous. 


4404 


Assume that / € AC(I) for every I C R- If both / and /' are in L 1 ( R ) 
show that (i) J R f = 0, (ii) f(x) -> 0 as \x\ -* oo. 

( Indiana-Purdue ) 

Solution. 

Since / G AC(I), for every I C R, 


/; 


/'(<)* = /(*) - /( 0 ). 
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Since /' £ L 1 , lim J Q f'(t)dt exists, which means lim f(x) exists. Since 
/ E L 1 , we must have lim f(x) — 0. Therefore 

/ f'(x)dx = x lini^ f(x) - /( 0) = -/( 0). 

In the same way, we have lim f(x) = 0 and 

ar— * — oo 


Thus 


/° f\x)dx = m. 

J — oo 

J f'(x)dx = J f'(x)dx + J f'(x)dx = 0. 


4405 

Let {/„} C j 4C7([0, 1]), / n (0) = 0 for every n. If { f ' n } is Cauchy ( L 1 ), show 
that there is / £ AC([0, 1]) such that /„ — > / uniformly on [0, 1]. 

( Indiana-Purdue) 

Solution. 

Since /„ E .AC([0, 1]), 

f n (x)= f f' n {t)dt. 

Jo 

Thus 

\u(x)-f m (x)\< [ 

Jo 

So there exists an / G C([0, 1]) such that /„ — » / uniformly on [0, 1]. 
Moreover, there exists g E L 1 such that /' —* g. Then 

I f [/;« - »(*)]*! < [ l i/i(o - - o. 

|Jo I JO 

Therefore ^ 

/(z) = lim / = [ g(t)dt 

Jo Jo 

which implies / E >4C([0, 1]). 
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4406 


(a) Assume that / E -AC (I) and f E L°°(I). Show that / is Lipschitz. 

(b) Show that the following two statements are equivalent. 

(1) / : I — ► R is Lipschitz 

(2) e > 0 => 36 = 6(e) > 0 such that {Ij = [oj, fy]} C I with 


£!/(&,) -/(dis- 


solution. 

(a) For any ®i, El, 


( Indiana-Purdue ) 


\f(x 2 )- f(xi)\= f f'(x)dx < (l/^looki — x 2 
Jx, 


(b) (1) =>• (2) obviously. 

(2) => (1). Take 6 > 0 such that \f(bj)~f( a j)\ < £ f° r any Ij = [ a,j,bj ] C 
I, \Ij\ < F°r any x 2 , x 2 , El, x x < x 2 , we give the following fact. 

Suppose that x 2 — x\> 6. Take N such that | 1 < 6. Take {c 7 } 

such that xi = Co < C\ < • • • < Cjv = x 2 . c, — c,_i < 6. Then 

l/(*2) - /(*l)l < £ I f{Cj) - f(cj- l)l < N < ||®2 - *l|- 

Suppose that x 2 — x x < 6. Take JV > 0, such that | < N(x 2 — Xx) < 6. 
Then iV |/(a?i) — /(a:i)| < 1. So we have 

l/(*a) - /(*i)| < < §1*2 - *i|- 

Therefore we find a Lipschitz constant 


4407 

Let G n , n = 1, 2, • • • be open subsets of [0, 1] such that 
<?i D G 2 D \Gn | < — ■ 

/(*) = £|G„n[o,*]|. 

n>l 


Let 
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Show that 

(i) / 6 AC([ 0, 1]). 

(ii) | f(x') — f(x")\ < M\x' — x"\, x’, x" G [0, 1] iff there exists no such that 
G n = 0, n > n 0 . 

( Indiana-Purdue ) 

Solution. 

(i) For any e > 0, take N such that W < § • Set 6 = ^ • If { (a, , &,•)} 

JV + l 

is a sequence of disjoint open intervals in [0, 1] and — a,) < 6, then 

-/(«.) i = E (Ei G « n [ a «> 6 ']i) 

oo N 

< E l g n| + E E|gn n [<*«.&»] 

JV+1 1 i 

S __ /t . £ £ 

< 2 + ^ E( 6i _ “•') < 2 + 2 = £ ’ 

which means / G -AC([0, 1]). 

(ii) Suppose that there exists no such that G n = 0 for n > n 0 . Then for 
e" > e', 

n 0 

l/(*") - /(*')l = E l Gn 0 *"11 < n o|a:" - 

l 

Conversely, suppose that for any natural number K, there is k' > K, Gv yt 0. 

Then Gjt ^ 0. Take a: G Gjc, (5 > 0 such that (* — 6, x + 6) C Gk ■ Take a, b, 

a <b, 

K 

a,b€(x-6,x + 6)cG K =f)Gi. 

i=l 

Then 

\m -/(«) I = ElG-nMi 

n — 1 
K 

> Ei G » n [«^]i 

n = 1 

= EMI 

i 

= JT|6-a|. 
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For what values ‘a’ and ‘6’ is the function 


f 0, x = 0, 

T{X > — \ |x| a sin |x|^, x^O 

(i) of bounded variation in (—1,1); (ii) defferentiable at ‘O’. 

Solution. 

The function / is of bounded variation if and only if 

m / b = 0 , m / b > 0 m / 6 < 0 

(I) \«>0, “ (II) \ a+i.>0, “ (“Ij. + l: 

To show (1), let us first establish the following equality 
V(/) = sup (|/(e)| + |/'(x)|dx^ 

/ . f 1 |a sm f b + 6cosx h | 


= sup I |e sin e \ + J - — — Zh '-dx\ (2) 

l>e >0 y J e x 1 J 

provided that either side is finite. 

Indeed, since / is continuously differentiable on (0, 1], for any e > 0, / is 
of bounded variation on [e, 1] and 

\J(f)= f 1 \f'{ x )\dx. 


sup (W)l + / I f'{x)\dx 

1>£>0 \ Je 


= sup (1/(0 - /(0)| + V(/)) 

1>€>0 l 

ell 

< sup + 

l>e>0 l c Q 

sup (|/(c)-/(0)| + |/(*i)-/(e)| 

0<e<Xi<-<a:„ = l 

< ^up^ + J £ • 


-1/(1) -/(*»-!)[ 



309 


Case I. b = 0. Then sup |/(e)| < oo iff a > 0, while a > 0 implies that 

0<e<l 

f 1 , ... f 1 |«sinl| 

sup / 1/ (*)|dx = sup / — — ax < oo. 

0<e<l J e 0<e<1 J £ Z 1 a 

Case II. b > 0. Then sup |/(e)| < oo iff a + b > 0, for 
0<«<1 


Since a + b = 0 and a + b > 0 imply respectively that 

l/'MI _ * 


I -.0 

the function f is integrable on (0, 1]. 

Case III. b < 0. If a + b < 0, there is a 6 > 0 such that 0 < x < 6 implies 
that 

V3 M \b\ 

Let N = [£l + 1. Then 


f 1 \f\x)\dx > f 
Jo Jo 


f E l ‘ l(|M,) '^y« ) '* t) . « + *<». 


1*1 lnjl+T^) 
—2b > 


If a + b < 0, since 


lim ((2 kir+^) k — (2fc-7r) 1+ ^ ) / k b 


(2tt) * 7r(a + b) 
66 


Y, k » = 00 , 
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[ |/'(a:)|d:E = +oo; 

Jo 


if a + b = 0, since 

*!St 1 "( 1 + s) /is 

and 

£=- 

we have 



/ |/'(a:)|d:c = +oo. 
Jo 

If a + b > 0, then 

sup j/(e)| < +00 

0<e<l 

and 


l/'(*)| 

la 212 ^- +6 cos a: 6 ! 

- . 'S(l«l 

and therefore /' is integrable. 


(ii) / is differentiable at 0 if and only if 

/ b> 0 f 6 < 0 

\ a + 6 > 1 ° r \ a > 1. 


4409 


Prove or disprove 

a) Let / be a real function on [0, 2ir] satisfying \f(x) — /(y)| < |a? — y |, all 
x, y G [0, 2tt] and f'{x) = 0 a.e. on [0, 2ir]. Then / must be constant, b) Let / 
be a real valued function of bounded variation on [0, 2 - 7 t ] with f'(x) = 0 a.e.. 
Then / must be constant. 

( Stanford ) 

Solution. 

a) The conclusion is ture. Since by the condition that 

l/(z) - f(y)\ < |z - y\, e [o, 2tt] 

/ is absolutely continuous, / is constant. 
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b) is false. Let 

f(x) = 0 on [0,7r) and f(x) = 1 on [ 7 r, 2 tt]. 

Then / is of bounded variation with f'(x) — 0 a.e., but / is not constant. 


Let f,g £ X 1 (iR). Show 


1 / ,t+h 

lim — / f(x)dx = /(f), a.e. 
h->o ft ,/ t 


/„ /(x)dx = C ’ 


‘ f(x + h)~ f(x) 


dx = f(a + 1) — c a.e. 


\f(x + h)-f(x) 


then there are constants a, c such that 


- 0 ( 3 ;) da; = 0 


f(a+t) = J g(x)dx + c a.e. 

Can you deduce that f'(x) = g(x) a.e.? 

State explicitly the theorems you use. 

( Stanford ) 

Solution. 

Assume, without loss of generality, that / and g are real-valued. Since the 
function _ 


>J f(t)dt = J f+(t)dt-J f_(t)dt 


is of bounded variation, it is differentiable almost everywhere by Lebesgue’s 
Theorem. 

a) For any e > 0 there is a continuous function h : M — > M such that 


j+™\f{x)-~h{x)\dx< 
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We have 

/Tl^ 

= J \ij ( f(t)-h(t))dt + h(x)-f(x)\dx 

r+°° i d r ~ i r + °° ~ 

< / bv / (/(*)“*(*))* + / W*)-/(*)|d* 

«/-oo I -/-OO I «/-oo 

< J | ^(/ U-h)+{t)dt-j {f -h)-(t)dt^dx + e 

- /I (lLj , -~ hMt)+ iLj , -~ h) - m ) dx+£ 

/ +oo _ 

1/ - h|(x)dx + e < 2e. 

Letting e — > 0, we see that 

/(t)*-/(*)|«fa = o, 

and therefore 

b) We have by a) 

A— *o J a h 


= lim ( 

r« x+h hx- 


A— *0 \ 

Ja h 

J. I> y 

= lim ( 

r h+t M dx _ 



Ja+h ^ * 

la h ) 

= lim [ 

r Hh m dI . 


A—O l 

Ja+t h 

la h 


= f(a + t) — c a.e. < £ IK. 


c) By a), there is an a£fi and a c such that 
1 /‘ a+h 

lirn — / f(x)dx = c. 
fc-o h y a 
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By b) and by the assumption, we have 

ra+t 


Therefore 


/ a+t 

g(x)dx - c 

/(a +<) -c-jr a+t ^ +fe )-^) 


h 


dx 


■n 


f( x + h)-f(x) 


- g(xfj dx 


= iim ( f(a+t} - c -r +t f^±ipm dx 

h ~>o \ J a h 


■n 


f( X + h)-f(x) 


-ff(* 




0, a.e. t £ JR. 

ra+t 

f(a + t)= / g(x)dx + c a.e. t £ JR, 
Ja 


/(*) = [ 9(t)dt 

J a 

It follows that f'(x) = g(x) a.e.. 


+ c a.e. x £ JR. 


4411 

Let F : (a, b) — > 1R be measurable. 

(1) Prove that the following two statements are equivalent: 

(a) There is an / £ L 2 (a, b) such that 

r 

F(x) = I fdm (m the Lebesgue measure); 

(b) There is an M > 0 such that 

is 

for any finite partition xo < x\ < • • • < x n of (a, b ). 

(2) Show that the smallest constant M in (b) is equal to H/Hl- 


(Iowa) 
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Solution. 

(1) (a) => (b). By the Cauchy-Schwarz inequality 

Y l^(«0 - F{xj-i )\ 2 
x i - x i- 1 

» i i t Xi l 2 




“ x i ~ Xi - 1 


|/(a;)| 2 da: 


l 2 dx = 


( 1 ) 


(b) =>• (a) Obviously, for any mutually disjoint intervals (a n ,/3 n ) of (a, b), 
n G -2V, we have 




Pn~(X„ 


■ < M. 


( 2 ) 


Since 








M^iPi-ai), 


F is absolutely continuous, and therefore there is an integrable function / : 
(a, 6) — > JR such that 


F(:e) = J f(t)dt + c, x G («, 6). 


We will show that if E\, - • • , E n are any mutually disjoint measurable sets, 
then for any £ > 0 


n 1 ^ 

V— ^ / /(*)<*« <M. 


(3) 


If Ei s are open sets of (a, b), say F, = U (a,y , Pij ) (A, at most countable), 

jGAj 
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I E ? 

ie A; 

m{Ei) + e 

jeAi a ‘j ,J 

m(Ei ) + e 

£ fe^-l/^71 2 £ (fly - a.j) 

j6Ai j j j >eAj 

m(£; < ) + e 

v iOf 

it*. 

If Ei ' s are compact sets there is for each i a decreasing sequence of 

00 

open sets of ( a,b ) such that E t = fj Eij and E tl f\E k i = 0 (i ^ fc). Applying 
> = ! 

(3) to the mutually disjoint open sets .Ey, • • • , E n j and passing to the limits 
we see that (3) holds for Ei, • • • , E n . 

In general, there is for each i an increasing sequence {-E tJ }^L 1 of compact 

OO 

sets such that (J E^ C Ei and lim p(Eij) — m(Ei). Applying (3) to the 
j—i j-+oo 

mutually disjoint compact sets Eij , • • ■ , E n j and passing to the limits we see 
that (3) holds in general. 

To show that / is square integrable, it suffices to show that 

00 

E nm(E„) < oo, 

n=l 

where E n = {x \ n < \f(x)\ 2 < n + 1}. Let 

E+ = {x | y/n < f(x) < y/n + 1} 

and 

E~ ={x\ -Vn+l < f(x) < -Vn}. 


then by inequality (2) 


UeJI 

Ajm(S,.)+£ 


= E 
1 = 1 

= E 

i=i 

< E 

« t 

i=l 

< M. 


E nm (Erf) 


Then 
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= f>m(tf+) + nm(E n )) 

n = 1 

< lim Y'' lim ( — - — ^ I / f -\ ^ [ f 

n^oo^e-^0 ^m(£+)+e \Je+ m(E k )+e J e - 

= lim lim Y^ ( j / / H ^ / / 

n ^°° £ " 0 \ m ( E k ) + e \JEi I rn(E k ) + e Je : 

< M. 

(2) Define, for each / G L 2 (a,b), 


= ~. < sup <,„=4S^^£/ 


then || • || is a norm on L 2 (a,b ) by (3). Moreover ||/|| < ||/|| 2 by (1). For any 
/ G C[a, 6], there is G kJ,) (*„ = a + ^(6 — a)) such that 


Then 


= -a*- 1 ). 


Il/lli = „ 1 ™ 0 Xll/(^n)| 2 ( :c n ~ x n *) 

1=1 

JY f{x)dx\ 2 

— lim > — -r— : 

n->0 ° ■, x' - x’ n 


It follows that ||/|| = ||/||2 for any / G C[a, 6]. For any / G L 2 (a, b) there is a 
sequence {/«}^Li of C[a, b] such that ||/„ — /|| 2 — * 0, so 


lim ||/„ - /|| < lim ||/„ - /|| 2 = 0. 


We have 


|= lim ||/„||= lim ||/»|| 2 =| 

n— >00 n—*oc 


This completes the proof. 
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4412 


Let X = [0,1], M the cr-algebra of Borel subsets of X. Let a(t) = t 2 , 
1 3(t ) = t 3 and define measures fi and (j) on M by 

fJ.(E) = f Ida and <j>(E) = f 1 d/3. 

Je Je 

Does ^4 exist? Does exist? Compute the value of the Radon-Nikodym 
derivatives that exist. Justify. 

(Iowa) 

Solution. 

For any Borel subset E of X, 

H(E) = / 2 tdt 
Je 

and 

<t>(E ) = [ 3 t 2 dt. 

Je 

We have 


p(E) = 0 2< = 0 a.e. t € E A (E) = 0 

O it 2 = 0 a.e. t£E & A (E) = 0 
O <j>(E) = 0. 


It follows that fi ~ <f> ' 


■ A, where A the Lebesgue measure. We have 

d\i _ dfj, jd 

dd> = d\/d 


4m/ S = “/* , = s 


and 


d<j> _ 3 1 
djl ~ ~2‘ 


4413 


Let A be the Lebesgue measure on 1R and n and v the Borel measures on 
1R defined by: 

»( A ) = £^A((n,2n)n>l), 

n=l 
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Is n <C v or v <C /*? Find the corresponding derivaties if they exist. 

(Iowa) 

Solution. 

It is true that i/</i and it is false that Because fJ.(A) = 0 implies 

for all n (E W, A((n,2n) D A) = 0 and therefore fi((n , |n) fl A) = fl, i.e., 
z'(.d) = 0; however, let A = (§, 2] and then v(A) = 0 but fj,(A) = 

We show next that 




r »•. 


X < 0, 


dv 1 



1 


dfj. | 

^ssr 


-, X > 0. 





Since 


-LU 




m(^) 

X(» 

, 2n ](a:)dx 

and 






v(A) 

11 

^1- 

*(». 


we have 







du ^ 1 
dv ~ 2" 

;X(n 

,2»] 

and 







*/ _ 1 

dA “ ^ 3" 

*(», 

t»J- 

Therefore (1) holds. 






4414 


Let /t be the Lebesgue measure on [0, oo]. Define 


Mi(^) = / xdfJl 

“ ./i5n[», n +i] 

A*2(^) = / 4^ 


for any Lebesgue measurable subset 1? of [0,oo]. Is /i <C H 2 or/and fi 2 A*i? 
If so, find the corresponding derivatives. 


(Iowa) 



Solution. 

Since 
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ME) = [ jt ix [Bl »+i)(*)«fa, 

Je n=1 n 

M E ) = [ X[i,<x,)( x )-^ dx ’ 

Je x 

we have 

Ml(-E) = 0 O ^ 3 X[n,n+l)Xjr(*) = 0, a.e. x E [0, oo) 

& Vn E IN, XBn[n,n+i)(*) = 0, a.e. x £ [0,oo) 
Vn E IN. n(E fl [n, n + 1)) = 0 
O fi(E fl [1, oo)) = 0 

't-*' Xi3n[i,oo)(®) = 0 

«• ME) = o. 

It follows that both <C /^2 and (i 2 <C Hi- Moreover 





a: > 1, 

0 < x < 1, 



x > 1, 

0 < x < 1. 


From /* 2 ([0, 1)) = 0 and /i([0, 1)) = 1, /x <C ^2 does not hold. 


4415 

Let <j) : M — * M be a bounded, continuously differentiable function with a 
bounded derivative, and assume g E L(IR). Define 

f(t) = I <f>(tg(x))dx, t EM. 

Jut 

a) What additional assumption on (j> will insure that / is well defined? (i.e., 
that <j>(tg{-)) E L(M) for all t E 1R). 
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b) Under the additional assumption in a) above, show that / is differen- 
tiable, i.e., /'(#.) exists for all t £ ttt. 

( Indiana ) 

Solution. 

a. Assume ^( 0 ) = 0 then / is well defined. Indeed, for any t, x there exists 
an s with 0 < s < 1 such that 

<j>(tg(x)) = tg(x)4>'(y) \ y=stg ( x ) ■ 


Since 


sup \4'(y)\ < oo <f>(tg(-)) £ L(1R). 
»6JR 


b. We will show that 


/'(<) = [ <f>'(tg(x)g(x)dx. 

Jm 


Indeed, for any s,t £ 1R (s ^ t), 


= \{4>'{rg(x)) - <t>'(tg(x))g(x)\ 

< 2sup|^(y)||ff(*)| 


and 


lim 


<j>(sg(x)) - <t>(tg(x )) 
s -t 


- <l>'(t 9 (x))g(x)\ = 0. 


The conclusion follows from the Dominated Convergence Theorem. 


4416 

Let {fk} denote a sequence of nondecreasing functions defined on (0,1) 
with the property that ^lim /*(*) = 1 for almost every x £ (0, 1). Prove that 
lim /jfc(z) = 0 for almost every x £ (0, 1). 

k — » oo 

( Indiana ) 

Solution. 

There are sequences {a„} and {!>«} such that 0 < a n < b„ < 1, 
lim (h„ — a„) = 1 
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lim f k (a n ) = lim /*(&„) = 1 

fc — » oo fc — ► oo 

for any n £ j 5V. By Fatou’s Lemma, for any n £ W 

/ Mm fk( x )dx < Urn / f' h (x)dx 
Ja n fc— ► oo k—*ooJa n 

< Mm (/*(&„) - /fc(a n )) = 0. 


It follows that lim f' k is integrable and 


f 1 Mm n 
Jo fc— MX) 


fk [x)dx = 0. 


Hence lim /£(:c) = 0 for almost every a: £ (0, 1). 
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SECTION 5 

MISCELLANEOUS PROBLEMS 


4501 

Let S C R be a set of real numbers with the property that |SH |-S n | < 1 

for every finite subset {Si, • ■ • , S„} C S. Show that S is countable. 

( Indiana-Purdue) 

Solution. 

Since S D (£,n) and S fl (— n, — £) must be finite and 

S = Sn ^0((^,n)U(-n,-i))U{O}^ , 

S is countable. 


4502 

Let {2 Q }, a 6 T, be a collection of closed intervals in R. Show that 

aer a€T 

is countable. 

( Indiana-Purdue ) 

Solution. 

Obviously (J 2® is an open set. We have 
crgr 

LK = U 

aer n=l 

where a„,/3„G U 2°. For any x € U-LAU-*Si there must be a such that 
Qe r « a 

x £ 2 q , but x can not be in 2°. Take n such that 


2°C(a 0 ,|9«). 



323 


If I a C (a n ,/?„), then x I a , which is a contradiction. Thus we must have 
x = a„ or /0„. 

Therefore 

U^\U 7 «C:U{«n./3n}. 

a a n 

which implies U I <*\ U ^o, is countable. 

O' O 

4503 

Show that any infinite set of non-empty, mutually disjoint, open sets in a 
separable metric space X is countable. 

( Stanford ) 

Solution. 

Let {Ui | i £ /} be such an infinite set. For each i £ I there is an a< £ D 
such that a.i £ Ui, where D is a countable dense subset of X. Then a, ^ aj 
whenever i ^ j. It follows that the map, i ► a,- of I to D is injective and 
therefore I is countable. 


4504 

Prove that for almost every x £ [0, 2tt] 

lim sin(na:) = 1. 

( Stanford ) 

Solution. 

Let 

A = {x £ (0, 2tt) | — is irrational). 

7T 

Then A is a measurable set of measure 2 tt. Moreover, for any x £ A, 
lim sin(na;) = 1. 

Indeed for any x £ A, since {kf - 21 \ k, l £ Z} is a dense subgroup of 1R, 
there are sequences {&„} and { l „ } of 2 such that 

1 

2 ' 


lim (k n 2l n ) 
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Since | £ {k^—2l | k,l EZ}, {&„} admits a subsequence {&' ( } either increasing 
to +oo or decreasing to — oo. If lim k' n = +oo then 

lim sin(£{,a;) = lim sin(fc^a; — 2l' n w) = 1; 

Otherwise lim (~3k' n ) = +oo and 

lim ((-30*+2(3£ + l))= 1 

«-» oo 7T i 

and therefore 

lim sin(— ik' n x) = lim sin(— Zk' n x + 2(3 l' n + l)x) = 1. 


4505 

Let / G C(I). Show that there exists a sequence of polynomials {p n } such 
that p n —> f uniformly on I and Pi(x) < p 2 (*) < • • • for every x E I. 

( Indiana-Purdue) 

Solution. 

For any n, take a polynomial p n such that 

M*) -[/(*)- 2^]! < 2^a» 

Then j j 

/(*) - 2^+i > **»(*) > /(*) ~2^i 1 e i. 

Obviously, Pi(x) < p 2 (a:) < •■■ and p n — ► / uniformly on I. 


4500 

Let / G C([0, 1]). Show that there is a sequence of odd polynomials p n (x) 
with p n — ► / uniformly on [0, 1] iff /( 0) = 0. 

( Indiana-Purdue) 

Solution. 

Suppose that there is a sequence of odd polynomials p n with p„ — > /. Then 

/(0) = lim p„(0) = 0. 
n—*oo 
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Conversely, suppose that /( 0) = 0. Set 

f(x) = -f(-x), x G [-1, 0]. 

Then / is a continuous function on [—1, 1]. Take a sequence of polynomials 
Pn(x) with Pn —> f uniformly on [—1, 1], Set 

-PnOc) = ^bn(») -Pn(-z)]- 

Then P„ is an odd polynomial for any n. We have 

lim P n {x) = lim^bnC*) ~P»(-*)] 

n— mx> 2 

= \[f(x) -/(-*)] = /(») 

uniformly on [0,1]. 


4507 


a) Show that the mapping I : C[0, 1] — *■ C[0, 1] 

1 f* 2 

(!/)(*) = e* + -jf 


is a contracting mapping on C[0, 1], with the supremum norm. 

b) Show that there exists one and only one smooth function / on [0, 1] 
satisfying the conditions: 


£/(*) = e *-+ */(* 2 ). 

m = 1 - 


Solution. 

a) For any / and g in C([0, 1]), 


( Stanford ) 


II If ~ Ig\\ = \ jf I /(<) - 9{t)\dt < ||| / - ff||. 

b) By the Banach’s Theorem, there is only one function / G C[0, 1] such 
that /(/) = /, i.e., 


f(x) = eX + \Jo f{t)dt ' 


( 1 ) 
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By (1) / is smooth and satisfies the conditions: 

/ £/(*) = e * + x f( x2 ), 

1 /(0) = I- 

If g is another smooth function satisfying (2), then 
g(x) = e x + i J g(x 2 )dx , 

i.e., I(<?) = g, by the uniqueness of /, g = f. 


4508 

Given / : R —> R bounded and uniformly continuous and {K n }, n = 
1, 2, 3, • ■ ■ , K n E L 1 such that 

(i) ll-Knllx < M < oo, n = 1,2,3, • • •. 

(ii) f K n — ♦ 1 as n — + oo. 

(iii) /{ x .| a .| ># j \K n | — ► 0 as n — ► oo for all 6 > 0. 

Show K n * f —> f uniformly. 

(UC, Irvine) 

Solution. 

Take Mi > 0 such that |/(a:)| < Mi for all x € R. For any e > 0, by (ii) 
there is an N\ such that 



If n> Ni. Thus 

|/ K n (y)f(x)dy - /(*)| < ^ ~ = \ (1) 

Take 6 > 0 such that 

I /(*-¥)-/(«)!<£ 

holds for all x E R any |j/| < 6. For the above 6, take IV 2 such that 
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if n > N 2 . Therefore 


|(-Kn * /)(*) - J K n (y)f(x)dy 

< j \K n {y)\\f(x-y)-f{x)\dy 

= [ \K n (y)\\f{x-y)-f(x)\dy 

d{y-\y\>f] 

+ [ \K n (y)\\f(x — y) — f(x)\dy 

< 2 Mr / |K„(2/)|%+ / |Jf„(y)|dy 


•%l>« 

< 2M 1 .4 + ||^|| 


|y|<* 

£ 

AM 


AM 


Set N — max(7V 1 , iV 2 ). It follows from (1), (2) that 

\{K n * f)(x) - f(x) I < |(Jf„ * f)(x) - J K n (y)f(x)dy\ 

+ || K n (y)f{x)dy - f(x) | 


< 2 + 2 =£ 


( 2 ) 


holds for all x G J? if n > N. 


4509 


Let / : R — ► (— 00 , 00 ) be upper semicontinuous and define m : R — + 
[- 00 , 00 ) by m(a:) = liminf/(y). Let 5 = {a: | f(x) — m(x) > 1}. 

(a) Show 5 is closed. 

(b) Show: If I is an open interval contained in 5, then m(x) = -00 on I. 

(c) Show that 5 is nowhere dense. 

( UC, Irvine) 

Solution. 

(a) For any x 0 G S c , there exists e > 0 such that 
f(x 0 ) - m(xo) < 1 - £ < 1. 
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Take 6 > 0 such that 

f(x) < f(x o) + |, f(x) > m(x 0 ) - | 
for x E 0(xo,S). Therefore 

m(x) = liminf f(y) > m(x 0 ) - | 
holds for x E 0(xq, 6). Thus 

f(x) - m(x) < f(x 0 ) + | - m(x 0 ) + | < 1 - e -f e = 1 

if X E O(*o,<5), i.e., a: G 5 C . So S c is open. 

(b) Suppose that there is eo € I such that m(x o) > — oo. As in (a), we can 
find 6 > 0 such that m(x) > m(x o) — | for x G 0(x o, C I. By the definition 
of m(E), there must be e G 0(xq,6) such that /(e) < m(xo) + §• Therefore 
/(e) — m(x) < 1, i.e., x £ S which contradicts x G I C S. 

(c) Suppose that S is not nowhere dense. Since 5 is closed, there is an open 
interval I C S. From (b), m(x ) = -oo for x £ I. Denote 

Ai = {*ei,/(*)<-i}. 

A\ is a non-empty open set. Take an open interval 7i such that 7i C Ai. In the 
same way, we can take an open interval I 2 satisfying 1 2 C 7i and /(e) < — 2 
for e G I 2 . By induction, we obtain a sequence of open intervals {7 n } such 
that 7 n C 7 n _i, /(e) < -n for x E 7„. Obviously /(x) = —00 for x E n7 n , 
which is a contradiction. 


4510 


Prove that any topological metric space is homeomorphic to a bounded 
metric space. 

( Stanford ) 

Solution. 

Suppose that (X,d) is a metric space. Define another metric d on X by 


d(x,y) 


d(x,y) 

1 +d(x,y)' 


x,y G X. 


It is easy to show that the identity mapping of X is a homeomorphism of (X, d) 
to (X,d). 
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4511 

Let M be a metric space with distance function d, suppose A : M — * M is 
a distance nonincreasing periodic map of order 3, i.e., 

A o A o A = Id and d(Ax, Ay) < d(x, y). 

(i) Show that A is a continuous bijective isometry. 

(ii) Give an example of a complete metric space M and an isometry A on 
M , periodic of order 3, which has exactly two fixed points. 

( Stanford ) 

Solution. 

(i) Since A~ 1 = A 2 , A -1 is distance nonincreasing, too. Therefore A is an 
isometry and therefore continuous. 

(ii) Let M be the 2-dimensional sphere 

M = {(*, x) G W x M | |z| 2 + s 2 = 1}. 

The isometry A : M — » M defined by 

A(z, a;) = (e5 T *z, x), (z, x) £ M, 

is a periodic map of order 3, having exactly two fixed points (0, 1) and (0, — 1). 


4512 


Let H be a Hilbert space and let f : H — > M be a continuous convex 
function such that f(x n ) — > oo whenever ||a; n || — + oo. Prove that / attains a 
minimum. 

( SUNY , Stony Brook) 

Solution. 

Let a = inf f(H). There is a sequence {a: n } of H such that 


lim f(x n ) = a. 

»— »(X> 


If 


sup ||a; n || = +oo, 


there is a subsequence {*„ fc }j*Li such that \\x nk || — » 


+oo, then 


a = lim f(x nii ) = +oo, 

fc-»oo 
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a contradiction. So sup||sc B || < +oo. By the weak compactness of the closed 

ball of H, there is a subsequence {x nk } converging weakly to a point x £ H. 

For any (3 > a there is an N G IN such that for any k > N, f(x n fe ) < j3. 
Since 

x G | k > N} W C cov{*„ t | fc > N) W = cov{x„ h | k > IV}" " 
and for any y G cov{a; nji | k > N}, f(y) < (3, one has f(x) < (3. Therefore 
a < f(x ) < lim/3 = a. 

Pia 

It follows that a is finite and / attains its mininum at x. 


4513 

A is the subset of £ 1 (JR) consisting of all functions / satisfying |/(a:)| < 1 
a.e. on M. Prove that A is closed in the norm topology of T 1 (IR). 

( Stanford) 

Solution. 

If {/«} is a sequence of A such that / = lim f n exists in L 1 (IR). Then 

n— kx> 

{fn} converges to / in measure and therefore by F.Riesz Theorem there is a 
subsequence { f nk } converging to / almost everywhere. It follows that \f(x)\ < 
1 a.e. on 2R. So A is closed. 


4514 

Let A be a bounded linear operator on Hilbert space H. Recall that the 
adjoint A* is the unique bounded linear operater on H such that (Ax,y) = 
( x,A*y ) for all x,y G H- 

(a) Show that ||-A*|| = ||j 4||, where ||ylj| is the norm of A. 

(b) Show that A A* — A* A cannot be the identity on H. (You may wish to 
use (a) prove this.) 

(Stanford) 

Solution. 

(a) Indeed, since 

||A*|| = sup 11^4*2/11= sup sup \(x,A*y)\ 

IWI<i l|y||<i|MI<i 

= sup sup |(^4ar, y)\ < ||-A|| 
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and a fortiori mil = ||j 4*||- 
(b) First, we will show that 

\\A*A\\ = ||A|| 2 = sup (A*Ax,x). (1) 

ll*ll<i 

Indeed equalities (1) follow from the following inequalities 

||j 4|| 2 = sup (A*Ax,x) < sup m* J 'MIIMI 

ll*ll<i ll*ll<i 

= H*A\\ < \]A*\\\\A\\ = m|| 2 . 

If for some bounded linear operator if on if, A A* — A* A — I then 

||AA*|| = sup {AA*x, x) 
ll*ll=i 

= sup {A* Ax + x, x) 
ll*ll=i 

= sup (A* Ax, x) + 1 
ll*ll=i 

= m^ii + i- 

It follows that mil 2 = mil 2 + 1) a contradiction. 


4515 


Suppose that A,BCl R are Lebesgue measurable, with m(A) > 0, m(B) > 
0. Show that 

A + B = {x E St \ x = a + b, a E A,b E B} 
contains an interval of positive Lebesgue measure. 

( Indiana ) 

Solution. 

Assume without less of generality that A and B are compact sets. Since 



B) n A)dx 


Jm dx 

J m {^J Xb(* - y)XA(y)dy ^ dx 


m(A)m(B) > 0, 
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there exists an x 0 G Ift such that m((xo—B)C\A) > 0. Since x m((x-B)nl) 
is continuous, the set {a; | m((x — B) fl A > 0} is nonempty and open. Then 
the conclusion follows from the following inclusion 

{* | m (( x - B) n A) > 0} C A + B. 


4516 

Let X be a compact Hausdorff topological space and let fi be a finite regular 
Borel measure on X. Is it true that if / : X — ► St is /z-measurable then 
there exists a sequence {/ n }£° =1 of continuous real-valued functions such that 
lim fn — f a.e. [/*]? Justify. 

n— >0 

(Iowa) 

Solution. 

Yes. For any n G IN there is a compact subset F n of X such that 
pb(X\F n ) < and / is continuous on F n . Let X n = [J F,. Then (1) 

i=i 

/ i(X\X n ) < (2) / is continuous on X„, and (3) n ^ X\ (J Xn'j = 0. There 

is for each n £ IN a real-valued continuous function /„ : X — ► 1R such that 
f n = f on X n . Then lim f n =f a-e. [//]. 

n—*o o 



PartV 


Complex Analysis 
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SECTION 1 

ANALYTIC AND HARMONIC FUNCTIONS 

5101 

True-False. If the assertion is true, quote a relevant theorem or reason; if 
false, give a counterexample or other justification. 

(a) if /(z ) = u + iv is continuous at z — 0, and the partials u x , u y , v x , v y 
exist at z = 0 with u x = v y and Uy = —v x at z = 0, then /'( 0) exists. 

(b) if f(z) is analytic in ft and has infinitely many zeros in ft, then / = 0. 

(c) if / and g are analytic in ft and f(z) • g(z) = 0 in ft, then either / = 0 
or g = 0. 

(d) if f(z) is analytic in ft = {z; Rez > 0}, continuous on ft with |/(iy)| < 1 
(-00 < y < -l-oo), then |/(z)| < 1 (z G ft). 

(e) if ^ a n z n has radius of convergence exactly R, then ^ n 3 a n z” has 
radius of convergence exactly R. 

(f) sin y/z is an entire function. 

(Indiana- Purdue) 

Solution. 

(a) False. A counterexample is f(x,y) = ^J\xy\. f satisfies Cauchy- 
Riemann equations at z = 0, but /'( 0) doesn’t exist. 

(b) False. A counterexample is f(z) = sin / is analytic in ft = {z : 
|z| < 1}, and has zeros z — 1 — n — 1, 2, • • -. But / is not identically zero 
in ft. 

(c) True. If neither of / and g is identically zero in ft, then both f and g 
have at most countably many zeros in ft, and the zeros have no limit point in 
ft. Then /(z) • g(z) is not identically zero in ft. 

(d) False. A counterexample is /(z) = e z , which is analytic in ft, and 
continuous on ft with |/(*J/)| = 1- But /(z) is not bounded in ft. 

(e) True. Because lim \/n ? = 1, it follows from 

n—*oo 



lim V n3 KI = p- 

n— +oo it 


that 
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(f) False, sin yfz is not analytic at z = 0. Actually, z = 0 is a branch point 
of sin yfz. 


5102 


(a) Let f(z) be a complex-valued function of a complex variable. If both 
f(z) and zf(z) are harmonic in a domain 0, prove that / is analytic there. 

(b) Suppose that / is analytic with |/(z)| < 1 in \z\ < 1 and that f(±a) = 0 
where a is a complex number with 0 < |a| < 1. Show that |/(0)| < a 2 . What 
can you conclude if this holds with equality. 

(c) Determine all entire function / that |/'(z)| < |/(z)|. 

{Stanford) 

Solution. 

(a) It is well known that the Laplacian can be written as 


Because 


it follows from 


and 


that 


A - — 92 

dx 2 + dy 2 dzdz 


d 2 

dzdz 




dz 

a5i /<2) = 0 


d 2 

dzdz 


d 


(*/(*)) = o 


^« = 0 ' 

which implies that f(z) is analytic in Q. 

(b) Define 

. 1-az 1 + az 

F(z) = f(z) , 

w w z — a z + a 

then F{z) is analytic in {\z\ < 1}. When \z\ = 1, 


1 — az 


1+az _ 1 
z + a 


hence 

iS 1^)1 < 1, 
M-i 
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which implies that |-F(^)| < 1 for \z\ < 1. Take z = 0, we obtain 

l/(0)| < |«l 2 . 


When it holds with equality, we have F(z) = e’ 0 , which is equivalent to 


f(z) = e i0 


z — a 
1 — az 


z + a 
1 + az' 


(c) From \f'{z)\ < \f(z)\, we know that f has no zero in W, which implies 
that j*J is also an entire function. It follows from j | < 1 that = c, 
|c| < 1. Integrating on both sides, we obtain log/(z) = cz + d. Hence f(z) = 
c'e c> , where c and c' are constants and |c| < 1. 


5103 


Let G be a region in W and suppose u : G — ► JR is a harmonic function. 

(a) Show that is an analytic function on G. 

(b) Show that u has a harmonic conjugate on G if and only if has 

a primitive (anti-derivative) on G. 

( Indiana ) 

Solution. 

(a) Let 

*■■»>= t? «*»>—£• 

Because u is a harmonic function, we have 

dP dQ d 2 u 8 2 u _ 

dx dy dx 2 dy 2 


We also have 


= 0 . 


d 2 u d 2 u 
dxdy dxdy 

So P(x,y) and Q(x,y) satisfy the Cauchy-Riemann equations, hence 


dP_ 5Q 
dy dx 


_ „ du .du 

P + iQ = n 

dx dy 


is analytic on G. 

(b) If |j- - has a primtive, then for any closed curve ccG, the integral 
f ( du .du\ [ f du du \ . ( du du \ 

l (to - %) dz = l (to* + to*) + ’ (“S* + to*) = °- 
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It follows that 


l 


du du 

~H~~dx + -x-dy = 0 
ay dx 


holds for any closed curve cCG. Hence we can define a single- valued function 
v(x,y) on G : 

, . t z du du 

v(x,y)= / - — dx+ — dy, 

Jz 0 dy dx 

where Zq, z E G, and the integral is taken along any curve connecting z 0 and 
z in G. Because 

dv _ du dv _ du 
dx dy ' dy dx ’ 


we know that u(x, y) is a harmonic conjugate of u(x, y) on G. 
On the contrary, if u has a harmonic conjugate v on G, then 


, dv , dv , du , du , 

d ' ,= di dx+ S-y i9 = -Ji dx+ di d>l - 


For any closed curve c C G, we have 


[ ( du .du\ [(du du \ 

= L 

= l(r* dx+e £ dy ) 


. , du , du , 
+ l \~di dx + di dy 

dv dv . 


= L 


- dx + - dy ) +i ^ + _ dy 
d(u + iv) = 0. 


Hence has a primitive £ - i§|) dz on G. 


5104 

Suppose that u and v are real valued harmonic functions on a domain O 
such that u and v satisfy the Cauchy-Riemann equations on a subset S of 0 
which has a limit point in 0. Prove that it + iv must be analytic on fi. 

( Indiana-Purdue ) 

Solution. 

Because u and v are harmonic functions, /i = — if£ and /2 = 

are analytic functions on 0. The reason lies on the fact that the real and ima- 
ginary parts of /i and /2 satisfy the Cauchy-Riemann equations respectively 
(see 5103 (a)). 
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By the assumption of the problem, 

du _ dv du dv 

dx dy' dy dx 

when z £ 5 C fl. Hence 

du .du . ( dv ,dv\ 

1 dx 1 dy 1 2 * \chc * dy) 

when z 6 S. Because the subset S has a limit point in SI, by the uniqueness 
theorem of analytic functions, we know that f\ = i /2 holds for all z £ SI. It 
follows from /1 = if 2 for z £ !1 that 

du dv du dv 

dx dy' dy dx 

for z G O, which implies that u + iv is analytic on SI. 


5105 


Let Q = [0, 1] x [0, 1] C G be the unit square, and let / be holomorphic in 
a neighborhood of Q. Suppose that 

f(z + 1) — f(z) is real and >0 for z G [0, i] 
f(z + i) — /(z) is real and >0 for z G [0, 1]. 


Show that / is constant. 

( Indiana ) 

Solution. 

Because / is holomorphic on the closed unit square Q, by Cauchy integral 
theorem, we have 



[ f{x)dx + f f(l + yi)idy - [ f(x + i)dx 

Jo Jo Jo 

- / f(yi)idy 

Jo 

[ (/(*) - /(* + i))dx + i f (/( 1 + yi) - f{yi))dy 
Jo Jo 


As 

f(x) -f(x + i)< 0 
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for 0 < x < 1 and 

f(l+yi)~ f(yi) > 0 

for 0 < y < 1, by comparing the real and imaginary parts in the above identity, 
we obtain that f(x+i) = /(e) for 0 < x < 1 and /(1+yi) = f(yi) for 0 < y < 1. 
Hence /(z) can be analytically extended to a double-periodic function by 

f(z) = f(z + l) = f(z + i), 

which is holomorphic in <F and satisfies 

l/WI < max{|/(z)|} < +oo. 

This shows that /(z) must be a constant. 

5106 

Let / be continuous on the closure S of the unit square 

S = {z = x + iy E(T : 0 < x < 1, 0 < y < 1}, 

and let / be analytic on 5. If R / = 0 on Sfl {{y = 0} U {y = 1}), and if If = 0 
on 5 fl ({s = 0} U {x = 1}), prove that / = 0 everywhere on S. 

{Indiana) 

Solution. 

Define F(z) = f 0 f(z)dz, where the integral is taken along any curve in S 
which has endpoints 0 and z. Then F{z) is analytic in S and continuous on 
S. For z G. dS, we choose the integral path on dS and consider the differential 
form f{z)dz in the integral. Let / = u+ iv, then 

f(z)dz = (udx — vdy) + i(vdx + udy). 

On 5 fl {{y = 0} U {y = 1}) we have u = 0 and dy = 0, and on S fl ({e = 
0} U {e = 1}) we have v = 0 and dx = 0. Hence we obtain Re(f(z)dz) = 0 on 
dS which implies ReF’(z) = 0 when z £ dS. 

Let G(z) = e F ( z \ Then G(z) is analytic in S and |G(z)| = 1 when z £ dS. 
Because G(z) has no zeros in S, so 1/G(z) is also analytic in S and |l/G(z)| = 1 
when z £ dS. Apply the maximum modulus principle to both G(z) and 
1/G(z), we obtain |G(z)| = 1 for z £ 5, which implies that G(z) is a constant 
of modulus 1. It follows from G(z) = e F ^ that F(z) is also a constant. Hence 
/(z) = F'{z) = 0. 
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5107 


(a) Find the constant c such that the function 


/(*) = 


1 

z 4 + z 3 + z 2 + z- 4 


c 

z - 1 


is holomorphic in a neighborhood of z = 1. 

(b) Show that the function / is holomorphic on an open set containing the 
closed disk {z : \z\ < 1}. 

(Iowa) 

Solution. 

(a) As 


lim( Z - 1) • 


1 

z 4 + z 3 + z 2 + z- 4 


z “ (z 4 + z 3 + z 2 + z - 4)' 

r 1 

« “ 4z 3 + 3z 2 + 2z + 1 

Jj_ 

10 ’ 


we know that z = 1 is a simple pole of ^ 4+ ^ a+ ^ 2+ ^_ 4 with residue equal to jft. 
Hence when c = f(z) is holomorphic in a neighborhood of z = 1. 

(b) When \z\ < 1, we have 


\z 4 + z 3 + z 2 + z - 4| > 4 - \z 4 + z 3 + z 2 + z\ > 4 - \z\ 4 - \z\ 3 - \z\ 2 - \z\ > 0, 


and the equalities hold if and only if z = 1, which shows that z = 1 is the only 
zero of z 4 + z 3 + z 2 + z — 4 in {z : \z\ < 1}. By (a), we obtain that f(z) has 
no singular point in {z : |z| < 1}, hence /(z) is holomorphic on an open set 
containing {z : |z| < 1}. 


5108 


Let P(z) be a polynomicil of degree d with simple roots zi, Z 2 , ■ • • , z<j. A 
“partial fractions” expression of p has the form: 


1 

P(z) 


= £ 


Ci 


z — z n 


(*) 
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(a) Give a direct formula for c n in terms of P. 

(b) Show that -pjjj really has a representation of the form (*). 

(c) Give a formula similar to (*) that works when z 1 — z 2 but all other 
roots are simple. 

( Courant Inst.) 

Solution. 


( a ) 


.. z-z n 


l 

p'M 


which is the residue of 
(b) Let 


p(I) ; 


m = 


P(z) 




Then f(z ) is analytic on (E and lim f(z) = 0. By Liouville’s theorem, /(z) is 
identically equal to zero, hence 


1 

P(z) 


E 

n= 1 


C n 

2 - * 


(c) Denote the Taylor expansion of P(z) at z — zi(= z 2 ) by 


p ( z ) = 

n=z2 

Then the Laurent expansion of -p^y at z — Zi is 

-1 / /OO 


where 


c', = L = - 




1 0.2 p"( Zl y 

has the form: 


<* 3 ^ 2P' ,, (z 1 ) 

~al 3 P'W 


1 = c i + + y- 

P(z) (z-Zi ) 2 Z-Zi Triz-z n 


Hence 
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5109 


Suppose / is meromorphic in a neighborhood of £)(£>= {\z\ < 1}) whose 
only pole is a simple one at z = a £ D. If f(dD) C JK, show that there is a 
complex constant A and a reeil constant B such that 


_ Az 2 + Bz + A 
( z — a)(l — az)' 


Solution. 

Assume that the residue of / at z — a is Ai. Define 


( Indiana ) 


g(z) = f(z) - 


A i 
z — a 


A\z 
1 — az' 


It is obvious that g(z) is analytic on D and g(dD) C 1R. By the reflection 
principle, g(z) can be extended to an analytic function on the Riemann sphere 
(F, hence g(z) must be a constant. Suppose g(z) = Bi, then B\ is real and 


/(*) = 


-^-+ . _ 
z — a 1 — az 

Az 2 + Bz + A 




(z — a)(l — az) ’ 

where A = A i — aBi, B = —(aAi + clAi) + Si(l + | 


) € IK- 


5110 


Let K i, K 2 , • • • , K n be pairwise disjoint disks inW, and let / be an analytic 

function in <H\ (J Kj. Show that there exist functions fi, f 2 ■,'■■■, fn such that 
j=i 

(a) fj is analytic in (T\Kj , and 

(b) f(z) = t /,(*) for * G<F\ U Kj. 

i = 1 3=1 

( Indiana ) 

Solution. 

Assume K 1 = { z ; \z — Zi\ < r^}. Choose > 0 sufficiently small, such that 


Si = { z;r 1 < | z- z x \ < ri + ex} C<T\ (J Kj. 

3= 1 
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In Ei, f(z) has the Laurent expansion 
+oo 

/(*)= Y a k\ z ~ z 1 )*- 

k— — oo 

Set 

/i(*) = Y a k\ z ~ z i) k - 

fc=-oo 

/i(z) is analytic in W\Ki. Because /(z) — fi(z) has an analytic continuation 

to Ki, f(z ) — /i(z) is analytic in<F\ (j Kj. 

j = 2 

Assume K 2 = {z; \z — z 2 | < r 2 }. Choose e 2 > 0 sufficiently small, such 

that E 2 = {z;r 2 < |z-z 2 | < r 2 + e 2 ) C(F\ (J Kj. In E 2 , f(z) - /i(z) has the 

i = 2 

Laurent expansion 

+00 

f(z) - fi(z) = ^ 4 2) (z - z 2 )\ 

fc = - OO 

Set / 2 (z) = 2 aj^(z — z 2 ) k - fz{.z) is analytic ia<P\K 2 . Because f(z) — 

k =- oo 

fi(z)—f 2 (z ) has an analytic continuation to K 2 , f(z) - fi(z) - f 2 (z) is analytic 

in<A (J Kj. 

i= 3 

Repeat the above procedure n — 1 times, we get a function f(z) — fi(z) — 
f 2 (z) - ■■■ - f n _ 1 (z), which is analytic in (U\K n . Set 

/»(*) = /(*) - M z ) - /a(*) /»-!(*)■ 

Then we have 

/(*) = E />(*)» 

i=i 

where fj(z) is analytic in <T\Kj , and the above identity holds for z £ <T\ |J Kj . 

3= 1 


5111 


Recall that a divisor Df of a rational function /(z) on (U is a set {p £ 
W U {00}}, consisting of zeros and poles p of /(z) (including the point 00), 
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counted with their multiplicities n p G Z. Let / and g be two rational functions 
with disjoint divisors. Prove that 

n s(p) np = n 

P€D, q£D g 

( SUNY , Stony Brook) 

Solution. 

Let pi (i = 1, 2, • • • , n) be all the zeros and poles of f(z) with multiplicities 
n Pi respectively. It should be noted that p, is a zero of / when n p . > 0 and 
a pole of / when n Pi < 0. By the property of rational functions, we have 
n Pi = 0. Similarly, let qj (j = 1,2,---, m) be all the zeros and poles of g(z) 

t=i 

with multiplicities m qj respectively, then we have m qj = 0. 

j= i 

First we assume that the point oo is not a zero or a pole of / or g, then / 
and g can be represented by 

f(z) = Af[(z- Pi r*i 

i=l 

and 

g(z) = B^z -qj) m v. 
j= i 

Then 

n s , (p) n ’’ = n 9(Pi) np ‘ = n Bnri ■ n n(p« ~ 

p€X>/ «=1 »=1 «=lj'=l 

i=l j=l 

and 

n /(«)"* = n/(^=n^nnfe-^ m - 

46 -Dg j=l 3 - 1 j=l« = l 

= rin(p.-^— . 

«=ij=i 
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In case the point oo is a zero or a pole of / or g, we may assume p n = oo 
without loss of generality. Then 

n — 1 

f(z) = A £[ (z -pi 

1 = 1 

an d ^ 

g(z) = B f[(z -qj) mq i. 

j= i 

Since m qj — 0> we ma y assume that g(p n ) = ff(oo) = B. Hence 
i = i 

n— 1 

n 9(p) n ” = n 9(pi) nr ‘ ■ B n 

pet?/ «=i 

= ("n . n fife - 9i) n » n » 

•= 1 «=1 J = 1 

n-1 m 

= n n(».- 

i=i j=i 

and 

fw mm n — 1 

n /(«)"* = n = n ^ • n n («# - 

q€D g j= 1 j = 1 i=l«=l 

= n fife 

*=i i=i 

which completes the proof of the problem. 

5112 

Let f(z) be the “branch” of log z defined off the negative real axis so that 

/(D = 0. 

(a) Find the Taylor polynomial of / of degree 2 at — 4+ 3i, simplifying the 
coefficients. 

(b) Find the radius of convergence R of the Taylor series T(z) of f{z ) at 
—4 + 3i. 
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(c) Identify on a picture any points z where T(z) converges but T(z) yt 
/(z), and describe the relationship between / and T at such points. If there 
are no such points, is this something special to this example, or a general 
impossibility? Explain and/or give examples. 

(Minnesota) 

Solution. 

(a) When z is in the neighborhood of zo = — 4 + 3i, we have 

/(z) = log z = log[(-4 + 3*) + (z + 4 - 3*)] 

= log(-4 + 3 i) + log j^l + Z ^ + 3 ^ j 

, . ./ .3. z + 4 — 3* 

= log 5 + *(*r — arcsin - ) H — — 

5 —4 + 3* 

1 /z + 4-3 *\ 2 

2 V -4 + 3* ) + ‘"' 

Hence the Taylor polynomial of / of degree 2 at — 4 + 3 i is 
c 0 + ci(z + 4 - 3i) + c 2 (z + 4 - 3 i) 2 , 


where 


3 

log 5 + i(w - arcsin 

5 

4 + 3i 
25 ’ 

and 

25 + 24* 

Ci ~ 1250 ' 

(b) Denote the Taylor series of f(z) at —4 + 3* by T(z). Because log z has 
only z = 0 and z = oo as its branch points, and has no other singular point, the 
radius of convergence R of T(z) is equal to the distance between z = — 4 + 3* 
and z = 0. Hence R = 5. 

(c) Denote the shaded domain shown in Fig.5.1 by SI. When z E D = 
{z : \z + 4 - 3*| < 5, Imz < 0}, T(z) ^ f(z). It is because T(z) in Q is the 
continuation of logz at —4 + 3* in the disk {z : |z + 4 — 3*| < 5}, while f(z) 
in fi is the continuation of log z at — 4 + 3* in the slit plane <F\(— oo, 0]. Hence 


c 0 = 

Ci = 
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the difference is 2iri, i.e., T(z) = f(z) + 2 iri. 



Fig-5.1 


5113 

Let / be the analytic function defined in the disk A = {z : \z — 4| < 4} so 
that f(z) = z*(z -f 1)5 in A and f(x) is positive for 0 < x < 8. An analytic 
function g in A is obtained from / by analytic continuation along the path 
starting and ending at z = 4 (see Fig.5.2). Express g in terms of f. 

( Indiana ) 



Fig.5.2 


Solution. 

Denote the closed path in Fig.5.2 by T, and denote the change of <j>{z) when 
z goes along T from the start point to the end point by Ar<f>(z). Then 
g{z) = \g(z)\e iar &W = | / ( 2 )| e *(arg/(,)+A r arg/(,)) > 

We have 

A r arg/(z) = ^A r argz + iA r arg(z + 1) = ^(2ir) + ^(-2ir) 

7T 

_ 3‘ 


Hence 


g(z) = e I*'/ (z). 
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5114 


Define 


m = 


e^-e-^ 
sin yfz 


(a) Where is / single-valued and analytic? 

(b) Classify the singularities of f. 

(c) Evaluate Jj j|=25 f(z)dz. 

( Indiana ) 

Solution. 

(a) It is known that z = 0 and z — oo are the branch points of function yfz. 
Let r = {z : \z\ = r}, and when z goes along T once in the counterclockwise 
sense, yfz is changed to —yfz, while f(z) is changed to 


e — v/F _ e V? e V* - e -V* 

sin (—yfz) sin yfz 


which is still f(z). Hence 2 = 0 and z = oo are no longer the branch points of 

/(*)• 

When 2 is in the small neighborhood of z = 0, f(z) can be represented by 


m = 


OO 00 . 


sin yfz 


Y' (- 1 )" ~n 
2-/ (2»+l)! Z 




(2n+l)! z 


which implies that 2 = 0 is a removable singular point of f(z). It is obvious 
that 2 = n 2 7r 2 (n = 1, 2, • • •) are poles of f(z). Hence f(z) is single-valued and 
analytic in (T\{z = n 2 ir 2 : n = 1, 2, ■ • •}. 

(b) We have 


lim 

z— ►n 2 ** 2 


e VF _ e -A 
(sin v''?)' 


cos(nir) 

2n* 


2mr(— l)"(e n,r — e n,r ), 


which shows that 2 = n 2 ir 2 are simple poles of f(z ) with residues 


2mr(-l) n (e n *-e n,r ). 
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As to 2 = oo, it is the limit point of the poles of f(z), and hence is a 
non-isolated singular point of f(z). 

(c) f(z) has only one pole z = i r 2 in the disk { z : \z\ < 25}. Hence 



2iriRes(/, it 2 ) 
—4-ir 2 i(e’ r — e~ w ). 


5115 


Let be the plane with the segment {— 1 < x < 1, y = 0} deleted. For 
which of the multi-valued functions 

(a) f(z) = 

(b) 9{z) = ^ , 

can we choose single- valued branches which are holomorphic in f2. Which of 
these branches are (is) the derivative of a single-valued holomorphic function 
in Q. Why? 


{Indiana-Purdue) 

Solution. 

Let T be an arbitrary simple closed curve in 0, and denote by Ap (/>(z) the 
change of <t>(z) when z goes continuously along T counterclockwise once. It is 
known that / and g can be represented by 


and 


m 


g(z) 


z 

e {logi- i log(l+z)- i log(l-z)} 

VI -Z* 


1 z 1 

; i[arg*- iarg(i+z)- iarg(i-i)] 

\V1-Z 2 \ 


1 

— e {-5log(l+-*)-5log(l-i:)} 

VI -z 2 


1 1 

1 e »[- 2 a rg(i+^)- £ argil-*)]. 

\Vl-z 2 

I 


Because 

A r [argz - -arg(l + z) - -arg(l -z)] = 0 


and 

M-^arg(l+z)- iarg(l-z)] = | ° ^ 


{— 1 < x < 1, y = 0} not inside T 
{— 1 < x < 1, y = 0} inside T 
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we have Arf(z) = 0 and Ar g(z) = 0. Hence both f(z ) and g(z) have single- 
valued branches which are holomorphic in ft, and each of / and g has two 
single-valued branches. 

In order to know which of / and g has a single-valued primitive in 0, we 
consider the integrals f r f(z)dz and f r g(z)dz. If the segment {— 1 < x < 
1 , 2 / = 0} is not inside T, it is obvious that J r f(z)dz = 0 and J r g(z)dz = 0. 
If the segment {—1 < x < l,y = 0} is inside T, we consider the Laurent 
expansion of / and g about z = oo : 


/(*) = 
ff(z) = 


±i(l-l)-*=±i( 

±i ( 1 -l r * = ±i 



-) 
+ ••• 


)■ 


It follows that J r f(z)dz = 0 and J r g(z)dz = ±27r. Hence we obtain that 
both of the single-valued branches of / are the derivatives of single-valued 
holomorphic functions in ft, and the primitives are f* g f(z)dz + c, where the 
integral is taken along any curve connecting zq and z in ft. But neither of the 
branches of g is the derivative of a single-valued holomorphic function in ft. 


5116 

(a) Let D C W be the complement of the simply connected closed set 
{e e+,e | 9 G JR} U {0}. Let log be a branch of the logarithm on D such that 
loge = 1. Find loge 15 . Justify your answer. 

(b) Let 7 denote the unit circle, oriented counterclockwise. By lifting the 
integration to an appropriate covering space, give a precise meaning to the 
integral f 7 (log z) 2 dz and find all possible values which can be assigned to it. 

(Harvard) 

Solution. 

(a) The set {e e+,$ | 9 € St} U {0} is a spiral which intersects the positive 
real axis at { e 2n * : n = 0, ±1, ±2, • • •}. The single-valued branch of log 2 is 
defined by loge = 1. Hence loge 15 = loge + Aplogz, where F is a continuous 
curve connecting z = e and z = e 15 in D and Ap log z is the change of log z 
when z goes continuously along T from z = e to z = e 15 . It follows that 
Arlogz = Ap log \z\ + iApargz, and Aplog|z| = 15 — 1 = 14. Because 
e G ( e°,e 2 *),e 15 G (e 4 ,r ,e 6,r ), we know that when T connects e and e 15 in D, 
Arargz must be 4-7T. Hence loge 15 = 1 + (14 + 4 wi) = 15 + A-wi. 

(b) Define the lift mapping by w = log z which lifts the unit circle 7 one-to- 
one onto a segment with length 2ir on the imaginary axis of uj-plane. Because 
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both the starting point of 7 and the single- valued branch of log z on 7 can be 
arbitrarily chosen, the segment on w- plane can be denoted by [it, i(t + 2x)), 
where t can be any real number. Hence we have 

, »i(t+2jr) ,i(t+2x) 

/(log z) 2 dz = / w 2 e w dw = (w 2 e w )$ +2lr ^ — 2 / we w dw 

j~t Jit Jit 

*i(t+2ir) 

= e lt (-4irt - 4ir 2 ) - (2we w )\’^ +2 ^ +2 e w dw 

Jit 

= — 4x(< + it + i)e’* = 4x (t + x + j) e ’(*+») > 


which implies that the set of values being assigned to the integral J^(log z) 2 dz 
is a spiral {4x(s + i)e ,s : s £ 2R}. 


5117 

Find the most general harmonic function of the form /(|z|), z £ W\ 0. Which 
of these f(\z\) have a single valued harmonic conjugate? 

(Indiana) 

Solution. 

Because f(\z\) is harmonic, we have reason to assume that the function / 
(with real variable t ) has continuous derivatives f'(t) and f"(t). Note that the 
Laplacian 

A - — — - 92 

dx 2 dy 2 dzdz' 

and 

= £/(vS) = if(W)- V / f, 

er«m> = inw) +i b/'(W). 

we obtian 

f(i) + ^ = 0, 

where t = |z|. This differential equation is easy to solve, and the solution is 
/(<) = a log t -f /3, where a,/3 are two real constants. Hence the most general 
harmonic function of the form f(\z\) in <F\0 is a log \z\ + / 3 . 

Since log \z\ has no single- valued harmonic conjugate in (F\0, we know that 
when /(|z|) has a single-valued harmonic conjugate in (T\0, it must be a con- 
stant. 
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5118 

Consider the regular pentagram centered at the origin in the complex plane. 
Let u be the harmonic function in the interior of the pentagram which has 
boundary values 1 on the two segments shown and 0 on the rest of the bound- 
ary. What is the value of u at the origin? Justify your claim. 

( Stanford ) 

Solution. 

Denote the interior domain of the pentagram shown in Fig. 5. 3 by D, and the 
ten segments of the boundary by l\, l 2 , • ■ • , lio, put in order of counterclockwise. 


1 , z„ 



Fig.5.3 


Then denote the harmonic function on D with boundary values 1 on 4 and 
0 on the rest of the boundary by Uk(z), k = 1, 2, • • • , 10. By the symmetry of 
domain D, we have 


It follows from 


and Ui(0) = u 2 (0) = 


U 2 (z) 

= M l(-z), 


«3 (z) 

= M a (e-^ 

z )> 

u A (z) 

= u 2 (e~ 2 ^"' 

2 ), 

Ms (2) 

, - is. 
= Ui(e “ 

*). 

Mio(z) 

= u 2 (e~^ 

'*)• 


10 


«(*) = 

= = 

1 


fc=i 


= «io(0) that u t (0) = for k = 1, 2, • • • , 10. Hence 


1 (0) = Ul (0) + « 5 (0) = i 



354 


5119 

Suppose G is a region in (F, [0, 1] C G, and h : G — > 1R is continuous. 
^|g\[o,i] is harmonic, does this implies that h is harmonic on G? 

(Iowa) 

Solution. 

The answer is No. 

A counterexample is h(z) = R e-^z(z — 1), where the single-valued branch 
of \Jz(z - 1) is chosen by \/z(z — l)| z _ 2 = V%- Since \Jz(z — 1) is analytic 
in <F\[0, 1], h(z) is harmonic there. When 0 < x < 1, 

lim \/z(z — 1) = \Jx( 1 — x)i, 

i=x+yi-»x 

y>o 

lim \fz(z— 1) = —y/x(l — x)i. 

z=x+yi—>x 

y<o 

Hence h(z) = 0 when ^ = *, 0 < ® < 1, and h(z) is continuous on(F. But h(z) 
is not harmonic on<T, because z = 0 and z = 1 are branch points of \J z(z — 1). 

Remark. If the problem is changed to h : G — ► (F is continuous and 
h|<?\[o,i] is holomorphic, then h must be holomorphic on G. 


5120 

Let 7 be an arc of the unit circle. Suppose that u and v are harmonic in 
D = {z : \z\ < 1} and continuously differentiable on D U 7. If the boundary 
values satisfy u — v on 7 and the radial derivatives satisfy on 7, prove 

that u = v in D. 

( Indiana ) 

Solution. 

Let u* be a conjugate harmonic function of u in D and v* be a conjugate 
harmonic function of v in D. We know that a variation of Cauchy-Riemann 
equations for / = u + iu* and g — v + iv* are 

du _ du* du _ du* 

T dr 80 ’ d6 r dr 
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Ov _ Ov* Ov _ dv* 

r d^~~de' de~ ~ r lh' 

It follows from the continuous differentiability of u and v on D U 7 that u* 
and v* can be continuously extended to D U 7 and then are also continuously 
differentiable on D U 7. Let zo be a fixed point on 7, and for z E 7 denote 
the subarc of 7 from zo to z by y z . Without loss of generality, we may assume 
that u*(zq) = w*(zq) = 0. Then for z G 7, 


u*(z) 


t du* Ou* f du* f du 

/ -r-dr + — = / — -d6 = / — 
Jy z dr 06 06 Or 

L 


d6 = v*(z ). 


Hence we obtain two functions / = u + iu* and g = v + iv* which are analytic 
in D and continuous on D U7, such that f = g on 7. Let F = / — g. Then by 
the reflection principle, F can be analytically extended to an analytic function 
on D U 7 U D*, where D* — {z : \z\ > 1}. Since F = 0 on 7, we obtain F = 0 
on D U 7 U D* , which implies u = v in D. 


5121 


Use conformal mapping to find a harmonic function U(z) defined on the 
unit disc { |z j < 1} such that 



for 0 < 6 < -ir 
for 7T < 6 < 2 x. 


Give the correct determination of any multiple-valued functions appearing in 
your answer. 

( Courant Inst.) 

Solution. 

It is easy to know that w = — is a conformal mapping of the unit 
disc D = {z : |z| < 1} onto the upper half plane H = {w : Iimo >0}. The 
boundary correspondence is that the negative real axis { w : —00 < w < 0} 
corresponds to the arc Ti = {z = e ,e : 0 < 6 < tt} and the positive real axis 
{u; : 0 < w < +00} corresponds to the arc ]?2 = {z = e ,e : tv < 6 < 2-7r}. 

It is well known that u(w) = ^argio — 1 is a harmonic function in H and 
assume +1 on the negative reed axis and —1 on the positive real axis. Hence 

J , w = ^ j i±| )= £ alg( i±I ) _ 2 , 
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where the single-valued branch of arg(f^j) is defined by arg( j±i)| 2= o = 7 r, is 
a harmonic function in D = {z : \z\ < 1} with the boundary values +1 on Ti 
and —1 on T 2 - 

Remark. This problem can be solved directly from the Poisson formula 
as follows: 


U{z) = 



^ Im {Jr ^ 21 ° g ^ ~ Z ^~ log< ^} " 1 

— A r , {2arg(C - z) - arg<} - 1 

•7T 


2 

-arg 

7T 


Z + 1 
Z — 1 


— 2 . 


dc 

K 


5122 

Determine all continuous functions on {z € W : 0 < \z\ < 1} which are 
harmonic on {z : 0 < \z\ < 1} and which are identically 0 on {z € W : \z\ = 1}. 

(Minnesota) 

Solution. 

Suppose u(z ) is a continuous function on {0 < \z\ < 1} which is harmonic 
on {0 < \z\ < 1} and identically zero on {\z\ = 1}. Let *du = —u y dx + u x dy 
and A — J| z |_ r *du, where A is a real number not necessarily zero. Denote 
v(z) = j z *du, then v(z) is the conjugate harmonic function of u(z), but may 
be not single-valued. Define 

f(z) = ( u(z ) + iv(z)) - ^ log 2 , 
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then f(z) is a single-valued analytic function on {0 < \z\ < 1} and Re/(z) is 
identically zero on {\z\ = 1}. 

Let f(z) = Y! a nZ n be the Laurent expansion of f(z) on {0 < \z\ < 

1}, then lim tj/|a_„| = 0 and lim ^/|a„| < 1. Define g(z ) = J2 b n z n , 

satisfying 6_„ = — b n for n = 0, 1, 2, - - and 6_„ = a_„ for n = 1,2,-- Then 
g(z) is an analytic function on {0 < \z\ < +oo}. When \z\ = 1, it follows from 
Refo 0 = 0 and 

-1 OO 00 oo 

Re b n z n = Re b- n z~ n = Re —b n z~ n = —Re b n z n 

n=-oo n=l n= 1 n=l 

that Reff( 2 :) = 0. Then f(z) — g(z) = ^ c n z n is an analytic function in 

n=0 

{|^| < 1} and Re(/(z) — g(z)) is identically zero on {|z| = 1}. Consider 
F(z) = etW-rt*) which is analytic and does not assume zero in {\z\ < 1}, and 
|F(z)| = 1 on { |z| = 1}, by the maximum and minimum modulus principles, 
we have F(z) = e ,a , hence f(z) = g(z) + ia. 

Prom the above discussion, we finally obtain 

+oo . 

u(z) = Re ^ b n z n + — log \z\, 

«=-<X> 

where 6_„ = — b n and lim \/|6„| = 0. 

n— >oo 


5123 

(a) Let f(z) be a holomorphic function in the disc \z\ < r whose zeros in 
this disc are given by <*i, a. 2 , • • • , a„ counted with multiplicity. Suppose further 
that |dj- 1 < r for all j = 1,2, ---,n, and |/(0)| = 1. Jensen’s formula states 
that 

bl *wom»=X>(£i)- 

Prove this. 

(b) With the hypotheses suid notations of (a), let n(t) be the number of aj 
( j = 1, 2, • • • , n) such that \aj\ < t. Using Jensen’s formula, show that 
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(c) For r < R deduce fin estimate on n(r) in terms of Q max log \f(Re t0 )\. 

(d) What can be said about the zeros of bounded holomorphic functions in 
the unit disc? 


Solution. 

(a) Let 


no = /con 

j = i 


r 2 — djZ 
r(z- aj y 


( Harvard ) 


then F(z) is holomorphic and has no zero in the disc {|z| < r}, which im- 
plies that log |.F(z)| is harmonic in {|z| < r}. By the mean value theorem of 
harmonic functions, 


Noting that 

and 

we obtain that 


log|F(0)| = i |: ^ ! 'log|F(r«“)M9. 


if(o)i = i/(o)i n m = n jjq 

W™")l = |/(re ifl )|, 


X)l°g(-r-r) = f \og\f(re ,0 )\dO. 

~i \ a j\ Jo 

is that log | *. By the definiti 


(b) It is obvious that log | *. By the definition of the function 

n(t ) we have 


which shows that the identity holds. 

(c) Apply the identity in (b), we have 


1 df df 7? 

2^ J 0 l0g l/( jKe * 0 )l rf6> = J q n W J > J n(t)j > n(r) log -. 


Denote max log |/(Jle’ e )| by M(R), we obtain 

0<9<2n 71 v 7 


n(r) < M(R ) /log — . 
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(d) Let f(z) be a bounded holomorphic function in {z : \z\ < 1}. We know 
that f(z) can have countably many zeros. Suppose z = 0 is a zero of f{z) of 
multiplicity m > 0 with ^ ^ = a, and let the other zeros be ordered by 

0 < |ai| < |<z 2 | < Obviously |a n | — ► 1. Apply Jensen’s formula in (a) to 
F(z) = with 0 < r < 1 such that there is no zero of / on {|a:| = r}, we 
have 

^ Jo l °z\f( re<$ )\ de = E lo g(j^) + lo g(M rm )- 

Since f(z) is bounded, we assume 

log \f{re ie )\M <M. 

For any n, we can choose r such that r > |a„|, and hence 

£>g( A) < E lo ^ri) ^ M - log(|a|r m ). 

J=i 1 jl M<r Kl 
Let r — > 1, we obtain 

n|a J |>|a|e- M >0, 
i = i 

oo 

which implies that the series 5Z (1 — \a-j |) is convergent. 
i = i 
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SECTION 2 

GEOMETRY OF ANALYTIC FUNCTIONS 

5201 


Find a one-to-one holomorphic map from the unit disk {|z| < 1 } ont 
slit disk {|ta| < 1} — {[0, 1)}. 

(SUNY, Stony B 

Solution. 

We construct the map by the following steps: 
z 1 

zi = <f>i(z) = y : {z : 1*1 < 1} -* {*i ■ Im^i < 0}; 


z 2 = <i> 2 {zi) = \fz\-l + Zi (y/zj ~ 1 ^ = V2i) : 

{zi : Imzi < 0} — > {z 2 ■ \z 2 \ < 1 and Im 2 2 > 0}; 
w = <t>z(z 2 ) = z\ : {z 2 : |z 2 | < 1 and Imz 2 > 0} — » 

{m : |m| < l}\{to : ImiB = 0,0 < Rem < 1}. 


Then 111 = ^30^0 <j>i{z) — f(z) is a one-to-one holomorphic map from the 
unit disk {|z| < 1} onto the slit disk {|io| < 1}\{[0, 1)}. 


5202 

(a) Find a function / that conformally maps the region {z : |argz| <1} 
one-to-one onto the region {w : |to| < 1 }. Show that the function you have 
found satisfies the required conditions. 

(b) Is it possible to require that /( 1 ) = 0 and /( 2 ) = |? If yes, give an 
explicit map; if No, explain why not. 

( Illinois ) 

Solution. 

(a) ( = fi(z) = z% = eU°8* (log 1 = 0) is a conformal map of {z : 
|argz| < 1} onto {£ : Re£ > 0}, and w = /2(C) — is a conformal map of 
{( : Re(,‘ > 0 } onto {w : |w| < 1 }. Hence 

w = f(z) = f 2 o /i(z) = ^ p 

22+I 
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is a conformal map of {z : |argz| < 1} onto {w : |«>| < 1} with /( 1) = 0 and 

/( 2 ) = 

J V 7 27+1 

(b) Suppose w — f(z ) is an arbitrary conformal map of {z : |argz | < 1} onto 
{w : |u5| < 1} with /( 1) = 0. Then w = F(w ) = fo / -1 (iw) is a conformal map 
of {w : |i«| < 1} onto {to : |w| < 1} with F(0) = 0, and w = F(w) = Jof~ l [w ) 
is a conformal map of {w : |io| < 1} onto {w : |wi| < 1} with -F(O) = 0. By 
Schwarz’s lemma, we have both \F(w)\ < |fu| and |F(id)| < |to|, which implies 
that |/( 2 :) | = \f(z)\ for every z € {z : |argz| < 1}. Since 


we cannot require that /( 2) = 


5203 

(1) Find one 1-1 onto conformal map / that sends the open quadrant 
{(x,y) : x > 0 and y > 0} onto the open lower half disc {(*,2/) : x 2 + y 2 < 
1 and y < 0}. 

(2) Find all such /. 

( Toronto) 

Solution. 

(1) Let £ = <j>\{z) = z 2 . It is a conformal map of {z = x + iy : x > 
0 and y > 0} onto {C = Z + if) '■ y > 0}. 

Let w — <p 2 (C) = \/C 2 — 1+Ci where — l| = —\/2i. It is a conformal 
map of ^ + iy ■ V > 0} onto {w = u + iv : u 2 + v 2 < 1 and v < 0}. 

Then w = <f >2 o <j>i(z) = y/z 4 — 1 + z 2 , where y/z 4 — l| = — y/2i is a 

required conformal map. 

(2) If / is an arbitrary conformal map satisfying the condition of (1), then 

is a conformal map of the upper half plane onto itself, which 
can be represented by -0(C) = f£+j> where a, b,c,d& 1R, ad — be > 0. Hence / 
can be written as fa o V 1 0 


5204 

Map the disk {|z| < 1} with slits along the segments [a, 1], [— 1, — b] (0 < 
a < 1, 0 < & < 1) conformally on the full disk {|io| < 1} by means of a function 
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w = f(z) with /( 0) = 0, /'( 0) > 0. Compute /'( 0) and the lengths of the arcs 
corresponding to the slits. 

( Harvard ) 

Solution. 

We construct the conformal mapping by the following steps. 

(i) = M g ) = * + ?’• { \ z \ < 1 }\{[°» l]U[-l,-6]} ->(T\{[—b- J,a+i]}. 

It has the point correspondences ^i(0) = oo, <j>i(a) = a + A., = — b — i, 

<£i(l) = 2 and <^(-1) = -2. 

(ii) z 2 = <t> 2 (z i) = :G\{[-b- \,a+ ±]} -> <T\[0, +oo). It has 

the point correspondences 


/ -7? — Vb\ 2 



We also know that <j>' 3 (— 1) = — |. 

(iv) w = <j> 4 (z 3 ) = : { z 3 : Im 2 : 3 > 0} — > {w : |u>[ < 1}. It is obvious 

that — 0 and = — §. 



363 


Now we define w = f(z ) = 4>i(z)- From the above discussion, 

we know that / maps the unit disk with slits [—1, —6] and [a, 1] conformally 
onto the unit disk with /(0) = 0 and 

/'( 0) = ’ ($2 ° tfi)'(O) = ^(a + - + b +-)> 0. 

What correspond to the slits are the arc with endpoints and 
containing point z = — 1 and the arc with endpoints ^4 and ^4 containing 
point z — 1. The lengths of the two arcs are 


1 + 

^5 ^ 

A + i 
- arg JT7 

= 4arctg.A 

= 4arctg^-....-- 

5 -f i 

B-i 

! 

- 7 =? — ^/a 

B — i 

_arg F+i 

— 4arctg— 

— ^arctg 

76 + ^ 


5205 

Let 0 < e < it, let y e denote the arc {e ,( : e <t < 2r - e} and let be 
the complement of 7 f in the Riemann sphere. If / is the conformal map of the 
unit disk onto /( 0) = 0, /'( 0) > 0, describe the part of the unit disc that 

/ maps onto {\z\ > 1}. 

( Stanford ) 

Solution. 

We are going to find the map ./ by the following steps: 

. 2, C * ^ 

Z\ = 4> l(z) = e’ e • — — : {z : \z\ < 1} — ► {zi : Imz! < 0}, 
with <£ 1 ( 0 ) = e~ ,e , arg^(0) = -§-£. 

z 2 = (j> 2 ( 21 ) = yfz\ : { 2:1 : Imzi < 0} — ► {z 2 : Rez 2 > 0, Imz 2 < 0}, 
with <j> 2 (e~ ie ) = e-f*, arg#,(e-*' £ ) = -§. 

— — t 

C — <^ 3 ( 22 ) = e»* • — : {z 2 : Rez 2 > 0,lmz 2 < 0} — ► Di 

z 2 — e 2 * 
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(shown in Fig.5.4), with <j> 3 {e~^') = 0, = f + |, where Di is a 

domain bounded by {£ = e ’ 6 , § < 0 < 2-k — |} and an circular arc l e which is 
orthogonal to {|£| = 1} and connects points es* and e _ 5* in {]£| < 1}. 



Fig.5.4 

Let <&(z) = ^o^ 2 o <f>i{z), then $ maps {z : |z| < 1} conformally onto D i 
with 4>(0) = 0, <3?'(0) > 0. After considering the boundary correspondence, we 
know that l e corresponds to the arc {z = e*‘ : \t\ < e} under the map <$. Since 
the symmetric domain of {|z| < 1} with respect to arc {z = e’* : |t| < e} is 
{|z| > 1}, and the symmetric domain of D x with respect to l e is D 2 = {|C| < 
l}\Di, by the reflection principle, 4>(z) can be extended to a conformal map 
of onto {( : |C| < 1}. Hence the conformal map / in the problem is nothing 
but the inverse of $, and the domain / maps onto {|z| > 1} is D 2 , which is 
bounded by circular arcs l e and {( = e ,e : |0| < |}. 

5200 

Suppose that w = f(z ) maps a simply conncted region G one-to-one and 
conformally onto a circular disk D r with center w — 0, radius r, such that 
f(a) = 0 and |/'(a)| = 1 for some point a € G. 

(1) Prove that the radius r = r(G,a ) of D r is uniquely determined by G 
and a. 

(2) Determine r(G,a) if G is the region between the hyperbola xy = 1 
(x > 0, y > 0) and the positive axes, and if a = 1 + 

{Indiana) 

Solution. 

(l)Suppose Q = g(z) is another conformal map of G onto a circular disk 
D Tl with center C, = 0 and radius n, such that g(a) = 0 and \g'(a)\ = 1, then 
w = -F(C) = / ° 9 ,_1 (C) is a conformal map of {£ : |C| < jq} onto {w : |u>| < r} 
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with F(0) = 0 and |F'(0)| = = 1. Apply Schwarz’s lemma to .F(() and 

we have |-F'(0)| < hence rq < r. For the same reason, apply Schwarz’s 
lemma to F~ 1 (w) and we have r < n, which implies rq = r. In other words, 
r is uniquely determined by G and a. 

(2) We construct a conformal map of G onto a circular disk D r in the 
following steps: 

z\ — <f>i(z) = z 2 : G -* {z! : 0 < Imzi < 2}, 
with ^i(l + f) = | + i, I^K 1 + j).| = a/5- 

Z2 = <}> 2 (^ 1 ) = : {zi : 0 < Imzi < 2} — » {z 2 : Imz 2 > 0}, 

with <j> 2 (\ + i) = ie^r, |<£' 2 (f + i)| = |e^r. 

w = <t>z{zi) = -4- • — — t-t- ’• i z 2 • Imz 2 > 0} -»■ {io : |tu| < -?=-}, 

V07T Z2 + ie» V07T 

with <t> 3 (ie**) = 0, |#,(iet’ r )| = 

Define f(z) = <j> 3 - <j> 2 o <j>i(z), then w = /(z) : G — * {w : |iy| < with 

f(a) = 0, \f'(a)\ = 1. Hence r(G, a) = 


5207 


Let T(z) = be a Mobius transformation. 

(a) Assume that zi,z 2 E (T are two distinct fixed points for T, i.e., T(z,) = 
Zi, i = 1, 2. Show that there exists a constant c such that 


T(z) - zx _ c z ~zi 
T(z)-z 2 ~ C z-z 2 


(b) Use (a) to find an expression for T”(z), n = 1,2,3,---, if 


T(z) = 


1 — 3 z 
z — 3 


(Iowa) 

Solution. 

(a) Let a g (T be a point different from zi, z 2 . Because the cross ratio is 
invariant under Mobius transformations, we have 


(T(z),zi,T(a),z 2 ) = (z,zi,a,z 2 ), 
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which is 

T(z) — Zi T(a) — z i z — Zi a — z\ 

T(z) - z 2 ' T(a) — z 2 z — z 2 ' a z 2 

Denoting 

T(a) — zi a — zi _ 

T(a) - z 2 ' a - z 2 ’ 

we obtain 

T(z) - zi _ c ^£i 
T(z) — z 2 C z-z 2 

(b) Since T n (z) — T(T n ~ l (z)), it is easy to have 

T n {z) - z t _ T n ~ 1 (z)-z 1 _ 2 T n ~ 2 {z) - z 1 _ _ n z-zi 

T n (z) -Z 2 ~ C T n ~ 1 (z) -z 2 ~ C T"- 2 (z) - z 2 “ ' ‘ ' “ C 2 - z 2 


When T(z) = 773-, by solving the equation 7^7- = z, we obtain that z = ±1 
are two fixed points of T. Choose a = 2, then T{a) = 5, hence c = : 5^7 = 

2 . 

It follows from 

T"(z)-1 z-1 

T n (z)+ 1 2 + 1 


that 


T n (z) 


( 2 n + 1)2 - ( 2 n - 1 ) 

(2 n + 1) — (2 n - 1)2’ 


5208 

(a) Justify the statement that “the curves 

x 2 y 2 

a 2 + X + b 2 + A “ 

form a family of confocal conics” . 

(b) Prove that such confocal conics intersect orthogonally, if at all. 

(c) Show that the transformation w = | (2+7) carries straight lines through 
the origin and circles centered at the origin into a family of confocal conics. 

( Harvard ) 

Solution. 

(a) Without loss of generality, we assume a> b> 0. When —a 2 < A < — b 2 , 
the curves form a family of hyperbolas, while when A > — b 2 , the curves form 
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a family of ellipses. Suppose the focuses of the conics are (±c(A), 0 ). When 
-a 2 < A < -b 2 , 

c(A) = V(^"+A) + [-(6 2 + A)] = \J a 2 - b 2 . 

When A > -b 2 , 

c(A) = v^ 3 + A) - ( b 2 + A) = sj a 2 - b 2 . 


Hence the curves 


a 2 + A 


y 2 

b 2 + A 


1 


form a family of confocal conics. 

(b) Suppose (xq, yo) is the intersection point of 


Li : 


+ 


V 


a 2 + Ai b 2 + Ai 


- = 1 


and 


L 2 : 


o 2 + A2 

where Ai ^ A2. It follows- from 


a 2 + Ar + b 2 + Aj 
Vo 


' b 2 + A 2 

yo 


= 1, 


and 


that 


* 0 


a 2 + X 2 + b 2 + A 2 


= 1 


= 1 


yo 


- = 0. 


(a 2 + Ai)(a 2 + A 2 ) + (b 2 + A^fc 2 + X 2 ) 

Noting that the tangent vector of Li at (x 0 ,yo) is fi = ( „2+ Al 1 52+ 
the tangent vector of L 2 at (xo,yo) is T* 2 = (' a 2+\~ i b 2 +°a 2 )’ we ^ ave 


, and 


_» *6 , Vo = n 

T 1 ' T 2 " (a 2 + Ai)(a 2 + A 2 ) + (b 2 + X 1 )(b 2 + A 2 ) ’ 

which implies that the confocal conics intersect orthogonally, if at all. 
(c) Let z = re ,e , and 

w = u + iv = ^(z + = ^(r + i)cos< 9 + |(r - ^)sin0. 
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The image of straight lines through the origin is 
t > 2 

cos 2 6 sin 2 0 ’ 

which are hyperbolas in w-plane. Because 

cos 2 6 ± sin 2 0=1, 

the focuses of the hyperbolas are (±1,0). 

The image of circles centered at the origin is 

u 2 v 2 

|(r±i) 2 + |(r-i) 2 - 1 ’ 

which are ellipses in to-plane. Because |(r ± £) 2 — |(r — i) 2 = 1, the focuses 
of the ellipses are (±1,0). Hence the transformation 

1 , 1 , 

“ = 2 (z+ ;> 

carries straight lines through the origin and circles centered at the origin into 
a family of confocal conics. 


5209 


If / : D(0, 1) = {z : \z\ < 1} — > <F is an analytic function which satisfies 
/( 0) = 0, and if 


|Re/(z)| < 1 for all 2 G D{ 0, 1), 


prove that 

l/'(0)| < 1 


Solution. 

It is easy to know that 


{Indiana) 


w = g{Q 


eVC — 1 
+ 1 


is a conformal mapping of the domain {£ : |Re£| < 1} onto the unit disk 
{ro : |io| < 1} with gr(0) = 0. Hence w = F{z) = g o f{z ) is analytic in 
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D((), 1) and satisfies F( 0) = 0 and | J F(^r)| < 1. By Schwarz’s lemma, we have 
|.F'(0)| < 1- Because 


F’(z) = g\f(z)).f'(z) = 


■k ie^fW ■ f'(z) 
( e ¥/(*) + l) 2 ’ 


it follows from /( 0) — 0 that 

|/'(0)| < 1 


5210 


Let Cl = {z € <T; -1 < Imz < 1}, and let T be the family of all analytic 
functions / : Cl — ► <£ such that |/| < 1 on Cl and /( 0) = 0. Find 


sup |/(1)|. 

nr 


Solution. 

It is obvious that 


( Indiana ) 


< = fo(z) = ■ 


’ - 1 


e5* + 1 

is a conformal mapping of Cl onto the unit disk with the origin fixed. For 
any analytic function w = f{z ) : Cl —+( V such that |/| < 1 and /( 0) = 0, we 
consider the composite function w = F(£) = f o /J’ 1 (0- F(C) is analytic in 
the unit disk such that |F(C)| < 1 and F( 0) = 0. By Schwarz’s lemma, 


|f(OI < 1CI- 


Choose Co = g - | — ^ , we have 


\F(Co)\ = |/(1)| < ICol = 

e* + 1 


The equality holds if and only if F(() = e ,e (, which implies 

sup |/(1)| = 6 ! — 

/e^ e 2 + 1 

and the supremum is attained by f(z ) = e ,e fo(z), where 6 is a real number. 
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5211 

Let / be an analytic function on D = {z; \z\ < 1} such that /( 0) = —1, and 
suppose that |1 + f{z) | < 1 + |/(z)| whenever \z\ < 1. Prove that |/'(0)| < 4. 

( Indiana ) 

Solution. 

Let 0 = (T\{w = u + iv : u > 0 and v = 0}. It follows from |1 + /(z)| < 
1 + |/0)| that f(D) Cil. 

Set g(w ) = , (Vuij = i ). Then g o f(z) is an analytic function 

on D with g o /( 0) = 0 and | g o f(z)\ < 1. By Schwarz’s lemma, 


Since 

9>{w) = 0^(v^+*) 2 ’ 

we have g'(— 1) = — Prom 

(»o/)'(0) = 3 '(-l)/'(0), 


we obtain 

l/'(0)| < 4. 


5212 


Let P be the set of holomorphic function / on the open unit disc so that 
(i) Both the real and imaginary parts of f(z) are positive for \z\ < 1, (ii) 
/(0) = 1 + ». Let E = {/(|) : / G P}. Describe E explicitly. 

( Minnesota ) 

Solution. 

Let / G P and define 


C = f(z) = 


/ 2 (^) ~ 2i 

f 2 (z) + 2% 


Then F is a holomorphic function on the unit disc with F(0) = 0 and \F(z)\ < 
1. By Schwarz’s lemma, we have |P(z)| < \z\, which implies |F(§)| < |. It 
should be noted that when / changes in P, P(|) can take any value in the 
disc {C : |C1 < §}• Because w — 2 *^~^ (that is the inverse of £ = is a 
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conformal mapping of {£ : |£| < |) onto {w : \w — < |}, we obtain that 

the set {/ 2 (§) : / 6 P] is equal to 

{w : \w — = {to = pe : \<t> — jr\ < arcsin ^,p 2 — ^psin^ + 4 < 0}. 

3 o 2 5 3 

Hence 

E = {/(^) :/£!’} = {re*® : |0 - < ^arcsin ^,r 4 - yr 2 sin20 + 4 < 0}. 

If we denote the two roots of p 2 — ^psin$ + 4 = 0 by p\{<j>), P2(<t>) where 
Pi{<j>) < piift) and |^ — f | < arcsin the set E can also be represented by 

jre* 0 : \Q - ^ arcsin \/?i(20) < r < y/pT( 20) | . 

5213 


V? V ^ 

ft = {w = u + zv : ^ > 1}. 

If T is the family of all analytic function on ft such that |/| < 1 in ft and 
lim f(w ) = 0, find sup |/(8)|. Your answer should be an explicit number, 

W-.00 /eJ T 

and you should prove your assertion. 

( Indiana ) 

Solution. 

Define w = <j>(z) = 2(| + 1), it is easy to know that w = <j>(z) is a conformal 
map of D = {z : \z\ < 1} onto ft with $(0) = oo and <j>(4 - \/l2) = 8. 

Then F(z) = f o<j>(z) = /( 2(| + |)) is analytic in D and satisfies .F(O) = 0 
and \F(z) < 1. By Schwarz’s lemma, 

1^)1 < 1 * 1 - 

Hence 

|/(8)| = 1^(4 - a/12)| < 4 - Vl2. 

This upper bound can be reached if we let / = </> -1 which belongs to family T 
and satisfies $ -1 (8) = 4 — \/l2. So we obtain 

sup |/(8) | = 4 - a/12. 

/e^ 
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5214 

Let D be the upper-half and let f ^ id be a conformal map of D onto itself 
such that f o f — id. Prove that / has a unique fixed point inside D. 

( SUNY , Stony Brook) 

Solution. 

Since / is a conformal map of D onto itself, it can be written as /(z) = 
where a,b,c,d £ M and ad — be > 0. Then 

_ (a 2 + bc)z + b(a + d) 

1 nZ, ~ c(a + d)z + d 2 + be ' 

It follows from f o f = id that b(a + d) — c(a + d) = 0 and a 2 + be — 
d 2 + bc # 0. 

If a + d ^ 0, then b = c = 0. Hence ad — be > 0 and a 2 + be = d 2 + be impies 
/ = id, which contradicts the condition / ^ id. Thus we have a + d = 0 and 
the inequality ad — be > 0 can be written as be + a 2 < 0. 

Now we consider the equation f(z) = = z , which is equivalent to 

cz 2 + (d — a)z — 6 = 0. Since A = (d — a) 2 + 46c is equal to 46c + 4a 2 < 0, we 
know that f(z) = z has two conjugate roots, one in the upper-half plane and 
the other in the lower-half plane. So / has a unique fixed point inside D. 


5215 

Let ft be a convex, open subset of (E and let / : ft — » W be an analytic 
function satisfying Re/'(z) > 0, z G ft. Prove that / is one-to-one in ft (i.e., / 
is injective). 

( Indiana ) 

Solution. 

Let zi ^ Z 2 be two arbitrary points in ft. L : z(t) = z\ +t(z 2 — zi), t £ [0, 1] 
is the line segment connecting zi and Z 2 . Since ft is convex, L C ft, we have 

f{z 2 )~f(zi)= f f'(z)dz = f f'(z(t))(z 2 - zx)dt. 

Jl Jo 

Hence 

/(z_ 2 ) - fj z i) = r 1 fl ( z{;l ^ dt 

z 2 ~ Z\ J 0 

Since Re/'(z) > 0 for z £ ft, we know that f* f(z(t))dt ^ 0, which implies 
f(zi ) ^ f(z 2 ) whenever zi ^ z 2 . 
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5216 


Show that if the polynomial P(z ) = a n z n + a n _iz n 1 + • • • 4- a^z + a 0 , 
n > 1, is one-to-one in the unit disk \z\ < 1 and aj = 1, then |na„| < 1. 

(SUNY, Stony Brook) 

Solution. 

It follows from the univalence of P(z) in {|z| < 1} that P'(z) = na„z" _1 + 

(n- 1 )a„_ 1 z" -2 H h2«2Z + ai ^ 0 for all z € {|z| < 1}. In other words, the 

roots of P'(z) are all situated outside the open unit disk. Let zi, Z 2 , • • • , z„_ i 
be the roots of P'(z), then \zj \ > 1 for j — 1,2, 1. Because P'(z) can 

also be written as na n (z — zi)(z — zz) • • • (z — z n - 1 ), by comparing the constant 
terms, we have 

n — 1 

(-l)” -1 na„ JJ Zj = Gi. 
f=i 


Since ai = 1, we obtain 


| na n | = 



i = i 


< 1 . 


5217 


Let P(z) be a polynomial on the complex plane, not identically zero; let 
H = {z : Rez > 0}. 

(a) If all roots of P(z) lie in H , show that the same is true for the roots of 
dP/dz. 

(b) For any non-vanishing polynomial P(z), use the result in (a) to show 
that the convex hull of the roots of P(z) contains the roots of dP/dz. 

( Courant Inst.) 

Solution. 

(a) Let zi,Z 2 , ■ ■ • , z„ be the zeros of P(z). By assumption, 


Rezj >0 (j = 1,2, 

and P(z) = a(z - z^(z - z 2 ) ■ • • (z - z„ ). It follows that 


= n f) 

P(z) 


1 


Z — Z\ 


+ 


1 

— — + ••• + 
z - Z2 


1 


(logP(z))' 


z — z. 
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When z £ {z : Rez < 0}, then § < arg (z — Zj) < or equivalently, Re^_ < 
0. Hence Re . < 0, which shows can not be zero on {z : Rez < 0}. 

(b) Let zi,Z2, ■ ■ • ,z n be the zeros of P(z), and l is a directed straight line 
passing through two zeros z* and z; such that the other zeros are on the right 
side of l (including on 1). Denote the intersectional angle from the positive 
direction of the imaginary axis to l by 0. When z is on the left side of l, we 
have Re{e -,0 (z — Zj)} < 0. Hence 


Re 




< 0 , 


which shows that the zeros of P'(z) do not lie on the left side of /. After 
considering all the directed straight lines passing through two of the zeros of 
P(z) such that the other zeros cire on the right side of the line, we obtain that 
the zeros of P'{z) lie on the convex hull of the zeros of P(z). 


5218 


Let /(z) be a Laurent series centered at 0, convergent in(T\{0}, with residue 
b at z = 0. 

(a) Show that there exists £ on {z € : \z\ = 1} with 


(b) Characterize those functions with 

1/(0 - C _1 | = 


Minnesota ) 

Solution. 

+oo 

(a) Let /(z) = b n z n , then 

n=-oo 


b - 1 = 



= b. 


Hence 


& - 1 = y . / (/(o-r'K- 

2™ J| C!= i 
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If |/(C) — C 1 | < |6 — 1| holds for all £ with |C| = 1, then 

I b - II < max |/(C) - r 1 ! ' / m<\b- 1|, 

Kl =1 7|d=i 

which is a contradiction. Hence there exists C with |C| = 1 such that 

l/( 0 -r 1 i>|t-i|. 

(b) If max |/(0 — C -1 | = |6 — 1 1, it follows from 


[ i/(o-r 1 iidci 

2w /|CI=1 


that 

1 /( 0 -^1 = 16-11 

holds for all C with |C| = 1. 

Let /(C) — C -1 — (b — l)e'^ e \ where C = e' 0 and <j>(8) is a continuous 
real-valued function. It follows from 

*-i = i f (/(0-C _1 K 

2w* 7|<|=l 

that 

J_ f e i(m+o)M = i t 
2tt Jq 

which implies that <j>(6) = —8, and hence 


/(0-r 1 


6-1 

c 


holds on {C : |C| = 1}- Apply the discreteness of zeros for analytic functions 
to f{z) — j, we obtain f(z) = z e(F\{0}. 


5219 

Assume / is analytic in a neighborhood of D, f maps D into D, and / 
maps dD into dD, where D = {z : \z\ < 1}. 

(a) Show that Vz E dD, f'{z) ^ 0. 

(b) Show that ^[arg/(e 10 )] > 0 for 8 in JR. 
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(c) Assume that /(O) = /'( 0) = 0 and f\go is a two-to-one map from dD 
onto dD. Show that f(z) ^ 0 whenever 0 < \z\ < 1. 

(Indiana- Pur-due) 

Solution. 

(a) Assume /'(z 0 ) = 0, where z 0 6 dD. Let f(z 0 ) = wo £ dD. Then 

f(z) -wq = (z- z 0 ) n g(z), 

where n > 2, 

g(z) = 6 0 + h(* ~ * 0 ) + h(z - z 0 ) z H , 

with bo ^ 0. Let F be an arc in D defined by T = {z € D : \z — zo\ = r), 
and denote by Ar<j>(z) the change of <j>(z) when z goes along the arc T in 
the counterclockwise sense. It is demanded that r is sufficiently small such 
that Ararg(z — zo) > and | g(z) — i>o| < ^ when z g I\ It follows from 
/(z) - wo = (z - zo) n g(z) (n > 2), that 

A r arg(/(z) - w 0 ) = nA r arg(z - z 0 ) + A r arg g(z) > y ~ ^ > ir > 

which implies that f(z) assumes values outside the disk D when z 6 T. It is 
a contradiction to the fact that / maps D into D. Hence f'(z) ^ 0 for all 
z € dD. 

(b) Let z = re 10 , and w = /(z) = Re"K A variation of the Cauchy- Riemann 
equations for analytic function w = f(z) is 

dR „di> dR n drp 

r dr~ R de ’ de~ rR dr ' 

Since / maps dD into dD, we know that = 0. If ^(e' 9 ) = 0, then 

at point e ,e , = M = = |£ = o, which implies that §£(e* 0 ) = f(e' 9 ) = 

0. But from (a) it is impossible. If f$-(e‘ e ) < 0, it follows from = R^ 
that j^r(e 10 ) < 0. Since R = 1 when r = 1, |j^(e ,e ) < 0 implies that R > 1 
when r < 1. This is also impossible. Hence we obtain 

!£(«“) =>*/<<")] >o. 

(c) Because f\go is a two-to-one map from dD onto dD, ^rAp| = iarg/(z) = 
2, which implies that /(z) has two zeros (counted by multiplicity) in D. Since 
/( 0) = /'( 0) = 0, z = 0 is a zero of / of multiplicity m = 2. Hence /(z) has 
no zero in {0 < |z| < 1}. 
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SECTION 3 

COMPLEX INTEGRATION 

5301 


Evaluate the integral 


[ e e ‘dz. 

J Ul=2 


(Indiana) 

Solution. 

i 

Function e e ‘ is analytic in {z : 0 < \z\ < +oo}, and its Laurent expansion 
around z — 0 is: 

-f- j. 1 i Is. 

6 = l + «- + 2! e ' + - + S!' -+ '" 


1 + 

r 1 

1 

1 

1 1 

fi 2 

1 (' 

2\ 2 1 

K 

+ 2!' 

z 2 

+ "7 + 2 iT 

l 1 + ^ + 

2 ! (; 

.) + ...| 


1 1 

r, n 


1 /n \ 2 

1 




■ + -: 

1 + - 

+ 

_) + .. 





n! 1 

2 


2! \zJ 

J 




The coefficient of the term j in the above development is 

id e - 

( n - L)> 

By the residue theorem, we obtain 




J e e ‘ dz = 27riRes ^e e * , 0^ = 2irei. 


5302 


Evaluate 



where 7 is the positively oriented circle {|z| = 1}. 


( Indiana ) 
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Solution. 

It is obvious that sin V j is analytic in {z : 0 < \z\ < 1}, and with z = 0 as a 
pole. The Laurent expansion of sin 1 3 z around z = 0 can be obtained as follows: 


1 

sin 3 2 


- iz 3 + V 


?{ 1 + 3 (r , ~r‘ + ') 



Hence the coefficient of the term j in the above development is By the 
residue theorem, we have 



= 27riRes 



= 7T*. 


5303 

For what value of a is the function 

f(z) = J cos zdz 

single- valued? 

( Indiana ) 

Solution. 

Function F(z ) — (j + -^cosz is analytic in {z : 0 < \z\ < +oo}, and its 
Laurent expansion around ^ = 0 is: 



The necessary and sufficient condition for f(z) to be single-valued is that 
the residue of F(z) at z = 0 is zero, i.e., the coefficient of the term ~ in the 
above development is zero. Hence we obtain a = 2. 
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5304 


Define 


h(z) = f (1 + zte *) *e * cos (t 2 )dt. 

Jo 


What is the largest possible P so that h{z) is analytic for \z\ < PI 

( Indiana-Purdue ) 

Solution. 

When z - — e, 

5 cos (t 2 ) 


It is easy to see that when t — ► 1, 


Ut. 


et 


cos (t 2 ) A 

e* -et ~ (t- 1)*’ 

where A = | cos 1, which implies that the integral is divergent. Hence P can 
not be larger than e. 

For any r < e, let \z\ < r. Consider the integral 



cos(f 2 ) 
e* + zt 


dt. 


It follows from |e f + zt\ > e* — rt and the convergence of the integral 


that 


/: 

i: 


|cos(t 2 )| 


J cos(t 2 
e* + zt ~ 


-dt 


is uniformly convergent in any compact subset of {z : \z\ < e}. By Weierstrass 
theorem, we know that h(z) is analytic in {z : \z\ < e}. Hence the largest 
possible P is equal to e. 


5305 

Let f(z ) be analytic in S = {z e<F; \z\ < 2}. Show that 
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- / /( e “) cos2 \ dt = 2 /( 0 ) + /'( 0 ). 

* Jo 2 


Solution. 

It is easy to see that 


«•> “ hS w ._^=hC ^ 
m = hL^ iz= ^C ,(eU)e ' Ud> - 


Note that 


It follows from the above three equalities that 

2 /( 0 ) + /'( 0 ) = l-J 2r f^t)(2 + e i * + e- i *)dt 

2 r 2r i 

= -/ / (e*‘) cos 2 \dt. 

t Jo 2 


(Iowa) 


5300 

Suppose that the real-valued function u is harmonic in the disk {\z\ < 2}, 
v is its harmonic conjugate and u(0) = v(0) = 0. Show that 

J u 2 (z)v 2 (z (u*(z) + v\z))^-, 

where / y(t) = e 2 ** 4 , t € [0, 1]. 

(SUNY, Stony Brook ) 

Solution. 

Let f(z) = u(z j + iv(z). Then f(z) is analytic in {z : \z\ < 2}, and we have 


[ f*(z)~ = 2ttz/ 4 (0) = 0, 
Jj z 
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- (-/“*)■ 

It follows from 

»W = /W ^ 

and 


that 


/ « 2 (2)o 2 (*)^7 
Jy Z 



= 

= £ J (« 4 (*) + v\z) + 2u 2 (z)u 2 (z))y , 

which implies that 

j ' «W(*)y = \ J{u\z) + v\z ))^. 


5307 


Let / be an analytic function on an open set containing £>(0, 1) = {z; \z\ < 

!}• 

(a) Prove that 



e-”*' 0 [R ef(e ie )]d6. 


(b) If /( 0) = 1, and if Re/(z) > 0 for all points z E D(0, 1), prove that 

|g(0)|<2M. 


( Indiana ) 
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Solution. 

(a) Assume that 

/(*) = X) a * z ”’ 

k = 0 

we have 



By Cauchy Integral Formula, 


d^l 

dz n 


( 0 ) = 


L=iC n+1 C 2* Jo /( } 


e d9. 


Hence 


3 ?» = yJI' 

= - [ * e~ ni0 [R ef(e ie )]d9. 


(b) Because Re/(z) is harmonic on D(0, 1), by the mean-value formula of 
harmonic functions, 


Re/(e ,e )dfl = Re/(0) = 1. 

Noting that Ref(e ,ff ) > 0, we have 

I ^(0)1 = I- I'* e- nie [Ref (e ie )]d9\ 
\dz n \ | * Jo I 


< - r \e- ni0 \[Ref(e ie )]d9 

* Jo 

= — / R ef(e i0 )d9 

x Jo 

= 2(nl). 



383 


If / is analytic in the unit disk and its derivative satisfies 

show that the coefficients in the expansion 

/(*) = £<*»*" 


satisfy |a n | < e for n > 1, where e is the base of natural logarithms. 


( Stanford ) 


Solution. 

It follows from 


f(z) = £a nZ " 


f'(z) = J2na n z n \ 


na„ = “r ~7 / ^ ^ dz, (0 < r < 1). 

2mJ^ =T z " 

It is obvious that 

|oi| = l/'(0)|<l<e. 

For n > 1, we choose r = 1 — 

Kl = -L [ 

2-Trn J | 2 |=i_i 2 n 

< J_ . JillL . 2 w! _ I) 

- 2tt n (l-±)» ( n ’ 

- + 


Let / = u + iv be an entire function. 
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(a) Show that if u 2 (z) > v 2 (z ) for all z£ff, then / must be a constant. 

(b) Show that if \f(z)\ < A-\-B\z^ for all z £(P with some positive numbers 
A, B, h, then f(z) is a polynomial of degree bounded by h. 

( Stanford ) 

Solution. 

(a) Let 

F (z) = e-^ = e — (« 2 (*)— « 2 (*))— *). 

Then F(z) is an entire function with 

|.F(z)| = e-f-’W-’to) < 1. 


By Liouville’s theorem, F(z) must be a constant, which implies that f(z) is a 
constant. 

(b) Let 

/(z) = f>„z». 

n=0 


Then 


i / M*. 

2 ™ J\z\=R Z" +l 


For any integer n> h, 


„ A + BR h 


R n 


Letting R —* +oo, we obtain that a n = 0, which implies that /(z) is a polyno- 
mial of degree bounded by h. 


5310 

Let / be an entire function that satisfies |Re{/(z)}| < \z\ n for all z, where 
n is a positive integer. Show that / is a polynomial of degree at most n. 

{Indiana) 

Solution. 

Let R be an arbitrary positive number. Then it follows from Schwarz’s 
theorem that when |z| < R, 

m =~[ Re{/(C)} • ■ § + *Im{/(0)}. 

J\(\=R Q~ z < 
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Especially when \z\ = y, 

!/(*)( < ^ • 3B" • 2w + |lm{/(0)}| = 3 R n + |lm{/(0)}|, 

which implies that there exist constants A, B such that 

!/(*)! < MA n + B 


holds for all z G (F. 
Let 


where 


/(* ) = X) a * z *’ 

fc =0 

- J_ / M* 

! ~ 2ri L =r 


Ar n + B 


Hence when k > n, 

which shows that /(z) is a polynomial of degree at most n. 


* 0 (r — > +oo), 


5311 


Compute the double integral 

J J cos zdxdy 

where D is the disk given by {z = x + iy 6<T : x 2 + y 2 < 1}. 

Solution. 

First we have the following complex forms of Green’s formula: 

J J w z dxdy = J J w x — iw y )dxdy 

= -7T- I w(dx-idy) = j wdz, 

2% Jqd 2 1 J aD 

J J wjdxdy = J J + iw y )dxdy 

= — / + idy) — —7 / rodz. 

Jan y a i> 


(Iowa) 
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The problem can be solved directly by either one of the above two forms: 
f f cos zdxdy — — [ z cos zdz = — f — SZ dz = w: 

J Jd Ji z |_i 2 i J\ z i_i z 


f f cos zdxdy = — / sinzdz = — — f sinzd(i) 

J Jd 2i7|,| =1 2iy |4Nl V 

If sinz 

= 2iL =1 ^- <fe = ’- 


5312 


Let 

/« = £<*»*“ 

n=0 

be analytic in £> = {|z| < 1} and assume that the integral 

a = J J D V'W dxd y 

is finite. 

(a) Express .A in terms of the coefficients a„. 

(b) Prove that 


|/(z)-/(0)| < .Miog- 1 


x & l-|z|2 


for zeD. 

Solution. 

(a) By 


we have 


/'(*) - YJrm n z n \ 


[Indiana) 


A = [I \f\z)\ 2 dxdy= [\dr [ 2 \f'(re ie )){f>(rei<>))d0 
J Jd Jo Jo 

— j rdr J rta n r"~ 1 e*^"~ 1 ^^ nd„r n ~ 1 e~ , ^ n ~ 1 ^ 0 ) d&. 



Noting that 
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we obtain that 





k^l, 

k = l, 


A = 


I Jd ^ ( z ^ 2dxdy= J rdr J 0 53 n2 i an i 2r2n 2(16 

2 7T / = 7ry^n|a n | 2 . 

•'° n=l n=l 


(b) By Cauchy’s inequality, we have 


!/(*)- /(o)l = 


E«^ n 




s ^E»Ki ! -E^i ! " = y^°8rn 


5313 


Let / be analytic in {0 < \z\ < 1} and in L 2 with respect to planar Lebesque 
measure. Is 0 a removable singularity? Proof or counterexample. 

( Stanford ) 

Solution. 

The answer to the problem is Yes. 

Let the Laurent expansion of / in {z : 0 < \z\ < 1} be 

/(*) = £ 

n~—oo 


where 


a n = - — t [ 'dz, ( n - 0, ±1, ±2, - - •). 

2™ y |i|=r<1 *" +i 

1 f 2 * |/(re»% 


ws sj£' 


+d0. 


From 
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we have 

kl V” +1 < (± fj |/(re- 0 )|VF^) < ± fj \f(re i0 )\ 2 rdO. 

Let £ < 1 be a small positive number, and then 

j[ |a„| 2 r 2n+1 dr < jf jf \f(re i0 )\ 2 rdrdO< ~ J ^\f(z)\ 2 dxdy. 

Then a n must be zero when n < —1. Otherwise, let e — » +0, the left side of 
the above inequality will tend to infinity, while the right side of the inequality 
is finite, which leads to a contradiction. Hence 

OO 

f( z ) = J2a n z n , 

n= 0 

which shows that z — 0 is a removable singularity of /. 


5314 


Evaluate the integral 


/ \dz | 
J\z\=p \ z ~a\ 2 ' 


|a| ^ p. 


Solution. 

Let z — pe' e , a = re'^. 



\dz | 

\ z — a | 2 


( Indiana ) 


[ 2 * 

7o /> 2 + r 2 - pr(e*(®-^) + e<(*-«)) 

[ 2 T pd0 

Jo p 2 + r 2 - pr(e* e + e"* e ) 
r pdz/(iz) 

J\z\=p P 2 + V 2 ~rz- p 2 rjz 
f pidz 

J\z\= P rz 2 - (p 2 + r 2 )z + p 2 r 
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When r < p, 


f pidz 

J\z\=p r(z — £)(z-r) 


= 2 iri ■ — Res I = , 

r \( Z -^r)(z-r) 

2-irp 


When r > p, 


f pidz 

M=P r{z-$)(z-r) 


— 2 iri • — Res 


(*-£)(z-r)’ r 


o a + sin x 


, l«l > 1, 


by the method of residues. 


( Columbia) 


m = r - 

Jo a - 


It is obvious that 1(a) is an analytic function in {a : \a\ > 1}. Then we have 


iw = r~ 

Jo a + sir 


'o a + sin 2 x Jo 2a + 1 — cos 2x 
I"* dx _ 1 f* dx 

q 2a + 1 — cos x 2 J_ T 2a + 1 — cos x ’ 
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Let z = e' x , then 


dx = * 


and 


7 («) 


Xi=i 


idz 


z 2 — 2(2a + l)z + 1 


Denote the two roots of z 2 — 2(2a + l)z + 1 = 0 by zi and z 2 . Since zi • z 2 = 1, 
we may assume that |zj| > 1, |z 2 | < 1. By the residue theorem we have 


= I 77~ 
J M=i _ 


idz 


27T 


Zl)(z - z 2 ) Zx - z 2 


2ir 


It should be noted that 


•\/(zi + Z 2) 2 - 4ziz 2 2^/a(aTij 

= is also analytic in {a : |a| > 1}, and the 


branch of y/a(a + 1) should be chosen by arg v / a(a + 1) | 0>1 = 0. 


5316 


Consider the function 


sW) 


1 

1 + z sin 0 


(a) Use the residue theorem to find an explicit formula for 



g{z,B)dS 


when \z\ < 1. 

(b) Integrate the Taylor expansion 


g{z,6) = Y t 9n{0)z n 

71 = 0 

term by term to find the coefficients in the Taylor expansion 

/(* ) = £/» z "- 

n— 0 
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(c) Verify directly that (a) and (b) agree when \z\ < 1. 
Solution. 

(a) Let £ = e ,e . Then 


( Coumnt Inst.) 


and 


sin# = 



C 2 -1 
2 < ’ 


Jo J\c 1=1 Z C 2 + 2 *C ~ z < 


2d( 


*(C-Ci)(C-Ca)’ 


where = j(Vl — z 2 — 1), £2 = |( — a/ 1 — z 2 — 1), and the single-valued branch 
of yj\ — z 2 in {|z| < 1} is defined by \/l — z 2 | z=0 = 1. Because |Ci ■ C 2 I = 1, 
we know that € {|£| < 1} and £ 2 € {|C| > 1}. Hence 


f(z) = 2iri • ^ • 


1 

Cl - <2 


2tt 


(b) It follows from |sin#| < 1 and \z\ < 1 that 


g(z,0) = '£(-l) k sm k 0-z k , (|z|<l). 

k = 0 

Since the series converges uniformly for all 9 G [0, 2vr], the integration with 
respect to 8 can be taken term by term, and 

/(*)= (E(-l) fc sin fc #-^)d# = f;a^ fc , 

*'° \k —0 ) 1=0 


where 2 

at = [ (-1)* sin 
Jo 

It is easy to obtain that a 2n -i = 0 and 


6d0. 


fl2n 


= 4 [’ si 

Jo 


sin 2 ” Odd = 


(2 »)!! 


- ■ 2-7T. 


(c) In order to verify that (a) and (b) agree when \z\ < 1, we develop the 
function f(z) in (a) into a power series: 


/(*) = -i= =2ir(l-2: 2 )-^ =27T^(-l)"C^2: 2n . 
V 1 - z 2 ^ 
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Since 

(— l)”C"i 



(2n — 1)!! 
(2n)H 


■we know that the results in (a) and (b) agree when |z| < 1. 


5317 

If a is real, show that 

/ R 

e -(x+,-o) dx 
-R 

exists and is independent of a. 

( UC , Irvine ) 

Solution. 

First we have 

L-(*+*«) < e° • e~ x . 

It follows from the existence of 

lim / e~ x dx 
R^°° J-R 

that R 

lim / e-( x+ia ?dx 

•R—oo J_ R 

exists. 

Define f(z) = e~^ and choose the contour of integration T = Ti U T 2 U 
T 3 U r 4 as shown in Fig.5.5. 



Fig. 5. 5 


As f(z ) is analytic inside T, by Cauchy integral theorem, 

J f(z)dz = J f(z)dz + ^ f(z)dz + /(z)dz + ^ f(z)dz 
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= f R e~ x *dx + ie~ R2 [ e y2 ~ 2Ryi dy - e -(*+*“) : 

J-R JO J-R 

- ie ~ R 2 f e y2+2Ryi dy 

Jo 


dx 


= 0. 


Letting R — * oo, it follows from the facts that e R — ► 0 (R —* oo) and 

|jf°e*’ ±2R » , 'dy| < J“ e y *dy 


that 


/ R f R 

e ~(x+ta) d x — li m / e~ x * dx = v/t- 


5318 

Let n > 2 be an integer. Compute 


r r~^ dx - 

Jo 1 + * n 


Solution. 


(Iowa) 



0 fl 

Fig.5.6 


Let f(z) = 1+ 1 ; „ , and select the integral contour T as shown in Fig.5.6. 
f(z) has one simple pole z = e»‘ inside I\ By the residue theorem, we have 

J f(z)dz = 2-7riRes(/, e»’). 

i nz)dz = 

= (l-e^ f ) / + /” iRe ie f(Re ie )dO. 

Jo 1 + ® Jo 
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It is obvious that 


and 


r ¥ 

lim / iRe i0 f(Re i9 )d0 = 0, 

R->oo J Q 


Res (/,e”‘) = 

Letting R — ► oo, we obtain 


(l + O'U 


7°° dz 2 tt* 2« 7r 

Jo 1 + s” ne s ^ J ~ Ti (l - e ^r’^ n(e»* - e _ »*) “ nsin 


Evaluate 

with full justification. 
Solution. 


5319 


r 

Jo 


cos (x 2 )dx 


(Minnesota) 


o 

Fig.5.7 

Define 

f(z) = e~’\ 

3 

and choose the contour of integration r = £) r,- as shown in Fig.5.7. Because 

i= i 

f(z) = e~ z is analytic on T and inside T, by Cauchy integral theorem, we 
have 

f f(z)dz = f f(z)dz = 0. 

J r J= i -/ri 




395 


For the integral of f(z) on T 2 , we make a change of variable by w = z 


/ f(z)dz = / 

Jr, J 7 , 


dw 
2 wi ' 


where 


72 = {«> : M = R 2 ,0< axgw < -}. 


By Jordan’s lemma, we have 

lim [ f(z)dz = 0. 

For the integral of f(z) on T 3 , we have 

f f(z)dz = — f e~ x2, e*'dx 

J r a Jo 

f R V 2 2 2\a ■ f R A 

= - / — (cos® +sin® )d® - * / — | 

Jo J- J o 2 


cos x — sm 


It is well known that 


-x - j V* 

e x dx — ► — 
2 


Lj (t)dz= [ 

when R—*oo. Hence we obtain by letting R—> co that 

y »00 <»00 

I (cos x 2 + sin x 2 )dx + i I (cos® 2 — sin x 2 )dx = 
Jo Jo 


V2 r 
2 ’ 


which implies 


I cos x 2 dx = I sin x 2 dx = 
Jo Jo 


-y/27T 


5320 


Evaluate 


j: 


-dx. 


: 2 , then 


® 2 )d®. 


(Iowa) 
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and select the integral contour T as shown in Fig.5.8. Because f(z) is analytic 
inside F, by Cauchy integral theorem, 


J f(z)dz = 0, 


f 1 — p 2tx f* t~ e 1 *>2ix 

/ f(z)dz = / —dx+ iRe i0 f(Re i0 )M + ^—dx 

Jr Je x Jo J-R 

t° 

+ J iee i0 f(ee i0 )d8 

r R o — e 2ix — p- 2ix r* 

= / ^ dx + / iRe ' 9 f(Re' e )d0 

Je x Jo 

r° 

+ / iee i0 f(ee i0 )dO 

Jit 

= / ^T^ da: + / iRe i0 f{Re i0 )de + J° iee i0 f{ce i0 )dO. 


It is easy to see that 


lim f iRe i0 f(Re i0 )de = 0 
Jo 

r° 

lim J ice' 9 f(ee ,0 )dS = -7riRes(/, C 
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Since the Laurent expansion of / about z = 0 is 


f(z) = ^ “» z ". 

n= — 1 


where a_i = —2 i, we know that Res(/, 0) = —2 i. 
Letting e — ► 0 and R — ► oo, we obtain 


i ; 


5321 


Let f(z) be holomorphic in the unit disk \z\ < 1. Prove that 



/(z )log »k, 


where respective integration goes along the straight line from 0 to 1 and along 
the positively oriented unit circle starting from the point z = 1. The branch 
of log is chosen to be real for positive z. 

{SUNY, Stony Brook) 


Solution. 



Fig.5.9 


Let the contour of integration T be shown as in Fig.5.9, and the single- 
valued branch of log z be chosen by argz| 2= _i = it. Since f(z) log z is holo- 
morphic inside the contour T, by Cauchy integral theorem, 

J f(z) log zdz = 0, 



398 


where 

/ /(z)logzdz = / f(x)logxdx + / /(z)logzdz 

Jr Je J\z |=1 

+ / /(*)(log* + 27ri)da:+ f f(ee' 0 )\og{ee ,0 )iee t0 d6 
J 1 J 2r 

= — 27ri f f(x)dx + f f(z) log zdz 

Je J 1*1=1 

2t 

f{ee ie ) log(ee i0 )iee i0 d6. 


It is easy to see that 

2jt 

f(ee ie ) \og(ee i0 )iee i0 d9 = 0. 


Letting e — * 0, we obtain 





J-/ 

2« yi,i = i 


/(z)logzdz, 


where the integration contour |z| = 1 has starting point and end point z = 1, 
and the value of log z at the starting point z = 1 is defined as 0. 


5322 


Find the value of 

r 2 * 

/ log la + 6e*^| d<j) 

Jo 

where a and b are complex constants, not both equal to zero. 

( Harvard ) 

Solution. 

First we assume |a| > |b|, and then the multi-valued analytic function 
log(a + bz) has single-valued branch on {z : |z| < 1}. Take e t<t> — z, then 
d<j> = jf, and 

J log |cs + be'^ldtp = Re{/ log(« + 6e‘^)d^| 

log(a + bz) 


= Re 


dz 


l\z\=i ™ 

Re{2flToga} = 2-7rlog |a|. 
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When |a| < |6|, we have 

*2tc 

/ log |a + be'^ldif) = / log \b + ae’^\d(j) 

Jo Jo 

= 2-7T log |6| = 2vr log |6j. 

In the case |a| = |fo| , let b = ae ,a . Then 

/ log |a + 6e**|d<£ = [ (log |a| + log |1 + e *(0+«) |)c£^ 

Jo Jo 

= 2tt log |a| + J log |1 + 6^1 d<j>. 



In order to evaluate the integral 

J log |1 + e*^|d^, 

we define 


/(*) = 


log(l + z) 


where the single-valued branch is defined by log(l + z) |*=o= 0. Choose a 
contour of integration T = T e U7 e as shown in Fig. 5. 10. Since f(z) is analytic 
on T and inside T, by Cauchy integral theorem, f r f(z)dz = 0. Because 

/(z)dz| < - r j— ■ -ire — > 0 (e — + 0), 


we have 


J log |1 


+ e ’ 


= Re 


f log(l + e*'*; 


)d<j> 
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= £s Re {X. log( 1 +z) f} 

= Js*' {\J r «')*} =°- 

Hence we obtain 



a + be’^ld# = 27rmax{log |a|,log 


5323 


Evaluate 


Solution. 


I 


log a: 

f o (l + zj 3 


dx. 


(Iowa) 



Fig.5.11 


Let 


/(*) = 


log" 2 
( 1 + 2 ) 3 ’ 


and select the integral path T as shown in Fig.5.11. The single-valued branch 
of log z is chosen by argz| 2= _ 1 = ir. By the residue theorem, we have 


L 


f(z)dz = 2iriRes(/, —1), 
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f(z)dz = 


r° 

+ / iee' 6 f(ee ,e )d0 

- I — , <tV*r* m d,+ L iIk “f^ de 

+ / iee ie f(ee i0 )dO. 

J 2ir 


(log X + 2 TTl) 2 


It is obvious that 


t 2 * 

fi Um J iRe ie f(Re i0 )d9 = 0 

r° 

lim / iee' 0 f(ee i0 )dO = 0. 

£_, ° J2ir 


In order to find Res(/, — 1), we consider the Laurent expansion of / about 
z = -1: 


/(*) = 


l°g 2 [(z+ 1)~ 1] _ (7Tf + log[l-(z+l)]) 2 

(* + l ) 3 ( X + l ) 3 

(T»-(z+l)-l(z-H) a -.-) a 
(z+lf 

£ «„(z+ir, 


where o_i = 1 — id. Hence 


2wiRes(/, — 1) = 2ir i + 27t 2 


As e — » 0 and R — * oo, it turns out that 


’ —4 ivi log x + 4ir 2 


o (1 + *) 3 


dx = 2iri + 2 tt 2 . 


Comparing the imaginary parts on the two sides of the above identity, we 
obtain 

r° iQ g* 1 

X (l + z)** 2 - 
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5324 


Evaluate the following integrals: 

( a ) S-ix (* 2 — 4)tog (z+ i ) integration is over the imaginary axis), 

(b) / 0 °° X a +1 dx for a in the range — 1 < a < 2 . 

( Courant Inst.) 

Solution. 

(a) 



Fig.5.12 


Define ^ 

f{z) = (z2-4)log( z + l)- 

The single-valued branch for log (2 + 1) is chosen by log(z + l)|*=o = 0, and 
the contour T of integration is shown in Fig.5.12. As /(z) is analytic on and 
inside T except a simple pole at z = 2 , we have 


where 


J f(z)dz = 2 iriRes(/, 2 ), 

J f{z)dz = f(Re i0 )iRe i0 d6- J* f(ee i0 )i£e i0 < 
- J ^ f(z)dz - jf f(z)dz, 


and 


Res(/, 2 ) - lim ^ ^ j og ^ + ^ 4 log 3 ■ 

lim f 2 f(Re i0 )iRe i0 d6 = 0 


Because 



403 


and 


lim j f(€e ,0 )iee ,e d9 = 7r*'Res(/, 0) = — 


by letting e — + 0 and R — ► oo, we obtain 
r +i °° dz 


L 


2 -4)log(z+l) 4 (1 log 3^ 


(b) 



Fig.5.13 


Define 


/(*) = 


z 3 + l' 


The single-valued branch for z a is chosen by argz| z=I>0 = 0, and the contour 
T of integration is shown in Fig.5.13. As f(z) is analytic on and inside T except 
a simple pole at z — e t' , we have 


L 


f(z)dz = 2iriRes(f, e *’), 


where 


J f{z)dz = f(x)dx + jj f{Re i0 )iRe i0 dO- f(x) ■ e^dx 

- / * f{ee i0 )iee i0 dB, 

Jo 


and 


Res(/,e^) = lim (z ~ e^)f(z) 



1 


3 e f(2-o)r 
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lim / f(Re i0 )iRe ie d6 = 0 

Jo 

when a < 2 and 

lim J 4 f{ee i0 )iee i0 dS = 0 

when a > —1, by letting e — * 0 and R — ► oo, we obtain 


f°° *“ 

7o * 3 + l° 


Ssu^^pTr) 


f = I( iz£i 

Jo (l + x 2 ) 2 4cos(^)’ 

for — 1 < a < 3, a ^ 1. What happens if a = 1? 


' W -(I+PF’ 

where (argz° f )j =I >o = 0, and select the integral path T as shown in Fig.5.14. 
By the residue theorem, we have 


J f(z)dz = 2xiRes(/(z),i), 


f(z)dz = 


-dx+ / iRe. f(Re’ e )df) - 


-R (1 + * 2 ) 2 
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f° 

+ / ice' 9 f{ee' e )d0 

(1 + e' T “) J R + £ iRe ie f(Re ie )dd 

r° 

+ J iee' 9 f(ee' 0 )d8, 


Re S (f(z),i) = lun =i_^ e "T. 


It follows from a < 3 that 


and from a > — 1 that 


lim f iRe i9 f(Re ie )d6 = 0, 

R—°oJo 

t° 

Inn / iee i9 f(ee i9 )d0 = 0. 


Letting e — ► 0 and R — ► oo, we obtain 


/i . .TON /‘ 00 X ° J ir(l-O-) jjr« 

(1 + e >/„ 2 ''' 


When a ^ 1, 


r_f! 

7 o (1 + 3 


7r(l — a) _ 7r(l - a) 
( e iS f-+e- iX ^ \ ~4cos(^f)' 


when a = 1. 


’ x J ___ x(l - a) 1 
(1 + X 2 ) 2 ^ X a-i4cos(^) 2 


(a) Prove that 


converges if 0 < a < 1. 
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(b) Use complex integration to show that 



cos xdx = sin 


TO 

T 


■ r(-a + i). 


(Harvard) 


Solution. 

(a) 


J e' x x a dx = x “cos xdx + J x “ cos xdx^j + i J x “sin xdx. 


It follows from a < 1 that 


I x “ cos xdx 

Jo 

is convergent. It is also obvious that 

| J cosa;(fx| 

x~ a is monotonic decreasing and 



f A 

< 2, 

1 sin xdx 

Jo 


< 2 , 


lim x “ = 0 for a > 0. 

ar— *-foo 


By Dirichlet’s criterion, we know that x “ cos xdx and / 0 °° x “ sin xdx are 
also convergent. Hence J 0 °° e lx x~ a dx is convergent when 0 < a < 1. 

(b) 


iR 



0 £ R 


Fig.5.15 

Let f(z) = z~ a e~ z , and the contour of integration T is chosen as shown in 
Fig.5.15. The single-valued branch of f(z) on T is definde by z~ a \ z=x> o > 0. 
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x- a e~*? i e- ix idx 


By Cauchy integral theorem, 

J f(z)dz = j ( x- a e~ x dx + jj iRe i0 f(Re ie )d6 + J' 

t° 

+ / iee ie f(ee ie )d8 = 0. 

It follows from a < 1 that 

t° 

lim I iee' e f(ee' e )d6 = 0, 
and from a > 0 and Jordan’s lemma that 

lim I* iRe ie f{Re ie )d6 = 0. 

fi-»oo J 0 

Letting e — * 0 and R —* oo, we have 

J r oo rOO 

< x~ a e~ x dx = / x~ a e~ iX dx. 

o Jo 

Multiplying both sides by e“’, and comparing the imaginary parts, we obtain 

too XQ , 

I x~ a cosxdx = sin— r(— a+ 1). 

Jo * 


5327 


Use a change of contour to show that 


f°° cos(ax) ^ f°°te 0/3t u 

k -rrr^-k TmT'"' 


provided that a and /3 are positive. Define the left side as a limit of proper 
integral and show that the limit exists. 

( Courant Inst.) 

Solution. 

Since 


j; 


cos(ax)dx 
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is monotonic with respect to x and 




lim = 0, 

r— *+oo x + p 


the convergence of the integral 


/; 


' cos(aa;) 
x + P 


dx 


follows from Dirichlet’s criterion. 
Define 

/(*) = 


z+pi' 

and choose the contour of integration T = Ti U T 2 U r 3 as shown in Fig.5.16. 



o r, r 


Fig.5.16 


By Cauchy integral theorem, we have 


f f(z)dz = [ — — —dx + f f(z)dz - [ - -dx 

Jr Jo x + P l Jr-2 Jo x + P 

f R e~ ax (x — Pi) / rR e -axi 

= / 2 \ a2 «a; 4- / /(z)dz - / — = 0. 

y 0 * 2 +/5 2 y r , y 0 *+p 


It follows from Jordan’s lemma that 


lim 

R—*oo 


J f( z )dz = 0. 


Letting R—*oo and considering the real part in the above identity, we obtain 


j: 


1 cos(ax) 
x+P 


dt= r^rh dx= l 


oo ie -alH 

t 2 + 1 


dt. 
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(a) Let c be the unit circle in the complex plane, and let / be a continuous 
W - valued function on c. Show that 




is a holomorphic function of z in the interior of the unit disk. 

(b) Find a continuous f on c which is not identically zero, but so that the 
associated function F is identically zero. 

( Minnesota ) 

Solution. 

(a) Let zq be an arbitrary point in the unit disk. Then 1 — |z 0 | = p > 0. 
Choosing 6 > 0 such that 6 < p, we prove that 




has a power series expansion in {\z — zq\ < 6 }. 

It is clear that 

7—^ < - < 1 
K-* I ~ p 

when \z — zo\ < 6 and (6 c. We can also assume |/(C)| < M because / is 
continuous on c. Thus 

m = no = /( 0 1 

C-Z (C - 20) - (z - 20) C - zo 1 - 
/( 0 ( z-zp \ n 

C -Zo \C - Zo) 


Y' /(C) ( z - *> Y 

^C-zoKC-zol 


m (z-z 0 \ n \ M (S\ n 


I C Zo \C-zoJ | P \pj 

and Y (j) i s convergent, the series Y converges uni- 

formly for all C £ c - Hence termwise integration is permissible, and we obtain 


F f( z ) = [ = J2 “»(* ~ «)*, 

Jc^-z „_ n 
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where \z — zq\ <6 and 


—!.\ 


/(C) 


T d C 


: (C - *o )" +1 

Since z 0 is arbitrarily chosen in the unit disk, Ff(z) is holomorphic in {\z\ < 1}. 
(b) Take /(C) = £ (|C I = 1)- Then 

''«■> = l i (2,i - “> = °- 


In fact, /(C) can be taken as for any positive integer n and fixed 

z 0 G {z : \z\ < 1). When C S c, 


LB?- 1. (? - 4 ^ 4 = / a -^xT- w * ■ °- 


5329 


Let [a, 6] be a finite interval in M and define, for z in D = W — [a, b ], 



dt 

t — z 


Show that f(z) is analytic in D. Given c, a < c < b, calculate the limit of f(z) 
as z tends to c from the upper half plane and as z tends to c from the lower 
half plane. 

( UC, Irvine) 

Solution. 

For any z 0 G D, choose 6 > 0 sufficiently small such that {z : \z — zo\ < 
6}(l{z = x + iy : y = 0,a < x < b} = <b. When \z - z 0 \ < S, a < t < b, we have 


1 1 _ 1 1 _ v-' (2 - Zo) n 

T=~z - (t - zo) - (Z - zo) - t - zo ' 1 - ~ (< - *>)" +1 ’ 


and the series converges uniformly for t with a<t <b. Hence 
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holds for z £ {z :\z — zo\ < <5}, which implies f(z) is analytic in {z : \z - z 0 1 < 
<5}. Since z 0 is an arbitrary point in D, we obtain that f(z ) is analytic in D. 
For z £ D, f(z) can also be represented explicitly by 

/(*)= f [ b dio g (t-z)=iog^-, 

where the single-valued branch is defined by arg \z=x 0 >b — 0. Let Ti 

and T 2 be two continuous curves connecting z = xq > b and z = c in the upper 
half plane and the lower half plane respectively. Then the limit of f(z) as z 
tends to c from the upper half plane is 

, |c — 6 1 a z — b , | c — 6 1 

log -|- tAr.arg = log + m, 

|c — a | z — a |c — a | 

while the limit of f(z) as z tends to c from the lower half plane is 


c — b 

. iAr arg i^ - W 

c — b 

c — a 

i ^r 2 arg- — — log 

c — a 


5330 


For each z £ U = {z : Imz > 0} define 


ff( z ) 


_ 1 j 1 sin 2 
2tz y_ 1 t — ; 


■dt. 


Determine which points a £ St have the following property: there exist e > 0 
and an analytic function / on D(a,e) such that f{z) = g(z) for all z £ U fl 
D(a,e). 

( Indiana ) 

Solution. 

Let T be the half unit circle in the lower half plane whose direction is 
defined from point z — — 1 to point z — 1, and define a function 



It follows from the Cauchy integral theorem that when z £ U, f(z) = g(z). 
With a similar reason as in problem 5328, f(z) is analytic in the complement 
of T. Hence we obtain that for any a £ St, a ^ ±1, there exists e > 0 
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(e < min{|a — 1|, |a+l|}) such that /(z) is analytic in D(a,e) = {z : \z—a\ < e] 
and /(z) = g(z) for all z E U n D(a,e). 

When a = ±1, such a /(z) does not exist. The reason is as follows: As 


sin 2 t 
t — z 


sin 2 1 — sin 2 z 
t — z 


+ 


sin 2 z 
t — z' 


where 
know that 


is an analytic function of two variables for (t, z) 6 W x (F, we 


“*> = 55 


i: 


sin 2 1 — 


t- 


■ 2 

SHI z . 

dt 

z 


is analytic for z g (T. But 


2 in 7_i t — z 


sin z 
2ici 


J d\og(t-i 


sin 2 z 
2id 


log 


z - 1 

z + r 


which has branch points z = ±1, hence g(z) can not be analytically continued 
to D(±l,e). 



413 

SECTION 4 

THE MAXIMUM MODULUS AND 
ARGUMENT PRINCIPLES 

5401 


Let a G <F, |a| < 1, and consider the polynomial 

P(*) = £ +(l-H 2 )z-|z 2 . 


Show that |P(z)| < 1 whenever |z| < 1. 


( Indiana ) 


Solution. 

P(*) = | + (i-H a )*-|* a 

= *[(i-H a )+|(^-a*)]. 

When |z| = 1, 

Re(^ - az) = Re[^ - (az)] = Re[^ - ”] = 0, 
|lm(^ - az)| < 2|a|. 


Hence when |z| = 1, 


|P(z)| 2 = (l-|a| 2 ) 2 + (Im[^-az)]) 2 

< (1 - 2|a| 2 + |a| 4 ) + |a| 2 = 1 - |a| 2 + |a| 4 < 1. 


By the maximum modulus principle, |P(z)| < 1 whenever \z\ < 1. 


5402 


Let / be holomorphic in the unit disk {|z| < 1}, continuous in {|z| < 1} 
and |/(z)| = 1 whenever |z| = 1. Prove that / is a rational function. 

(SUNY, Stony Brook) 
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Solution. 

If /(z) has infinite many zeros, by the isolatedness of the zeros of holomor- 
phic functions, the zeros must have limit points on the boundary of the unit 
disk. But it will violate the fact that / is continuous in {|z| < 1 } and \f(z)\ - 1 
whenever \z\ = 1. Hence / has only finite zeros in the unit disk. Denote all 
these zeros by zi, Z 2 , ■ ■ ■ ,z n , multiple zeros being repeated, and define 

'<*>='«/ nfe)- 


Then F(z) is holomorphic in {|z| < 1}. continuous in {|z| < 1} and |F(z)| = 1 
when \z\ = 1. By the maximum modulus principle, |F(z)| < 1 in {|zj < 1}. 
Since F(z) has no zero in {\z\ < 1}, is also holomorphic in {|z| < 1}, 

continuous in {\z\ < 1} and | | = 1 when |z| = 1. Application of the 

maximum modulus principle to yields |F(z)| > 1 in {|z| < 1}. Hence 
|F(z)| = 1 holds in {|z| < 1}, which implies F(z) = e’° with a a real number. 
So we obtain 


f(z) = e ,a 



5403 

Let / be a continuous function on U = {z : \z\ < 1} such that / is analytic 

in U. If / = 1 on the half-circle 7 = {e ,e : 0 < 6 < x}, prove that / = 1 

everywhere in U . 

( Indiana ) 

Solution. 

Define F(z) = (f(z) — 1 )(/(— z) — 1), then F(z) is also continuous on U and 
analytic in U. When z € dU , we have either f(z) — 1 = 0 or /(— z) -1 = 0. 

Hence F(z) = 0 holds for all z U, which implies either /(z) — 1 = 0 or 

/(— z) — 1 = 0. Since f(z) — 1 = 0 is equivalent to /(— z) — 1 = 0, we obtain 
f(z) = 1 for all z £ U. 

Remark. The condition that “/ = 1 on the half-circle 7 ” can be weakened 
to that “/ = 1 on an arc 7 = {e ,e : 0 < 6 < ^}, where n is a natural number”. 
In this case, the proof is the same except that F(z) is defined by 

F{z) = ( f(z) - l)(/(*e^') - 1 )(/(ze^) -!)••• (/(ze^") - 1). 
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5404 

Let S denote the sector in the complex plane given by 5 = {z : — \ < 
argz < J}. Let S denote the closure of S. Let / be a continuous complex 
function on 5 which is holomorphic in 5. Suppose further 

(1) |/(z)| < 1 for all z in the boundary of S; 

(2) | f(x + iy)| < e'S* for all x -f iy G S. 

Prove that |/(z)| < 1 for all z G S. 

(. SUNY , Stony Brook) 

Solution. 

Let F(z) = e~ e * f(z), where e > 0 is an arbitrary fixed number. Then 
F(z) is also continuous on S and analytic in S. When z is on the boundary 
of S, jF(z)l = e~ cx \f(x)\ < 1. When |z| - +oo (-| < argz < f), |F(z)| < 
e -tx . e -Jx q gy the maximum modulus principle, we have |.F(z)| < 1 for 
all zeS, which implies |/(z)| < \e cz | = e ex for all z 6 S. Because e > 0 can 
be arbitrarily chosen, letting e — ► 0, we obtedn |/(z)| < 1 for all z 6 S. 


5405 

Let If be a compact, connected subset of<F containing more than one point 
and let / be a one-to-one conformal map of W\K onto A = {z : \z\ < 1} with 
/( oo ) = 0. If p is a polynomial of degree n for which \p(z)\ < 1 for z £ K, 
prove that 

|p(*)l < l/(*)l“" for z £(U\K. 

( Indiana ) 

Solution. 

Because / is a one-to-one conformal map of W\K onto A with /(oo) = 0, 
it has a simple zero at z = oo. Since p is a polynomial of degree n, it has a 
pole of order n at z = oo. Hence the function F(z) = p(z)f n (z) is analytic in 
W\K which contains point z = oo. As f(z) maps (P\K onto A = {z : \z\ < 1}, 
we have lim_ \f(z)\ = 1. Together with \p{z)\ < 1 for z 6 K, we know that the 
limit of |F(z)( when z tends to K can not be larger than 1. Apply the maximum 
modulus principle to F(z) on W\K , we obtain |F(z)| < 1 for z G (U \K, which 
implies |p(z)| < |/(z)|~ n for all z G (E\K. 
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5406 


Suppose / and g (non-constant functions) are analytic in a region G and 
continuous on the closure G of the region. Assume that G is compact. Prove 
that |/| + |g| achieves its maximum value on the boundary of G. 

(Iowa) 

Solution. 

Assume that |/| + |fif| achieves its maximum value c (c > 0) at zq G G, we 
prove that if zq G G, then / and g must be constants. 

Let 

I/Ml = /Me 1 '* 1 , Iff Ml = g(z 0 )e i,h . 

Then for fixed <j>\ and 

F(z) = f(z)e i * 1 +g(z)e i,h 

is analytic in G and continuous on G. It follows from 


WOI < |/(*)l + |ff(*)| < c, 

F(z 0 ) = f(zo)e^ + g(z 0 )e^ = \f(z 0 )\ + \g(z 0 )\ = c 
and zo 6 G that 

F(z) = f(z)e i *'+g(z)e i +' 

must be the constant c. 

Without loss of generality, we assume that / is not a constant, and try to 
lead to a contradiction. Since the image of an open set {z : \z — zq\ < 6} C G 
under / is an open set which contains point f(zo), f(z) assumes all the values 
f(z) = f(z 0 ) + ee ** for small e > 0 and 0 < <f> < 2x in {z : \z - z 0 | < 5}. Then 
when <j) + <j>i ^ 0, tt, we have 


\f(z)\ + \g(z)\ = 


> 


l/(*)l + |c -/(*)«'** I 

\f(zo) + ee*+\ + \c - f(zo)e^ - ee^+^ \ 
| ee *(^+^) + f(z 0 )j+ 1 \ + |ee , '^+^) - g(z 0 y^ 
f(z 0 )e^ + g( Zo )e i<h = c, 


which contradicts that z 0 is a maximum value point of |/|+ |jf|. Hence / must 
be a constant, which also implies g is a constant too. 
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5407 


Suppose f(z) is an entire function with 

I'wisiiibi' 

Show that f(z) is identically 0. 

(low a) 

Solution. 

For any R > 0, consider function 


g(z) = (z-Ri)(z + Ri)f(z). 


When |z| = R, and Imz > 0, denote by 6 the angle between the line 
perpendicular to the imaginary axis and the line passing through z and Ri. 
Then 0 < 9 < and 


z — Ri 

Rez 


= sec 6 < V2. 


When \z\ = R, and Imz < 0, denote by 6 the angle between the line perpen- 
dicular to the imaginary axis and the line passing through z and — Ri. Then 
0 < 0 < f , and 


z + Ri 
Rez 


= sec 6 < V2. 


It follows from the above discussion that when |z| = R, 

\g(z)\ = | (z - Ri)(z + Ri)f(z) \ < | | < 2^2 R. 

By the maximum modulus principle, when |z| < R, 


l/(*)l = 


^ 2y/2R 
(z — Ri)(z + Ri) ~ R 2 — |z| 2 


9(z) 


Now fixing z, and letting R — > + 00 , we obtain /(z) = 0. Since R can be 
arbitrarily large, we have f(z) — 0 for all z G <F. 
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5408 


Suppose / is analytic on { z ; 0 < \z\ < 1} and 

1 


l/( z ) I < !og T-7- 


Show that / = 0. 


Solution. 

Denote the Laurent expansion of / on {z; 0 < |z| < 1} by 


where 


It follows that 


(Indiana) 


/(*)= X] 

Ws S?JUj& l-wsii-.i. 

When n < 0, letting r — > 0, we have 

a„ = 0 (n = —1, —2, • • •), 

which implies z = 0 is a removable singularity of /. In other words, f can be 
extended to an analytic function of the unit disk. 

Since log jjj = 0 when \z\ = 1. By the maximum modulus principle, we 
obtain 

/ BO. 


5409 

Let / be an analytic function on D = {z : \z\ < 1}, f(D) C D and /(0) = 0. 
(a) Prove that \f(z) + /(— z)\ < 2\z\ 2 for all z in D and if equality occurs 
for some non-zero z in D, then f(z) = e ,a z 2 . 
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(b) Prove that 

I r 1 I 2 

( Indiana ) 

Solution. 

(a) Let F(z) = f(z) + f(-z), then F( 0) = 0, 

v *-*o z *-> 0 \ Z -z ) 

Hence is analytic in D, and when z tends to dD, the limit of | 1 can 

not be larger than 2. By the maximum modulus principle, | f(z) + /(— z)\ < 
2\z\ 2 holds for all z £ D. 

If equality occurs for some non-zero z in D, we have 
f(z) + f(-z) = 2e ia z 2 , 


where a is a real constant. 

/(*) = E«» 2 ". 

n=l 

f(z) + f{-z) = 2e ia z 2 

0>2 — , (I4 = Gg = • • • = 0. 

Because \f(z)\ < 1 for z E D, we have 

l|m j 0 = l a "! 2 ^ L 

Since a 2 = e ,Q , the other coefficients must be zero, which implies f(z) = e ta z 2 . 

(b) 

|/ /(®)d*| = |/ f(x)dx + J /(®)da;j 

= | J o (/(*) + /(-*))da:| < jf 2 x 2 dx = 


Let 

it follows from 

that 
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5410 


If f is analytic and |/(z)| < 1 on {z : \z\ < 1}, prove that f(z) has a fixed 
point. 


( Rutgers ) 

Solution. 

Let F(z) — f(z) - z and G(z) = — z. 

When |z| = 1, 


|F(z)-G(z)| = |/(z)|<l=|G(z)|. 

By Rouche’s theorem, F(z) and G(z) have the same number of zeros in 
{z : \z\ < 1}. Since G(z) has only one simple zero in {z : |z| < 1}, we conclude 
that /(z) — z has one zero in {z : |z| < 1}, which implies that f(z) has a fixed 
point in {z : M < i}. 


5411 

Let /(z) = z + e - *, A > 1. Prove or disprove: /(z) takes the value A exactly 
once in the right half-plane. If the answer is yes, is the point necessarily real? 
Justify. 

(Iowa) 

Solution. 

Let R be a sufficiently large real number such that R > 2A. Take a closed 
curve T on the right half-plane, where 

r = {z = x + iy : x = 0, —R < y < JJ} U {z : |z| = R, — ^ < argz < ^}. 

Define 

F(z) = A - z - e~ z 

and 

G(z) = X - z. 

When z G T, 

|f(z)-G(z)|=|e^|<l<|G(z)|. 

Since G(z ) has exactly one zero inside T, it follows from Rouche’s theorem that 
F(z) has exactly one zero inside T. Because R can be arbitrarily large, F(z) 
has exactly one zero in the right half-plane. Hence f(z) takes value A exactly 
once in the right half plane. 
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Take z = x > 0. We have 

F(x ) = X — x — e~ x , 

which is a real-valued function of real variable x. Since F(x) is continuous rind 

F(0) > 0, 

lim F(x) = — oo, 

*-+«> v ' 

there must exist xq, 0 < Xo < +oo, such that F(x o) = 0. In other words, the 
point z in the right half-plane such that /(z) = A is necessarily real. 

5412 

Suppose / is analytic in a region which contains the closed unit disc {z : 
\z\ < 1}. Assume / is non-zero on the unit circle {z : |z| = 1}. Let C denote 
the unit circle traversed in the counterclockwise sense. Suppose that 



Find the location of the zeros of / in the open unit disc {z : |z| < 1}. 

(Iowa) 

Solution. 

Assume «i,Z 2 , are the zeros of /(z) in {z : |z| < 1}, multiple zeros 
being repeated. Then 

/(z) = g(z) f[(z - zj), 
j=i 

where g(z) is analytic and has no zero in {z : \z\ < 1}. We have 



= n. 
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It follows from (1) that n = 2, i.e., f(z) has two zeros in the unit disk. Then 
for f(z) = (z- zi)(z - z 2 )g(z), 


1 

2-7T i 


L 


/w 


dz 


1 

2iri 



z 

z — Z\ 


+ 


z 

Z-Z 2 


+ 


»(*) ) 


Z\ + Z2 — 0 


dz 


and 


1 

2 iri 


L 


2 n f) 

/(*) 


dz 


2-ki Jc\z- z x z~z 2 g(z) J 

3 2 1 

Z 1 + z 2 — 2 ’ 


dz 


which show that zi i2 = ±|. Hence z — ± | are the only zeros of f(z) in the 
unit disc. 


5413 

(a) How many roots does this equation 

z 4 + z + 5 = 0 

have in the first quadrant? 

(b) How many of them have argument between J and |? 

( Indiana Purdue) 

Solution. 

(a) Let R be sufficiently large such that when \z\ = R, 

|z 4 + 5| > \z\. 

Set 

f(z) = z 4 + * + 5 

and 

g(z) = z 4 + 5. 

Choose a closed curve 

T = {z = x + iy; 0 < x < R, y = 0} U {z : \z\ = R, 0 < arg z < 

U {z = x + iy : x — 0,0 < y < iZ}. 
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It is obvious that 

\f{z)-g(z)\<\g(z)\ 

holds when z £ T. By Rou che’s theorem, the numbers of the zeros of / and 
g inside T are equal. Since g has only one zero inside F, / has also one zero 
inside T. Noting that R can be arbitrarily large, we know that 

z 4 + z + 5 = 0 

has one root in the first quadrant. 

(b) Let R be sufficiently large such that when |z| = R, ~Rr is approximately 


zero. Set 


/(z) = z 4 + z + 5 

and 

Ti = 

{z = x + iy : x = < y < R}, 


r 2 = 

{z = re*' : 0 < r < R}, 

and 

r 3 = 

{z : |z| = R, ^ < argz < |}. 


It is easy to see that Im/(z) > 0 when 

* e (ri u r 2 )\{z = o}, 


/( 0) = 5, and 

f{Ri) € {u) : 0 < argio < e}, / (Re**) G {u> : it — e < avgw < ir} 

where e > 0 is very small. We also know that 

Ar„arg/(z) = Ar 3 argz 4 + Ap a arg ^1 + , 

where Ar 3 arg/(z) denotes the change of arg/(z) when z goes continuously 
from Re 1 *’ to Ri along F 3 . It is obvious that 

Ar s argz 4 = x, 


while 


Ar 3 arg (l + 



424 


is very small. Let T = riUr 2 Ur 3 is taken once counterclockwise, it follows 
from the above discussion that 

A r arg/(z) = 2x. 

By the argument principle, the number of the roots of f(z) = 0 inside T is 
equal to 

h i Tw* = = s Ar " g/w = '• 

Hence 

f(z) = z 4 + z + 5 = 0 

has exactly one root in the domain 

f ir ir, 

{z:-< arg z < -}. 


5414 

Prove that the equation sin z = z has infinitely many solutions in W. 

{Indiana) 

Solution. 

Let 

f(z) = sin z — z 

and z = x + iy, then f(z) can be written as 

/(*) = e " ~f' Z (e y ~ xi - e-*+ xi ) ~{x + iy). 

For any fixed natural number n, choose a positive number t logn and a 
closed contour T = Ti U T 2 U T 3 U T 4 in the counterclockwise sense, where 

Tr = {z — x + iy : 2nir < x < 2(n + l)ir, y = 0}, 

r 2 = {z = x + iy : x = 2(n+ l)x,0 < y < t}, 

r 3 = {z — x + iy : 2nit < x < 2(n + 1)7T, y = t}, 

and 

r 4 = {z = x + iy : x = 2n7r,0 < y < t}. 
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Then we consider the image of T under w = f(z): 

f(Ti) = {w = u + iv : -2 (n + 1 )ir <u< — 2nir, v = 0} 
with the direction from the right to the left; 

/(r 2 ) = {w — u + iv :u = — 2(n + 1)7T, 0 < v < ^ (e* — e ~ t ) — t} 
with the direction upwards; /(Fa) lies in the annulus 

jin : ^e* - Qe -t +t + 2(n+ l)x^ < |to| < ^e* + Qe -t + i + 2(n + 1)*^ j 
starting from 

w = — 2(n + l)w + i Qe* - ^e -t - t^j 

and ending at 

w = -2mr + i Qe* - ^e _t - 
in the counterclockwise sense; 

/(r 4 ) = {in = u + iv : u = — 2mr, 0 < v < — (e* — e -< ) — t } 
with the direction downwards. 

Hence the winding number of f(V) around in = 0 is 1. By the argument 
principle, f(z) = sin z — z has one zero inside the contour T. Since n is 
arbitrarily chosen, we conclude that sinz = z has infinitely many solutions in 
<F. 

Remark. This problem can also be proved by Hadamard’s theorem. 
Assume that 

f(z) = sin z — z 

has only finite zeros in (F, and denote all the zeros by z lt z 2 , ■ • • , z„, multiple 
zeros being repeated. By Hadamard’s theorem, f(z) can be written as 

f(z) = e*'>p(*), 


where 

n 

p ( z ) = n> ~ **) 

k= 1 


and g(z) is a polynomial. 
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It is obvious that f{z) is an entire function of order A = 1, where 
l°g l°g ^ max \f(z) | > 

a= be — I, 

r-.oo logr 

which implies that g(z) must be a polynomial of degree 1. Hence we have 
sinz — z = e az+b p(z). 


Let z = x+iy and x be fixed. By letting y — *■ +oo and y — ► — oo respectively, 
and comparing the increasing order on both sides, we obtain that Ima < 0 in 
the former case and that Ima > 0 in the latter case. This contradiction implies 
that sin z = z has infinite many solutions in <F. 


5415 


(a) Let / be a non-constant analytic function in the annulus {1 < \z\ < 2} 
and suppose that |/| = 5 on the boundary. Show that / has at least two zeros. 

(b) If / is meromorphic in the annulus, is the statement in part (a) still 
true? 

( Stanford ) 

Solution. 

(a) Let D = {z : 1 < \z\ < 2} and dD = Ti U r 2 , where Ti = {z : \z\ = 2} 
is in the counterclockwise sense, and T 2 = {z : \z\ = 1} is in the clockwise 
sense. Because / is non-constant analytic in D and |/| = 5 when z € dD, we 
know that both /(ri) and f(T 2 ) must be {w : |to| = 5} in the counterclockwise 
sense. Hence ^■Ar I arg/(z) > 1 and ^Ar 2 arg/(z) > 1. In other words, 

-^A az ,arg/(z) > 2, 

which shows by the argument principle that f has at least two zeros in D. 

(b) If / is meromorphic in D, the statement in (a) is not true. It might 
occur that f(Ti) and f(T 2 ) are two subarcs of {to : |to| = 5}, or both f(Ti) 
and /(r 2 ) are {w : |iu| = 5} in the clockwise sense. In the latter case, / has no 
zero in D. The following is a counterexample. Let y(() be a conformal map of 


= { + y + ’L <1. where 
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onto {ty : |u?| > 5} with the normalization </(0) = oo, g'{ 0) > 0. Then 

/w=9 (s (^ + v)) 

is a non-constant meromorphic function in D with |/| = 5 when z E dD. But 
/ has no zero in D. 


Let n be a positive integer, and let P be a polynomial of exact degree 2n: 
P(z) = a 0 + ai z + a 2 z 2 -I h a 2 „z 2 ", 

where each cy E <T, and a 2n ^ 0. Suppose that there is no real number x such 
that P(x) = 0, and suppose that 


urn r % 

r— *°° J—r P{- 


Prove that P has exactly n roots (counted with multiplicity) in the open upper 
half plane {z E Q '• Imz > 0}. 

( Indiana ) 

Solution. 

Let r > 0 be sufficiently large such that when \z\ = r, 

|a 2n z 2 " | > |ao + aj.z + ■ ■ • + a- 2 n-\z 2n *| • 

Take a closed contour r = Ti U T 2 in the counterclockwise sense, where 
r x = {z = re’ 0 : 0 < 8 < 7r} 


r 2 = {z = x + iy : — r < x < r, y = 0}. 

Then the number of zeros of P(z) inside T is equal to 

J_ f P '( Z h - - J- f P '( Z h, l 1 f F ' {Z \ 
2 irt 7r P(z) 2t rt J Fl P{z) + 2« 7r 2 P(z) 

It is already known that 


i™ f .im r ® * 

r - , °°7r 3 P( z ) r—*oo 7_ r P(x) 
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We also have 

Si Jr, W) dt = 2k <ilogP(2 > = 5^ r ,argP(*) 

Note that 

— A ri arg(a 2 „2r 2n ) =n 

and 

Hm ^A ri arg f 1 + + = 

r— ►oo 2 tt 6 V a 2n z 2n ) 

we obtain that P has exactly n roots (counted with multiplicity) in the open 
upper half plane. 


5417 


Consider the function 


«*) = 1+ ; + a?+- + a?- 


(a) What does the integral 


J_ / TO 

2 ** y M=r /(*) 


dz 


count? 

(b) What is the value of the integral for large n and fixed r? 

(c) What does this tell you about the zeros of f(z) for large n? 

( Courant Inst.) 

Solution. 


(a) Let 


F«) = /(i) = l + <+|i< ! + i< s + •+L<". 


_L f £M , = _ J _ / Llil . A. 

2xi 7| z | =r /(z) 2xi 7^1= i /(f) -C 2 


= 

2x* y. c . = i 


no 

F w-i *(0 


dC, 


From 
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we know that the negative of 



represents the number of zeros of F(Q in {|£| < ^}, which is just the number 
of zeros of f(z) in {|z| > r}. 

(b) When n — » oo, jF(£) converges to uniformly in any compact subset 
of<T\ Let 

min |e^ I = m, 

l<l=i 

then m > 0. 

When n is sufficiently large, 

|.F(C) - e ( \ < m < |e^| 


for |d = which implies the numbers of zeros for F(() and in {|£| < £} 
are equal. Since e*- has no zero in <T, we obtain 



f'{*) 


dz = 0 


for fixed r and large n. 

(c) From the above discussion, we conclude that for any fixed r > 0, when 
n is sufficiently large, there is no zero of f(z) in {|z| > r}. In other words, all 
the n zeros of f(z) are in {|z| < r}. 


5418 


(a) Suppose that f(z) is analytic in the closed disk |z| < R , and that there 
is a unique, simple solution z\ of the equation f(z) — w in {|z| < R}. Show 
that this solution is given by the formula 


l = J_ [ 

27r * J\z\=R 


zf'(z) 
f(z) - « 


dz. 


(b) Show that, if the integer n is sufficiently large, the equation 


z — 1 + 


(!) 


n 


has exactly one solution with \z\ < 2. 
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(c) If zi is the solution in (b), show that 
lim (*! - l)i = 

n-*oo 2 

( Courant Insi.) 

Solution. 

(a) Let 

f(z) -w = (z- Zx)Q(z), 

where Q(z) is analytic and has no zero in {|z| < R}. Then 

JhL = M/M - »)]' = - «) + K«owr = ^ 


J_ / 

‘W ^ _ 

J_ / 


1 

2t ri Jy 

1 

* 

2 

5 

1 

1 ** 

II 

2ir* J\ 

*|=B Z - Z! 

27ri 



1 f 

z 



- 

2 iri 7, 

dz = 

z\=R * - *1 

Zi- 


/»(*) = z - 1 - J , g(z) = z- 1, 


T e = {\z\ = 2-e}. 

For fixed large n, we choose e > 0 sufficiently small such that when z E.T e , 

I /»(*) - ff(*)l = Iff = (! - f )" < 1 " * < lff(*)l- 

Hence /„(z) and 9{z) have the same number of zeros in {|z| < 2 — e}, and the 
number is 1. Since e can be arbitrarily small, the equation z — 1 + (f) has 
exactly one solution (denoted by in {\z\ < 2}. 

(c) f n (x) is a continuous real-valued function for 1 < x < When n is 
sufficiently large, we have / n (l) < 0 and /„ (|) > 0. 

Hence we have 4 n) E (1, |). It follows from 


lim = 1, 
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which implies 

lim (4" , -l) t = lim^i 

n— *oo \ 1 / n— »oo 2 2 


5419 


Find all analytic functions / : ft — ► ft with the following property: if 7 is 
any cycle in ft which is not homologous to zero (mod 0), then / * 7 is not 
homologous to zero (mod ST). 

{Indiana) 

Solution. 

Since / is analytic in ft and bounded by |/(z)| < 1 , the points z = ±| 
must be the removable singularities of /. Let 

7i = {l*-^l = e). 72 = {|* + ^| = £}, 


where e > 0 is small, and the directions of 71 and 72 are both in the counter- 
clockwise sense. Since 71, 72 are not homologous to zero (mod ft), / * 71 and 
/ *72 are also not homologous to zero (mod ft). As e tends to zero, /(71) and 
/ (72) will tend to either w = \ ox w — because otherwise, / * 71 or / * 72 
will be homologous to zero (mod ft). Hence we obtain 


* 4=4 


Now we claim that the case that /(|) = /(— §) will not happen. If, for 
example, 

/(j^) = /(“ 5) = 2’ 

we assume that z = § is a zero of f(z) — § of order n and z = — § is a zero of 
/(z) - | of order m, then 

f*(m 71 -T172) 

is homologous to zero (mod ft), while 77172 — 7172 is not homologous to zero 
(mod ft), which is a contradiction. Thus we obtain either 

44 * 4 =4 
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In the case of 


«£>= 4 «44 

44 /(-i) = 4 


we consider the function 


/(*)-§ . 

1 - §/(*) ‘ 1 - 5 * 


which is analytic in D(0, 1) and satisfies |F(z)| < 1. It follows from F(— |) = 1 
that F(z) = 1, which implies that f(z) = z. 

In the case of 1 ] , , 

^ 2 ^ _ ~ 2 ’ 


we consider the function 


/(*) + ! *-| 
i + !/(*) ‘i-l* 


which is also analytic in £>(0,1) and satisfies \G(z)\ < 1. It follows from 
G(-|) -= -1 that G(z) = —1, which implies that f(z) = — z. Thus we 
conclude that the functions which satisfy the requirements of the problem are 
f(z) = z and f(z) = — z. 
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SECTION 5 

SERIES AND NORMAL FAMILIES 

5501 


Let 

n=0 

have a radius of convergence r and let the function /(z) to which it converges 
have exactly one singular point Zo, on \z\ = r, which is a simple pole. Prove 
that 

j hm o a n /a n+1 = z 0 . 


Solution. 

Assume that the residue of f(z) at z 0 is A, and define 


{Indiana) 


F{z) = f(z) - 


A 

z- z 0 ' 


Then F{z) is analytic on {z : \z\ < r}. In other words, the Taylor expansion 
of F{z) at z = 0 has a radius of convergence larger than r. Hence the power 
series 


F(z) 


f> n z"+f]A-^ r 

n=0 n=0 Z 0 


is convergent at z — z 0 , which implies 


lim 



= 0. 



zo 


It follows that 
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and we obtain 


liin a n+1 ZQ +1 = ± 0, 


lim — — = zq. 
n ~*°° a n+ 1 


(1) Show that the series 


-E a "/ n 


is convergent for 1 / a£(T with |a| = 1. 

(2) Show that this series converges to log(l — a) for such a. 

Solution. 

(1) Let a = e* 4 , t G (0,2ir), then 


-Et-E 


cos nt + i sin nt 


( Minnesota ) 


For t G (0, 27r) we have 


•A. sin | - sin l 

> cos kt = 2 . t 2 — < -7—r, 

f-' 2 sin £ - sin £ 


A I cos £ — cos 2s±i 1 1 1 

^ I 2 sin | | sin | 

Because £ tends to zero monotonically, by Dirichlet’s criterion we know that 
both Y1 C ° S „ nt an( i Yj S1 " n< converge, which shows that — ^ is convergent 

n>l J1>1 n>l 

for l^aGff with |a| = 1. 

(2) Let 

«‘> = -E? (W<1) - 

Differentiating term by term, we have 

/» = -Xy-‘ = A- 
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Integrating both sides on the above identity, we obtain f(z) = log(l — z), for 

N <1. 

Let a = e H , z = re ** where 0 < r < 1, 0 < f < 2x. It follows from Abel’s 
limit theorem that 


-Et 



(re*)' 

n 


lim log(l — re **) = log(l — e !t ) = log(l — a). 


5503 


Consider a power series 



Show that the series converges to a holomorphic function on the open unit 
disk centered at origin. Prove that the boundary of the disk is the natural 
boundary of the function. 

( Columbia ) 

Solution. 

First of all, we prove the following proposition: If the radius of convergence 
of 

f(z) = f^a n z n 

n=0 


is equal to 1 and a„ > 0 for all n, then z = 1 is a singular point of f(z). 
Assume the proposition is false, i.e., 2 = 1 is a regular point of /, then for 
fixed x G (0, 1) there exists a small real number <5 > 0 such that the power 
series expansion of / at point x is convergent at z = 1 + 6. Suppose the series 
is 

k=0 

where 

bk = ^ J H ^ = £ n ( n_ !) •■•(”- k + l ) a nx n ~ k - 

' n—k 
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£ M* -»)* = £ E + 


is convergent at z = 1 -+- 6. Noting that when z = 1 + 6 the right side in the 
above identity is a convergent double series with positive terms, and hence the 
order of summation can be changed, we assert that when z = 1 + 6, 

£>(«-*)* = f; f; ”(— *> • ■> - ‘ + 

fc=0 *=0n=Jfc 

n=0 fe=0 

= ^a n z n , 

n=0 

which contradicts the statement that the radius of convergence of 

X>„* n 


is equal to 1. 

Now we return to the power series 


oo - 

F ( z ) = ~ znl - 


It follows from 


lim \ — = 1 


that the radius of convergence of 


E^” ! 


is equal to 1. By the above proposition, z = 1 is a singular point of F(z). For 
any natural numbers p and q, 

n«> i ) = Ei(«'’ i r ! + E^”'- 
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Since z = 1 is a singular point of 



it is also a singular point of F(ze~r* 1 ). In other words, z = e is a singular 
point of F(z). Since the set {e - ^” : p, q = 1,2, •••} is dense on {\z\ = 1}, we 
conclude that the unit circle {|z| = 1} is the natural boundary of F(z). 

Remark. By the above discussion, the boundary of the unit disk is also the 

natural boundary of the function -4-z n! although the series is absolutely 
»=! 

and uniformly convergent on the closure of the unit disk. 


5504 

Suppose f is analytic in U = {|z| < 1} with /( 0) — 0 and |/(z)| < 1 for all 
z SU. If the sequence {/„} is defined by composition 


/»(*) = /(/(■••/(*))•••), 
n 


and 

fn{z) -► g(z) 

for all zeU, prove that either g(z) = 0 or g{z) = z. 

( Indiana-Purdue ) 

Solution. 

By Schwarz’s lemma, it follows from /(0) = 0 and |/(z)| < 1 that \f(z)\ < 
\z\ for all z € U, and if |/(z)| = (z| for some z^O, then /(z) = e ,a z where a 
is a real number. 

In the case when f(z) = e’“z. / n (z) = e lna z. Since /„(z) is convergent, 
we obtain a = 0, which implies that /(z) = z and g(z) — z. 

In other cases, we have 

m<i 

I z I 

for all zeU. Let 0 < r < 1. Then 

m.lfflUuL 

ld<H ^ | 
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For all z £ {|z| < r}, we have 

i/coi < ai*i, 

\f 2 (z)\ = \f(f(z))\<X\f(z)\<X 2 \z\, 

\fn(z)\ = |/(/»-l(*))|<A|/,_ 1 (*)|<A"H 


Hence /„(z) converges to zero uniformly in-{|z| < r}. Since 0 < r < 1 is 
arbitrarily chosen, we obtain g(z) = 0 for all z £ U. 


5505 


Let {/ n }^i be a sequence of analytic functions in a domain D which 
converges uniformaly on compact subsets of D to a function f on D. 

(a) Prove that if f n {z) ^ 0 for all n > 1 and z £ D, then either f is 
identically zero in D or f(z) ^ 0 for all z e D. 

(b) If each /„ is one-to-one on D, show that / is either constant or one-to- 
one on D. 

( UC , Irvine) 

Solution. 

(a) First of all, we know from Weierstrass’ theorem that / is analytic on 
D. Suppose / is jiot identically zero, but has a zero point zo £ D. Since the 
zeros of a non-zero analytic function are isolated, there exists r > 0, such that 
f(z) ^ 0 when 

z £ {z : 0 < |z - z 0 | < r} C D. 

Let m be the minimum value of |/(z)| on 

{z = |z - z 0 | = r}. 

Then m > 0. As {/„} converges to /(z) uniformly on compact subsets of D, 
we know that for sufficiently large n, 


|/„(Z) - /(Z) | < TO < |/(Z)| 

holds on {z : |z — zo| = r}. It follows from Rouche’s theorem that f n and 
/ have the same number of zeros in {z : |z — zo| < r}. Since zq is a zero of 
/, f n must have a zero in {z : |z — zo| < r}. which is a contradiction to the 
assumption that /„(z) ^ 0 for all z £ D. 
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(b) Suppose / is not a constant, and is not one-to-one on D. Then there 

exist zi, z 2 £ D (zi ^ z 2 ), such that /(21) = f{ z 2 ) (denote it by a). Choose 

r > 0 sufficiently small, such that 

{z : \z — z\\ < r} n {z : \z — z 2 \ < r} = 0, 

{z : \z - zi| < r} U {z : \z - z 2 | <r}Cfl, 

and f{z) — a ^ 0 in {z : 0 < \z — Zi\ < r} U {z : 0 < \z — z 2 \ < r}. Let m be 
the minimum value of \f(z) — a| on {z : \z — 2i| = r or \z — z 2 \ = r}. Then 
m > 0. With the same reason as in (a), when n is sufficiently large, 

|(/„(z) - a) - ( f{z ) - a) | = | f„(z) - f(z)\ <m< \f(z) - a| 

holds on {z : \z — zi\ = r or \z — z 2 \ = r}. It follows from Rouche’s theorem 
that /„ ( z ) — a and f(z) — a have the same number of zeros in {z : \z — z 2 1 < r } 
and {z : \z — z 2 \ < r} respectively. In other words, there exists 

z[€{z: \z-zi\ < r} 


and 


z 2 € {z:\z- z 2 1 < r}, 

such that fn(z'i) - a = 0 and f n (z 2 ) — a = 0, which implies = fn(z 2 ) 

( z i 7^ ^2)- This is a contradiction to the assumption that /„ is one-to-one on 


D. 


5506 

Let D C G be a bounded domain, and let {/„} be a sequence of analytic 
automorphisms of D such that 

lim /n(a) = b € dD 
»-*00 

for some point a £ D. Prove that 

lim f n {z) - b 
»— >00 


for every z £ D. 


( Indiana ) 
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Solution. 

Take a 0 € D, ao ^ a. If {/„(o 0 )} does not converge to b, there exists a 
subsequence of {/ n (oo)} converging to bo ^ b. Without loss of generality, we 
assume 


lim /„(«) = b £ dD, 
lim f n (a 0 ) = b 0 b. 

n— *oo 

Since {fn(z)} is a normal family, there is a subsequence {f nh (z)} converging 
uniformly on compact subsets of D to f(z). Because f(a) ^ /(a 0 ), f(z) is a 
non-constant analytic function of D. 

Let r be sufficiently small such that f(z) — b has no zero in {z : 0 < |z — a| < 
r} C D, then m = min{|/(z) — i>| : |z — a| = r} > 0. Since {f nk } converges 
uniformly to / on {z : \z — a| = r}, when k is sufficiently large, 

I /»>(*) ~ /(*) I = I (/.»(*) -b)- (/(*) -b)\<m< | f(z) - b\ 

on {z : \z — a| = r}. By Rouche’s theorem, /„ k (z) — b has zero(s) in {z : 
\z-a\ < r}, which is a contradiction to the fact that fn, does not assume the 
value b £ dD in D because /„* is an automorphism of D. 


5507 

Which of the following families are normal, and which is compact? Justify 
your answers. 

(a) T = {/ : / is analytic in D, f{ 0) = 0, diam /(D) < 2} 

(b) Q = {9 : 3 is analytic in D, jf(0) = l,Re{gr} > 0, diam g(D) > 1}. 
Here the diameter of a set S is diam S = sup{|z — Ch z > C G 5}. 

[Indiana) 

Solution. 

(a) For any / G T, it follows from /( 0) = 0 and diam /(D) < 2 that 
\f(z)\ < 2, which shows that T is normcil. 

Let {/„} be a sequence of functions in T. Then there exists a subsequence 
{f nh } converging uniformly in compcict subsets of D to f(z), which obviously 
satisfies the conditions that f(z) is analytic in D and /( 0) = 0. For any two 
fixed points z,£ £ D, we have 


!/».(*) -/»»(0I< 2 
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because diam /„ fc (D) < 2. We choose a compact subset K C D such that 
z,£ € K. It follows from the uniform convergence of {fn h } on K that 

\m - /(oi < 2. 

Since z,( € D can be arbitrarily chosen, we obtain diam /(D) < 2, hence 
f(z) G F ) which shows that T is also compact. 

(b) Let { g n } be any sequence of functions in Q. Then for G n (z) = e~ 9n ( z \ 
we have |G„(z)| < 1. Hence there exists a subsequence {G„ t } converging 
uniformly in compact subsets of D to a function G(z) which is either a constant 
or a non-constant analytic function in D. If G(z) is a constant, then the 
constant is e _1 because 

G(0) = lim e~ s "(°) = e" 1 ; 

n-+ oo 

if G(z) is non-constant analytic, since G„(z ) ^ 0 for all z G D, by Hurwitz’s 
theorem, we have G(z) ^ 0 for all z G D. Hence we can define an analytic 
function g(z) = - log G(z), where the single- valued branch is chosen by £f(0) = 
- logG(O) = 1, and we conclude that 

9n„(z) = — log G„ t (z) 

converges uniformly in compact subsets of D to g(z), which shows that family 
Q is normal. But family Q is not compact. First we can choose a sequence of 
functions g n (z) in Q as follows: g n {z) is a conformal mapping of D onto 

Q n = {tw : |tu - 1| < U {w : |tn - 3| < 1} U {to : jlmw| < ^, 1 < Reu) < 3} 

satisfying ff„(0) = 1, <4(0) > 0. By the Riemann mapping theorem, such a 
mapping g n exists and is unique, and it is obvious that g n satisfies all the con- 
ditions required by the family Q. Because the domain sequence {fi„} converges 
to ft = {u> : |iu — 1| < which is called the kernel of {fi„} with respect to 
w = 1, by Caratheodory’s theorem, {g n (z)} converges uniformly in compact 
subsets of D to g(z) which is a conformal mapping of D onto fi. Since diam 
g(D) = |, g(z) does not belong to the family Q, which shows that Q is not 
compact. 


5508 

Suppose that 1 < p < oo and c > 0 is a real number. Let T be the set of 
all analytic functions / on {|z| < 1} such that 
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sup / \f(re t0 )\ p dO < c. 

0<r<lJo 

Show that f is a normal family. 

( Illinois ) 

Solution. 

It suffices to prove that the functions in T are uniformly bounded on every 
compact set of {z\ < 1}. We prove the assertion by contradiction. If it is 
not the case, then there exist z n € D, /„ £ T such that z n — > Zq 6 D and 
/n(Zn) -► 00. 

Let 1 — |x 0 | = 3r. Then when n is sufficiently large, \z n — z 0 \ < r. By 
Cauchy integral formula, 

/»(*») = rr«. (2r < p < 3r). 

J K -z 0 \= p C - 

Hence 

\fM\ < ^fj\f n {zo + pe i6 )\de 

= -^-r(/ 2X |/.(*d + pe")Pc»)' 

(2tt) r WO / 

where ^ ^ 

— I — = 1. 

V 9 

Then 

^i/»(*„)i p r pdp < r r \f n (z 0 +pe iB )\p P dpde 

0 P J2r J2r JO 

< fj \f{pe ie )\ p pdpd6< C ~. 

As n — > oo, the left side of the above inequality tends to infinity, while the 
right side of the inequality is a constant. The contradiction implies that T is 
a normal family. 
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5509 


(a) Let / be holomorphic for \z\ < R and satisfy /( 0) = 0, /'( 0) ^ 0, 
f(z) ^ 0 for 0 < \z\ < r < R. Let C be the circle \z\ = p where p < r. Show 


that 


9( " ,)= 2 hi 


f c /(<) - w 


define a holomorphic function of w for 

|it>| < m = nun \f(pe ,e )\, 
and that z = g(w) is the unique solution of 
f(z) = w 


that tends to zero with w. 

(b) Find the Taylor’s expansion of g(w), and apply this to find the explicit 
series expansion of the root of the equation 

z 3 + 3z - w = 0 


that tends to zero with w. 

(Harvard) 

Solution. 

(a) It follows from 

|io| < ra = min \f(pe ,e )\ 

that when t € C, 


= £• 


'<«>-» /<*) (i - *) tom-* 1 ' 


Hence 


■"-iLSZ-Z&Lffi*)'- 

which implies that g(w) is holomorphic in {w : |to| < m}. 
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Let T be the image of C under / where C is the circle {z : \z\ = p\ taken 
once counterclockwise. Because 


|tu| < m = nun \f{pe'°)\, 


the winding number 

n(I\0) = n(r,u;), 

which shows that f(z) and f(z) — w have the same number of zeros in {z : 
\z\ < p). Since z = 0 is the only simple zero of / in {z : \z\ < p), we know that 
f(z) = w has a unique solution in {z : \z\ < p}. Denote the unique solution 
by z i, then 

f(t) -W=(t- Z!)Q(t) 

where Q{t) is analytic and has no zero in {t : |t| < />}, and 


wh ; = ~ ”’ )1 ' = - ».) + >»8 «<)]' = 

Hence 




1 f tf{t)dt 

2 Jc f(i) ~ w 

zi, 


2m J c t-z i 2m J c 


Q(t) 


which shows that g(w ) is just the unique solution of /(z) = w. As the constant 
term in the Taylor expansion of g(w) is 


1 

27ri 


f *m 
Jc m 


dt 


which is obviously zero, we assert that the unique solution g{w) tends to zero 
together with w. 

(b) Let 

f(z ) = z 3 + 3z, 


then 


g(w) = tij c 


tf{t)dt 

' c m - ™ 




‘“2 «y c /W" +1 2 mj c 


t 2 + 1 
3 n t n 



dt. 


where 
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After some computation, we obtain a 2 fc = 0 and 




_L [ 1 

2 wi Jc 32k-i t 2k-i 




dt 




5510 


Find an explicit formula for a meromorphic function / whose only singu- 
larities are simple poles at —1, —2, —3, • • • with residue n at z = — n. Prove in 
detail that your function has all the required properties. 

( Illinois ) 

Solution. 

By Mittag-Leffler’s theorem, we construct 


OO / \ oo 


+ *)’ 


For any natural number TV, when \z\ < TV, n > 2 N, 

[ z 2 I 2 N 2 
| n(n + z) | — n 2 


Hence 


v — 


converges uniformly in {\z\ < N } to a function which is analytic in {|z| < TV}. 
In addition, 

2N-1 2 

V 

" n(n + z) 


is a meromorphic function whose only singularities in { \z\ < TV} are simple 
poles at z = —1, —2, • • • , —TV + 1 with residue n at z = — n. So f(z) is analytic 
in {\z\ < TV}\{-1, —2, • ■ • , —TV + 1}, eind z = -1, —2, • ■ ■ , —TV 4-1 are its simple 
poles with residue n at z = — n. 

Because TV can be chosen arbitrarily large, it is obvious that f{z) has all 
the required properties of the problem. 
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5511 


(a) Does there exist a sequence of polynomials {P„} such that P n (z) —* jj 
uniformly on the annulus 1 < |z| < 2? If Yes, give an explicit formula for the 
P„; if No, explain why not. 

(b) Does there exist an entire function g whose zero-set is {^/n(l + i) : n = 
0, 1, 2, 3, - - ■}? If Yes, give an explicit formula for g; if No, explain why not. 

( Illinois ) 

Solution. 

(a) N o. If there exists a sequence of polynomials {P„ } such that P„(z) — > ^ 
uniformly on {1 < |z| < 2}, then for any e € (0, |), there exists N > 0 such 
that when n > N, |P„(z) — p-| < £ holds for all z G {1 < \z\ < 2}. Multiply 
both sides by |z| 2 , we have 

|z 2 P n (z) - 1| < e|z| 2 < 4e < 1 for z G {1 < |z| < 2}. 

Because z 2 P n (z) — 1 is an analytic function in {|z| < 2}, it follows from the 
maximum modulus principle that 

|z 2 P n (z)-l|<l 

holds for all z E { |z| < 2}. The contradiction follows by taking z = 0 in the 
inequality. 

(b) Yes. The function g can be chosen as 


where a n = s/n( 1 + i). 

For any R > 0, let |z| < R and choose N > R 2 . Then when tl > N, 
log[(l - — )e* + i ( ^ ):! ] = log(l -—)+ — + 

CL n 0> n z a n 

= ) 3 —(—)"* . 

3 v a„ m a n 




It is easy to see that 
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Because ^ converges, we know that 
n =N " 

L °" J 
is analytic in {z : \z\ < !£}, which implies 

TT(1-— )e* + » ( * )2 

n=N a ” 

is analytic in { z : \z\ < R}. Hence g(z) is analytic in {z : \z\ < R}, and its 
zeros in {z : |*| < R} are 0,a 1( O2, • * • ,a* — 1 < k < ) . Since R can 

be arbitrarily large, we see that g(z) is an entire function with the required 
zero-set. 


5512 


State whether the following statement is True or False, and prove your 
assertion. 

For each positive integer n there exists an entire function /„ such that 

( Indiana ) 

Solution. 

False. 

We prove the assertion by contradiction. 

If for each positive number n there exists an entire function /„ such that 

i^ 2 |Re/n(z) ~ l0gNI< i 

then for 1 < \z\ < 2, we have 

—1 < Re/„(z) < 1 + log 2. 

Define F n (z) = e fn ^. Then F n (z) are entire functions with no zeros, and 
- < |F n (;z)| = e Re ^> < 2e 
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for 1 < \z\ < 2. By the maximum modulus principle, |i r „( 2 :)| < 2e for \z\ < 2. 
Hence {F n (z)} is a normal family in {z : |z| < 2}, and there exists a subse- 
quence { J F„ fc (z)} converging locally uniformly to an analytic function F(z) in 
{z : |z| < 2}. Since |F„(z)| > | for 1 < |z| < 2, F(z) cannot be identically 
zero, and by Hurwitz’s theorem F(z ) has no zero in {z : |z| < 2}. But we have 
for 1 < |z| < 2, 

|F(z)| = fc lim \F nh (z)\ = lim e Re ^*(*> = e lo s^l = |z|, 

which implies that F(z) — az with |a| = 1 in {z : |z| < 2}. This is a 
contradiction to the fact that F{z) has no zero in {z : |z| < 2}. 


5513 

Let G = D\(-1,0], where D = {z : |z| < 1}. 

(a) Give a single-valued definition for z* in G. 

(b) Why should there exist a sequence of polynomials P n such that 

lim P„(z) = z* 

n—*oo 


for all z in G? 

(c) Can the polynomials be chosen so that there exists a constant M with 
|P n (z)| < M for all z G G and all n? Justify your answer. 

( Indiana ) 

Solution. 

(a) z’ is defined by e' logz . In domain G, single- valued branch of log z can 
be chosen. For example, a single-valued branch of z* in G can be defined by 
argz|oo<i = 0. 

(b) Choose 

K n = {z : i < |z| < 1 - -, -7 r + - < argz < 7r - -} 

n n n n 

where n > 2. Then K n C K n+ 1 , and 

Um K n = G. 

Because the complement of K n is connected and contains z — oo, we know by 
Runge’s theorem that there exists a sequence of polynomials which converges 
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uniformly on K n to z' . In other words, we can find a polynomial P„(z) such 
that 

I Pn(z)~Z i \<^ 

for all z e K n . Hence {P„(z);n = 1,2,---} converges to z' uniformly on 
compact subsets of G. 

(c) No. If there exists M with |P„(z)| < M for all z 6 G and all n, 
then because P n (z) are continuous on D, |P„(z)| < M for all z € D and 
all n. It follows that {P n (z)} is a normal family in D, and there exists a 
subsequence P„ fc (z) which converges uniformly on compact subsets of D to an 
analytic function /(z) in D. Since P n (z) converges to z‘ in G, hence z 1 = /(z) 
for z € G, which implies that z' can be extended to a single-valued analytic 
function in D. It is obvious impossible, so the contradiction is obtained. 


5514 


(a) Prove that 


sin irz 

(b) Use this to show that 

7T COt 7TZ 


oo j 

^ (z-n) 2 ' 

- 1 v 2z 

— z z 2 - n 2 ‘ 


Justify your steps. 

(c) Develop 7 rcotirz in a Laurent series about the origin directly and by 

oo oo 

use of (b), with enough terms to find the values of ^ 5 - and ^4 • 

n=l n=l 

(Harvard) 


Solution. 

(a) Let 


/(*) = — 


The singular part of / at z = n (n = 0, ±1, ±2, • • •) is 
the series 


E 


1 


Now we consider 
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For any natural number N and \z\ < N, 

1- 1 i<£ 

| (z - n)2 | - „2 

OO 

holds for n > 2 N and n < —2 N. It follows from the convergence of ^ A 

n=2N " 

n = — 2N oo 

and £ that ^_ x n , 2 is ancilytic in 

— oo n = — oo 

{|*|<^}\{* = o l ±i,... l ±(^-i)}. 

Because N can be arbitrarily large, we obtain the result that 


y l - 

( z-n ) 2 


is a meromorphic function which has the same singularities as f(z). 

Let 

,w = /w - £ (T^- 

n=— oo v ’ 

Then g{z) is an entire function. 

As f(z) and 

oo 

5-) ( z - n)2 

n=-oo v > 

are both periodic functions with period equal to 1, we restrict z in the strip 
{z : 0 < Rez < 1}. 

It is obvious that 

lim f(z) = 0. 

Inn— ±oo 

As the convergence of 

oo 

^ (z - n) 2 

n— -oo v / 

is uniform for 

|Imz| > 1, 


the limit of the series for Imy -+ ±oo can be obtained by taking the limit in 
each term and the limit is also zero. Hence g(z) is a bounded entire function, 
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which implies that g{z) is a constant. It is obvious that the constant must be 
zero. Thus we obtain the identity 


-= y — 

^ (z-r 


F(z) = wctg wz. 

The singular part of F at z = n (n = 0, ±1, ±2, • • •) is Now we consider 
the series 

1 ^ / 1 1 \ _ 1 ^ 2z 

z ^ \z — n z + n) z+j^z 2 — n 2 ’ 

With similar discussion to that in (a), we know that 

1 v 2 ' 2z 

z + ^z J -n 2 

n= 1 

is a meromorphic function which has the same singularities as F(z). 

Let 


f w=i + EA+ G W' 


Then G(z ) is an entire function. Differentiating both sides of the above identity, 
we obtain 

ti^Vz = ? + S [(z-n) 2 + (z + n) 2 ] “ 

Comparing this identity with (1), we have G'(z) = 0 which implies that G = c 
(c is a constant). For 




it follows from the fact that F’(z) and 


1 ^ 2z 

* + y z 2 _ , 


are both odd functions that c = 0. Hence we obtain 


1 v— "v 2z 

7C cot 'KZ = - + > “5 
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(c) The Laurent expansion of 7r cot itz about the origin is 


7T COt 'KZ — —21 Z 3 — • • • . 

X 3 45 

It follows from (2) and (3) that around the origin, 

E l _ IT* TT 2 

z 2 _ n 2 ~ fi 90 Z 


n = l 

Take 2 = 0, we obtain 


1 X 2 

= T' 

n = l 

After differentiating (4) on both sides, we can also obtain 

00 , 4 

E l _ 7T* 

~ on ■ 


( 3 ) 

( 4 ) 


5515 

Let zi, • • • , z„ be distinct complex numbers. Let / and g be polynomials, 
/ of degree < n - 2 and 


g(z) = (z-z 1 )---(z-z n ). 


(a) Show that 


fM s 0 . 


(b) Show that there exists a polynomial of degree < n — 2 with f(zj) = aj 
if and only if 

V - aj = 0. 

fee'to) 


(c) Given a sequence of complex numbers zi,z 2 ,--- such that \z n \ — > 00 , 
does there exist an entire function / with f(zj) = aj? Can you write this 
function down? 


( Harvard ) 
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Solution. 

(a) Take R sufficiently large such that 

zi,Z 2 , € {|z| < ii!}. 

Because 

g(z) = {z- zi)(z - z 2 ) • • • (z - z „ ) 
is of degree n, while /(z) is of degree < n — 2, 

/ [ «£i <b = 0 . 

Ji.nbsW V»W V 


Since 


we obtain 


Vf4 = 0. 
*'<*») 


(b) If /(z) is a polynomial of degree < n - 2 with /(«,•) = a,- (j = 
1, 2, • • • , n), then by (a), we have 

y IM. = y _«l_ _ o 

If oi, 02 , • • • , a„ are n complex numbers such that 


v -5 l_ = 0, 


we construct the function /(z) by 


- V' g (f) . 


For each ; , 


~~~ = (* - *i) • • * (* - - *i+i) •••(*-*,) 

is a polynomial of degree n — 1, and the coefficient of z n_1 is 1. Since 

y - a i ~ = o, 
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the coefficient of z" -1 of 
degree < n — 2. 

Because 


f(z) is zero. In other words, f(z) is a polynomial of 


lim 


<j(z) 


Z J S'( z j) (z~zj) 


while for k ± j, 

«fc g(z) | _ Q 

g'(zk) Z-Z k I z=zj 

f(z) satisfies the condition f(zj ) = aj ( j = 1, 2, • • • , n). 

(c) For the given sequence z k , Z 2 > • • •, such that | z„ \ — > oo, by the Weierstrass 
theorem about the canonical product of entire functions, we can construct an 
entire function g(z) with simple zeros z k , Z 2 , • • •• Then we define 




n=l n=l 

where j n is chosen such that when \z\ < 


|u„(z)| = e' 


_ L^-».) g(«) . a » 1 < i 


Z- Z„ g'(z„) I n 2 


Because \z n \ — * oo, for any R > 0, there exists IV > 0 such that |z„| > 2 R 
when n> N . Hence 


holds for all \z\ < R when n > N. In other words, 2 u n (z) converges uni- 

n=l 

formly for all \z\ < R, so that f(z) is analytic in {|z| < 5}. Since R can be 
arbitrarily large, f(z) is an entire function. 

It is easy to see that 


lim u n (z) — lim e 




g(z) ' a n 
z-z n g'(z„) 


while for k ^ n, 


«Jfc(^n) = 0, 


which implies that f(z) is an entire function satisfying the required condition. 



Part VI 


Partial Differential Equations 
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SECTION 1 
GENERAL THEORY 

6101 


a) Let A = (aj ,)” J=1 be a real matrix. Show that 

f CJ n 

/ (x,Ax)dx = — — trace A. 

J\x\<i »(» + 2 ) 

Here (•, •) is the dot product of vectors in JR" and w n is the area of the unit 
sphere in IR n . 

b) Show that u £ Co(JR") implies 



Solution. 

a) It is not difficult to verify that 


and 


Therefore, 


I ciijXjXjdx = 0, Vi ^ j 
J\X\<1 

I x\dx = • • ■ = / x 2 dx. 
J\x\<i J\x\<i 


/ ( x,Ax)dx = / aax}dx 

•'1*1 <1 J l*l<iS 


= — trace A f |x| 2 dx 

n J |*|<i 

trace A 


n(n + 2) 


(Iowa) 
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b) First let u £ Co°(2R"). By applying Green’s formula, we get immediately 



E / D ' iU ' D ii udx 

i,j = 1 JlRn 

E / ia^i 2 ^. 

i,j= 1 J]Rn 


As Co°(2R") is dense in Hl(M n ), the conclusion is true for u £ Co(JR"). 


0102 


Let T be a distribution on 2R and suppose that T' = 0 on M. Show that 
T = const; i.e., show that there is a number a such that 


T(<f>) = [ a<f>dx for all <f> £ Cq > (1R). 

Jr 


Solution. 

T' = 0 if and only if 


(Indiana) 


T(<f>') = 0, V</> £ C^(St). 

It is easy to verify that a function <f> in C'o°(iR) is the derivative of a function 
in Co° (IR) if and only if 

f <f>dx = 0. 

Jr 

Take a function p £ C^(M) such that 

f pdx = 1. 

Jr 

Then it is easy to verify that for any ij> £ C£° (IR) 
ip = <f> — I <f>dxp 

Jr 


L 


%!>dx = 0. 


satisfies the condition 
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Hence T(i/>) = 0 and 

T{4>) = [ a<j>dx, M<j> G C^(M) 
Jwi 


where a = T(p). 


6103 


Let u G H‘(]R n ) with s > n/2. Show that lim u(x) = 0. 

|ar|-*oo 


( Cincinnati) 


Solution. 

We show first that u € X 1 (2R n ) if u G H’(JR n ) with s > n/2. In fact, 
u G H*(]R n ) if and only if (1 + |£| 2 )*/ 2 w G L 2 (M n ). And it is clear that 
(1 + |£| 2 ) - */ 2 G L 2 (M n ) if s > n/2. Therefore, we have u G L 1 (2R"). 

Then we get immediately 




as \x 


—* 00 . 


6104 

Let u be defined for / G 2>((0, 1)) by 

Determine whether u is a distribution on (0, 1), and support your answer. 

( Indiana ) 

Solution. 

It is clear that u, defined above, is a linear functional in 2?((0, 1)). Let {/&} 
be a sequence in X>((0, 1)) such that 

fk — ► 0 in 2>((0, 1)), as k — > oo. 

Then we have a compact interval [a, 6] C (0, 1) such that 


su PP/fc C [a, b], Vk 
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and 

fjf 1 ) — > 0 uniformly on [a, 6] as A: — » oo, 

for any nonnegative integer n. 

Let N be a positive integer such that 


Then we have 


**>-!>£) 


0, as & — ♦ oo. 


Therefore, it is continuous in X>((0, 1)), and is a distribution on (0, 1). 


6105 


Let 

B = {(a:,y) | x 2 + y 2 < 1}. 
For which p > 1 does the function 

u(x,y) = ■ 


\Jx 2 + y 2 


belong to W l ’P{B)7 


Solution. 

Let 


u x (x,y) 

u y (x,y) 


1 a; 2 

v ^ T ^-( E 2 +y2) 3/ 2 - 

xy 

(x 2 + y 2 ) 3 / 2 ' 


It is clear that u x ,u y € &(B). 

We show that 

9 A 9 

—u = u x and — u = u, 
dx dy ■ 

in the sense of distributions, that is 



(Iowa) 
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and 


for all <j> G Cq°( 5). By B e we denote the belli centred at the origin with the 
radius e < 1. Let 0 e = B\B e and S e = dB e . Then we have 


I u<j) y dxdy = — I u y <j)dxdy 

Jb Jb 

r B c we denote the ball centred 
B\B € and S e = dB e . Then we 

/ u<j> x dxdy = — / u x (j>dxdy + / u<f> cos(J ? , x)ds 

Jn. J SI. JS' 


for any <j> G C™(B). Letting e — » 0 in the above inequality, we get -J^u = u x . 
Similarly, -§^u = u y . 

It is not difficult to verify that 


u,u x ,u y G I?{B) 

for 1 < p < 2. Therefore, u G W 1 ,P (B) for 1 < p < 2. And we can verify that 
Uy $ L\B), 

which means that u W 1 ' P {B) for p = 2. 


6106 

Let E be a smooth hypersurface dividing 2R n into two disjoint open regions 
Qi and Denote by v = v{x) the unit normal to E pointing into 0 2 - 
Suppose v : IR n — ► 2R” solves the equation 

divv(x) = b(x) for x G M n — E (*) 

in the classical (C 1 ) sense where b is a continuous function. Assume further- 
more that v lies in both C°(fli) and C°(0.2) (but not necessarily C°(IR n )!!) 
with 

u + (xo) = lim v(»), v~(xo) = lim v(x) 

X—*X 0 X-*Xo 

for each Xo G E. Derive a necessary and sufficient condition in terms of n + , 
v~ and v for v to be a distribution solution of (*) on all of JR". 

{Indiana) 

Solution. 

v is a distribution solution of (*) in 2R n if and only if 
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- / v ■ V<t>dx = f b<j>dx, V<j> £ Cg(m n ). 

JjR n JlR " 

By Green’s formula, we have 

— f v-V<j>dx = — I v-V<f>dx — j v-V<l>dx 

JjR n Jn, J(i- 2 

— — I <f>(v + — v~) • i/ds + / divn • <f>dx. 

J S JlR n 

Hence the equation (1) is equivalent to 

J <f>(v + - v~) ■ vds = o, v<j>ecz°(m n ). 

Therefore v is a distribution solution to (*) on all of JR" if and only if 
(v + — v~ ) • v — 0 on E. 


( 1 ) 


6107 


Recall the definition of the curl operator in two dimensions acting on a 
vector field U(x,y ) = {u(x,y),v(x,y)): 

V x U = u y - v x . 


(a) Give a definition of what it means for a (not necessarily continuous) 
vector field U to have curl zero in the sense of distributions. 

(b) Suppose U takes the form 



(x,y) £ Oi, 

(x,y) £ n 2 , 


where fti and Q 2 are open sets such that fli U fi 2 = M 2 , T = Dili fl 3ft 2 is a 
smooth curve, and Ui and 17 2 are (different) constant vectors. If U has curl 
zero in St 2 in the sense of distributions, describe as completely as possible the 
curve T. 

( Indiana ) 

Solution. 

(a) Let u,v £ Li oc (lR 2 ). Then 


curl U = 0 
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in the sense of distributions is defined as 

[ (-u<j> y +v<l> x )dxdy = Q, V<j>ECZ°(lR 2 ). 

Jm? 

(b) Let J7i = (ui,wi), U 2 = ( U 2 ,V 2 ), where «i, t>i, w 2 and v 2 are constants. 
Then curl U = 0 if and only if 

/ (~«i <j> y + Vi<j> x )dxdy + / {-U 2 <t> y + v 2 <t> x )dxdy = 0, 6 C£°(IR 2 ). 

Jn.! Jsi 2 

Integrating by parts, we have 

^(«l - U 2 )<tdx + (tf, - v 2 )<t>dy = 0, € C%°(1R 2 ). 


k 


Therefore, T is a straight line defined by 

(ttj - u 2 )dx + (vi - v 2 )dy = 0. 


6108 

Let p be a polynomial in n variables, and assume that the set {s : p(ix) = 0} 
is bounded. Prove that there exists a tempered distribution E on M n such that 
p(D)E — 6 E S. Here S is the Schwartz class of rapidly decreasing functions, 
and 6 is the Dirac distribution defined by <5 • ^ = <^(0). 

( Indiana ) 

Solution. 

As the set {£ : p(i£) = 0} is bounded, there exists a positive constant R 
such that 

Construct a function xr € C£°(ffi n ) such that 

X*(0 = 1. G {£ : |£| < R}. 

Set 

Ftn - f °’ K! < R ’ 

(i-xr(O)^j, Kl >R- 

It is clear that E E S'(M n ) fl C°°(IR n ), where S'(2R") denotes the space of 
tempered distributions on ]R n , and that 

P(WO = { I! > R. 
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It is easy to see that 

Pte)%) - 1 e c^(ar). 


Therefore, we get 


p(D)E -6 eS, 


where E = F~ 1 (E) G S'(]R n ). 


6109 

Let P(D) be an mth order linear constant coefficient partial differential 
operator on M n ; i.e., 

p{m = E C ° D ° 

H<m 

where a denotes a multi-index a = (ai, <* 2 , • • • , a„) and the C a are constants. 
Suppose 

p(<0 = E c °M a * 0 for a11 ^ e JK" - {0}. 

|o|<m 

If u G S' satisfies P(D)u = 0, prove that u must be a polynomial. (Here S' 
denotes the space of tempered distributions on IR n .) 

( Indiana ) 

Solution. 

Let u(£) be the Fourier transform of u. Transforming the equation, we get 

= o. 

From the transformed equation, we can see that 
suppu = {0}. 

Therefore, u(£) must be finite linear combinations of the derivatives of the 
Dirac delta function 6(£) at {0}, i.e., 

s(o = E «^ (o) (0, 

\c\<N 

where a = (<*i, a 2 , • • • , a„) is a multi-index and a a are constants. Hence 

«(*) = E a “ f,-1 ( <5(a) ) = E a «(- ix ) a 

|a|<jV K ) |a|<JV 


is a polynomial. 
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6110 


(a) Show that 


lim } e 
«-»o+ V4 Trt 


: a /4t 


= «(*) 


in 1?'. 

(b) Show how to define - as a distribution (i.e., define the Cauchy Principle 
Value and show that it is in V). 

(c) Calculate rigorously the derivative of log |x| and express the result in 
terms of your answer to (b). 

(d) Calculate the Fourier transform of the distribution L. 

( Indiana ) 

Solution. 

(a) It is well-known that 


[°° -^e-* 2/4t da: = 1 Vt > 0. 

J — oo v * 


For any <j> G V, we have 

I* -^=e~ x 'l«<l>(x)dx = -1= f°° e~y" 4,(2 V~ty)dy. 
J- oo v4tt< V* J-oo 


Then it is not difficult to verify that 

lim / —^=e- x3 f 4t <l>(x)dx-<f>( 0) 

t—o+ Ij.qq V47rt I 

= lim ~ I f e~y* (<f>(2y/ty) - ^(0))dy| = 0. 

t-> o+ vir |y_oo j 


Hence 


lim e * 2/4t = 6(x). 

t-o+ 


(b) We define the distribution \ by its Cauchy Principle Value as 
follows: 


irity of the functioned 
t suppi^n C (—a, «) Vn 

<*;•*•> = . 5 &jf 


The linearity of the functioned is obvious. Further, suppose that </>„ — * 0 
in P. Let supp<£„ C (-<*,«) Vn. Then we have 

‘ ^n(s) ~ <S> «(~=g) ^ 


-dx — ► 0, as n — ► oo. 
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Therefore, V p ^ is a distribution in V . 
(c) For any <j> E V, we have 


(log|4f(z)) = f log \x\<f>'(x)dx 

J —oo 

— lim^ (/ + / )log|*|^(*)d* 

= hm + ((<f>(-e) - <l>(e))loge - (^J + £ ^ ^<f>(x)di 


Hence £ log |x| = V p i. 

(d) By F’(/) we denote the Fourier transform of a tempered distribution / 
For any <f> £ S, we have 


= (V P -,F(<I>)) 


= -2i lim f 7 f sin(a '.£)<f>(x)dxd£ 

*->0+Je £ J-oo 

,oo ,M 

= — 2 i lim / <f>( x) I - sin(a:£)d£d:E 

A*- 00 7-00 7o ? 

,oo 

= — Z7r / (signx)0(x)da:. 

J — OO 


Here, we have applied the integral equality 


1 1 . 
*J- oo^ S1 


Therefore, we obtain 


sin(x£)d£ =1 for x > 0. 


F 1 ( F p - = — wrsignx. 


Iu(x) = ^ a a D a u(x ) x E lR n 
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where the a' Q s are constants, and a is a multi-index. What is a fundamental 
solution of L ? When is it unique? 

b) If 7+ denotes the Heaviside step function 



1 , £> 0 , 

0 , £< 0 . 


Show that 

is a fundamental solution of the wave operator W(u) = u t t — u xx on 1R 2 . 
c) Express the solution of the Cauchy problem 


u t t - u xx = <j>(x,t), -oo<x<oo, t> 0 
u(x, 0) = f(x), ut(x, 0) = ff(x), — oo < a; < oo 


(/, g, <f> sufficiently nice) in terms of the above fundamental solution. Simplify 
your result to obtain D’Alembert’s solution of this problem. 

( Indiana ) 

Solution. 

a) A distribution E G V(lR n ) is called a fundamental solution of the dif- 
ferential operator L if 

LE(x) = 6(z), 

where <5(a:) is the Dirac function. 

Let L* be the formal adjoint of L defined by 

L*v(x) = (-l) W 0"(aai>(a;)). 

H<m 

If L*S is dense in S, where S is the space of rapidly decreasing functions, then 
the operator L has at most one fundamental solution in S'. 

b) We need only to show that 

L F{x,t) ■ 0 ) dxdt = mo) ^ g cs ° (ir2) - 


2 / F{x,t)(<j>tt - 4>xx)dxdkt 

Jm? 

— I [tytt ~ <i> X x)dxdt 

J\x\<t 


In fact 
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— I dt <f> xx (x,t)dx + I dx I <j>tt(x, t)dt 

J0 J-t J-oo J-x 

+ J dx J <f> tt (x,i)dt 

AOO yoo 

/ - 4 >x(t,t))dt - / (<t> t (-x,x) + </>t(x,x))dx 

Jo Jo 

- I (<f>t(t,t) + <f> x (t,t))dt - [ ( 4 >t{-t,t) - <f> x (-t,t))dt 

Jo Jo 


= 2*(0, 0). 

c) The solution of the Cauchy problem 


u tt — u xx = <t>{x,t ), x € JR,t > 0 

u(x, 0) - u t (x, 0 ) = 0 


is given by 

u(x,t) = I dr ( <l>(x - £,t - T)F(£,T)d£ 

Jo J — oo 

= \ / dT l <K X - 

L Jo J\(\<T 

1 ,t fX + (t-T) 

= o dT <Kt>T)dt. 

4 Jo Jx-(t-T ) 

The solution of the Cauchy problem 

utt — u xx = 0, x G IR, t > 0 
u(x, 0 ) = 0 , ut(x, 0 ) = g(x) 

is given by 

u{x,t) = j g{? - £)F(£,t)d£ 

J-OO 

= \j t 9 ( x ~t) d z 

1 r x + * 

= -J" »««• 

Therefore, the solution of the original Cauchy problem can be obtained as 

i d r x+t 1 r x+t 
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1 t* r x +(t-T ) 

1-2 / dT / 

Z JO Jx-(t-T ) 


mr)dt. 


This is just the D’Alembert’s formula when 4> = 0. 


6112 


Let u be the solution of the initial problem 

Utt = ‘U’X'XjXhXm * (E 1R yt > 0, 

u(x , 0) = 0, «*(*, 0) = <f>(x), 


where summation is understood in the pde, and <j> is a C°° function on 2R 3 
with compact support. Assume that there is a constant C such that 


IN-,<)||l’(jr») < (7< 1/4 /log<, 

and prove that 

J <f>{x)dx = 0. 

Solution. 

By applying Fourier transform to the problem, we have 


(Indiana) 


utt + |4| 4 2 = 0, 

2(4,0) = 0, 2 t (4,0) = ?(4), 

where 2 and <f> denote the Fourier transforms of u and cf> with respect to x, 
respectively. 

By solving the above transformed problem, it yields that 

«(£><) = ||jr sin (l£| 2 *)- 

Therefore, we have 

/ \u(Z,t)\ 2 d(= [ ®^sin 2 (|4| 2 <K. 

Jr> Jir * 141 

Set T) = t^4 in the integral in the right side of the above equality. It is reduced 

/ i2(f,<)i 3 «ie = ** / m-hr-^dv- 

Jm. * Jjr* \V\ 
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This implies that 

«£(0) = / <f>(x)dx = 0. 

Jr 8 

In fact, if |<£(0)| = 2a 0, then there exists a positive constant r such that 
\m\>a, V£em\\t\<r. 

And when t > we have 


yi,i<i I 7 ?! 


■dr) 


V, „2 + i f sin CI 7 ? 

- 4i<i M 4 


Jdr). 


This contradicts the condition satisfied by the solution u, given in the problem. 


8113 

Given <j> €. S (rapidly decreasing functions) over 2R 1 , consider the solution 
u of the Schrodinger Equation 


ixit + u xx =0 (x G 2R 1 , t > 0), 
u(x, 0) = 


Show that 

lim [ \u(x,t)\ 2 dx — I $(OI 2< *£- 

Here <f> denotes the Fourier Transform of </>. 

( Indiana ) 

Solution. 

It can be verified that the Poisson’s formula for the Cauchy problem of the 
heat equation applies to the Schrodinger equation. So we have 


u(x , t) = 


2 y/rst 


f <j>(y)e iL ^ 

Jr 1 


dy. 


And then 



V)e ’ 


~dy 


2 

dx. 
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Set x = 2 £t, we get 





Here the Fourier transform of <j> is defined by 



L 


<t>(y)e ,iy dy. 
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SECTION 2 

ELLIPTIC EQUATIONS 


Let u ^ 0 satisfy u 6 C 2 (2R"), A u = 0 on 1R". Show that 


does not exist. 

( Indiana ) 

Solution. 

There exists a point x° 6 2R" such that u(x°) ^ 0. Applying the mean- 
value property for the harmonic function u, we have 


u(x°) — — -r [ u(x)dS x 

J|«_,o| =p 

where is the surface area of the unit sphere in IR n . Schwarz’s inequality 
gives 

u 2 (x°) < ( rl f u 2 (x)dS x [ dS x 

\UnP V J\x-x°\=p J\x-x°\=p 

= f u 2 (x)dS X} 

u>np n 1 j\ x -x°\=p 

that is 

f u 2 (x)dS x > u„p n ~ 1 u 2 (x°). 

Jlx-x°l=p 

Then we have 

f u 2 (x)dx > [ u 2 (x)dx 

JR » J\x—x°\<r 

> w„it 2 (z°) f p n ~ 1 dp 

Jo 

= ^-u 2 (x°)r n , 
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for any r > 0. The conclusion follows as r — * oo. 


Let u G C°(fl) be weakly harmonic in an open set Cl, i.e., the relation 
I uA</>dx = 0 

Jsi 

holds for all </> £ Cq(CI). Show that u is then harmonic in fb 


Solution. 

Set 


where C is a constant such that 


1 

. 1*1 

1 “• 

1*1 


/ p(x)dx 
Jr* 


For ie!), set 


Pc(y) = e- n p[^- 


Then it is easy to see that 

p t (y) € cg°(n), 

provided e < dist(a3, dCl). Therefore, we have 


I u(y) A y p e (y) 
Jn 

" 7 „“ <! ' )A " > (- t 1 

u. c {x) = e~ n u(y)p | 


p ( - — - ) dy = A x u e (x), 


This implies that for any compact set K C Cl, u e is harmonic in K if e < 
dist(if, dCl). 

It is well-known that 

u e —> u uniformly in if, as e — * 0. 

Therefore u is harmonic in Cl. 
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6203 


Let f(x,y) be a locally bounded function, harmonic in x G jffi 2 and con- 
tinuous in y G M 2 . Show that / is continuous in ( x,y ), i.e., as a function on 
1R 4 . 

( Indiana ) 

Solution. 

Let (a: 0 , y°) G M 4 and R > 0 be given. Then there exists a constant M > 0 
such that 


\f(x,y)\ < M, V(x,y)eM 4 , \x - x°\ 2 + \y - y°\ 2 < 2R 2 . 
Applying the mean- value theorem to the harmonic function , we have 


df_ 

dxx 


«•»> = 


V(t,y)elR 4 , K-*°|< ~,\y-y°\<R. 


By Green’s formula, we get 


df 

dx 


-(£,</) = / f(x,y)cos(n,x 1 )dS x 

i *R 2 J |i_ € |=$ 


< V(£, y) G JR 4 , |£ - *°| < |, |t/ - 2/°l < -R- 


For J^-, we have the same estimation. 

These estimations imply that f(x,y) is continuous at x = x° uniformly 
with respect to y near y°. Then the conclusion that f(x, y) is continuous at 
(a: 0 ,?/ 0 ) G M 4 follows immediately. 


6204 

Suppose u is a function defined on M n such that 

(i) u is bounded and continuous on the half-space x„ > 0 of lR n , 

(ii) u = 0 on x n = 0, 

(iii) u is harmonic in x n > 0. 

Prove that u = 0 on i n > 0. 


(Indiana) 



475 


Solution. 

Redefine the function u in the half-space < 0 as an odd function of x „ : 
u(x',x n ) = -u(x',— x„), Vx„ < 0 

where x' — (xi, • • • , x„_i). By using the uniqueness theorem of the Dirichlet 
problem and the Poisson’s formula of the Dirichlet problem in a ball, we can 
verify that the redefined function u is harmonic in any ball centred at the 
origin in lR n . Therefore, u is bounded and harmonic in 2R”. Thanks to the 
Liouville’s theorem, we get u = 0 immediately. 


0205 


Let u(x) be C 2 on the half-space M" = {x : x„ > 0} and continuous on 
the boundary dlR " = {x : x n = 0}, and let g(x) be a compactly supported, 
C 1 function on dlR" = {x : x n = 0}. If u, bounded, satisfies 


f Au = 0, x n > 0, 
1 u = g, x„ = 0, 


( 3 ) 


show that its “tangential” derivatives j = 1, •••,«— 1, are bounded in 
magnitude by max|Vgr| on all of M’l = {x : x„ > 0}. (Warning: you must 
justify any assumptions of regularity you make on the solution u.) 

{Indiana) 

Solution. 

By the uniqueness of the bounded solution to the Dirichlet problem (3), we 
can show that the unique bounded solution to the problem (3) is given by 


u(x',x„)= — [ TT 

Un Jn~-> (*l 


gjt'W 


+ 1 x'-ei 2 ) n/2 ’ 


where x' = (xi, • • • , x„_ 1 ), = (£ x , • • • ,£ n -i) and w n is the surface measure 

of the unit sphere in M n . 

It is not difficult to verify from the above formula that 


±u<x'x) = ^t 

dxj V w„ J R n-i (xj* + |x' _^'|2)«/ 2 ’ 


j = 1, 1 



w » J JR»-1 


(x2 +|x'-^| 2 )"/ 2 ' 


and 
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Therefore, we have 

i = i, — i, 

which are just we want to show. 


dx 


-u(z', 2 ; n ) < max 




6206 


Show that the problem 


Au = —1 for |*| < 1, \y\ < 1, 


u = 0 

du 

dx 


for |x| = 1, 

|j = 0 for|»| = l 


has at most one solution. (Here u = u(x, y) is a function of two variables x 
and y, and is a classical solution). 

( Cincinnati) 

Solution. 

We need only prove that the problem 


Au = 0 for |*| < 1, |j/| < 1, 
u = 0 for |a:| = 1, 
du du 

e-jt 0 *-w =i 

has the unique solution u = 0. It is easy to see that 

uA udxdy — 0. 


Xi 


*l<i,lvl<i 

Integrating the above integral by parts, we have 


= / uA udxdy 

J\x\<i,\ y \<i 

= ^ 1 ’ v) - u ^ 1 ’ y) ) dy 


0 
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Then we get u = 0 immediately. 

6207 

Let 0 be a bounded normal domain in 1R 3 , and suppose a is such that a 
nontrivial solution exists to 

f -V 2 u = a 2 u in Q, . 

\ u = 0 on dSl. 

(a) Show that a is a real number, and that u can be chosen to be real- 
valued. 

(b) Suppose ai 0.2 are such that nontrivial real solutions ui and U 2 
satisfy (*). Show that 

/ «i(‘r > )« 2 (~r*)dv = 0. 

J n 

( Indiana-Purdue ) 

Solution. 

(a) Multiplying the equation in the problem (*) by the complex conjugate 
of the solution u, and integrating the resulting equation in fi, we obtain 



which implies that a is a real number. Then it is clear that u can be chosen 
to be real-valued. 
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(b) Suppose that u± and u 2 are chosen to be real-valued. Multiplying the 
equation satisfied by u 2 

— V 2 «i = afiti in ft 
and the equation satisfied by u 2 

— V 2 U 2 = ot\u 2 in ft 

by u 2 and ux, respectively, and integrating the resulting equations in ft, we 
can obtain 

[ Vui ■ Vu 2 dv = a\ f uxu 2 dv 


Vui • Vu 2 dv = a 2 / uxu 2 dv. 


From the above integral equalities, we get immediately 


Jn 


u 2 u 2 dv = 0, 


which implies the conclusion of the problem. 


6208 

Let ft C JR n be an open set. Let u be a continuous function on ft. Prove 
the equivalance of these two notions of “subharmonic” . 

(i) For every x € ft and r > 0 such that the ball B( x, r ) centered at x with 
radius r satisfies B(x,r) CC ft one has 

«(*) < , L n -i / u (y) d s y - 

v n r n J dB (x,r) 

(Here denotes the surface area of the unit sphere in M n and B(x, r) CC ft 
means that the closure of B is contained within ft.) 

(ii) For every ball B CC ft and every harmonic function h G C°(B) such 
that u < h on dB, one has u < h in B. 

{Indiana) 

Solution. 

Let u be subhamonic in the sense of (i). By a standard argument, we can 
show that u can not take its maximum in ft unless u is a constant. 
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Let h be the function given in (ii). Then v = u — h is also subharmonic in 
the sense of (i). Hence that v < 0 on dB implies that v < 0 in B. 

Conversely, let u be subhamonic in the sense of (ii). We define the function 
h as follows: 

f Ah = 0 in B(x,r), 

\ h = u on dB(x, r ). 

From the definition of subhamonicity in the sense of (ii), and the mean- value 
theorem, we have 

«(*) < &(*) = "V-i / u{y)dS y . 

“» r JOB(x,r) 

This completes the proof. 


0209 


n. 


Let Q C JR n be an open set, and let u be harmonic in fi and continuous in 


a) Show that is harmonic in ft for each i. 

b) Let B C ft, where B is the open ball centered at x of radius r. Show 
that 

|Vw(a:)| < ~ sup{|«(y)| :\x-y\ = r). 

c) Show that, if ft is bounded and a; 6 ft, 

|Vu(a;)| < -r^-rsup{|u(j/)| : y 6 ft} 
a(X) 

where d(x) = dist(x, 5ft). 

(Indiana) 

Solution. 

a) The conclusion is clear. 

b) Applying the mean-value theorem for the harmonic function in the 
ball B, we have 


f u *i(y) d V’ 

OX{ w„r" Jb 


where w n is the surface area of the unit sphere in M n , hence w„ jn is the volume 
of the unit ball. 

By using the Green’s formula, the above equality can be rewritten as 

JT-( X ) = — ~~n f u(y) c os(-rt,Xi)dS. 
dxi u„r n J dB 
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And therefore, we have 



< [ |u(i/)|c£S 

w„r” J aB 

n . . 

< — sup |u(j/)|. 
r dB 


c) The conclusion can be obtained from the result of the part b) immedi- 
ately. 


6210 


Let 0 C 2R 3 be bounded and open with smooth boundary. Let u £ C' 1 (fl)fl 
C 2 (fi) solve 

Att + k 2 u = 0 in D (k > 0). 

Derive an appropriate mean-value property for the solution. 

( Indiana ) 

Solution. 

First we look for the fundamental solutions of the equation. Let r = |zj. 
Then the spherically symmetric solutions depending only on r satisfy 

~ (ru) + k 2 ru = 0. 
dr i 


For this ordinary differential equation, there are two linearly independent so- 
lutions: 

u = - cos (kr), - sin(fcr). 
r r 

Let u be a solution to the equation Au + k 2 u = 0. By the fundamental 
solution cos kr, it is not difficult to verify that 


u(x°) 



1 ^ \ 

cos(kr x o x )— «(*) ) dS x , 

r x °x on ) 


..)) 

Vz° £ 0, 


where r x o x = |z — z°|. 

Let R < dist(z°, dVl) be a fixed positive constsant. By B{ x°, R ) we denote 
the ball centered at x° with radius R. Applying the above integral formula in 
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the domain B(x°,R), we get 

u(x°) = -j - f (u(x)-^— cos(kr x o x ) 

^ JdB(x°,R ) \ d r x°x \ r x°x 

cos(Jfcr x o x ) — u(x) ) dS x . 

r x ° x dr x o x ) 

Now we look for a function g(x, x°), which satisfies 

(A x + k 2 )g(x, a: 0 ) = 0, x£ B(x°, R), 

g(x,x°) = - — - — cos(fcr x o x ), x £ dB(x°,R). 
4irr x o x 


( 1 ) 


It is easy to see that the function 


sin(fer x o x ) 


35°) = COt(feiZ) 

1 x u x 

satisfies the above conditions. For this function, it is easy to verify that 

0 = ~T~ f (u{x)-^—g{x,x 0 )-g{x,x°)-^—u{x)\dS x . (2) 

4tt JdB(x°,R) \ dr x°x 9r x o x ) 

Subtracting the equation (2) from the equation (1), we obtain 

u(x°) = [ u { x ) - * d ~ cos(fcr x o x ) 

V ' 4x JdB(x°,R) dr x o x \r x o x 

— cot (kR) sin(fcr x o x ) ) < 

r x ° x J 


I dS x 


) idB 


u(x)dS x . 


4*\Rsin(fe.R) JaB(x 0 ,R) 

This is a mean-value theorem for equation Au + k 2 u = 0. 


6211 

Let u £ C 2 {M 2 ) satisfy 

Au — u + 1. 

Prove that its spherical mean, defined by 


’ W= *H L 


3B(0,|x|) 


u(y)dS y , x^O 


( 1 ) 
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and v(0) = u(0), also satisfies (1), for x ^ 0. Here, B(0,r) denotes the ball of 
radius r, dS y the element of arc length. 

{Indiana) 

Solution. 

Set r = |jc|. Then we have 



Applying Green’s formula, we get 

£* (r) = £?/* 

Then it follows that 

l( T l* r) ) = hL^ y)+l)dSt 

= r(i>(r) + 1). 


Therefore 



= v(r) + 1. 


The proof is completed. 


6212 

Let B = {(x, 2 /) | x 2 + y 2 < 1}. Prove that the problem 
Au = — = in B, u = 0 on dB 
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has exactly one weak solution u in Hq(B). 

(Iowa) 

Solution. 

Let 

x y a t 1 

\/x 2 + y 2 \/x 2 + y 2 y/x 2 + y 2 

It is easy to see that v,w £ L 2 (B) and 

dv dw 
dx ^ dy 

in the sense of distributions (see the solution to the problem 6105). This 
implies that / £ H~ 1 (B). Hence the problem admits a unique weak solution 
u£H^(B). 


6213 

(a) Let 0 be a bounded domain in JR" with smooth boundary dQ, and 
/ £ L 2 (Sl), and g £ L 2 (dQ) be given. Consider the problem 

f (gradu) • (gradv) + Xuvdx = f fvdx+ f gvda Vv £ W 1,2 (Q) (1) 

Jsi J n Jasi 

where A > 0. Show that the problem (1) has a unique solution u £ W 1,2 (fi). 

(b) Will the conclusion of part (a) be valid if A = 0? Explain. 

(c) Soppose that /, g and Oil are sufficiently smooth, write problem (1) in 
the classical form. 

( Cincinnati) 

Solution. 

(a) Define the inner product in W 1,2 (il) by 

(u, v)i = f [(gradu) • (gradu) + Xuv]dx, Vu, v £ W 1,2 (ii). 

Jsi 

And denote the corresponding norm in W 1,2 (Q) by || • Hi. Then by applying 
Cauchy inequality and the trace theorem in Sobolev’s spaces, we get 

I fvdx + / gvdal < ||/||i,»(n)|M|£a(n) + ll9lU 2 (0n)IMU 2 (0n) 

Jsi Jan I 

< ciHli, 
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where C is a constant. Therefore, 


F(v ) = f fvdx + f 
J n Jan 


is a bounded linear functional in W 1,2 (0). Thanks to the Riesz theorem, there 
exists a function u £ FT 1,2 ^) such that 

F(v) = (u,t>)i, Vv £ W 1,2 (0). 

Then u is a solution to the problem (1). The uniqueness is clear. 

(b) By the classical form of the problem, it is easy to see that the conclusion 
of the part (a) is false if A = 0 even for smooth / and g. 

(c) Suppose that /, g and <90 are sufficiently smooth. Integrating by parts, 

we have ^ 

I (gradw) • (gradu)dx = / —vdcr — I (A u)vdx. 

Jn Jan on J n 

Therefore, the classical form of the problem (1) is 

—Au + Xu = f in 0, 
du 

— = fir on du. 


Let 0 be a unit ball in JR 1 centered at zero. Consider the following problem 
Find u € Hq(Q) such that 

/ Vm • V</>dx = [ <j>dx' , £ £T<}(0), 

Jn Jnn{x„= o} 

where IR n 3 x = (x lt • • • , x n _i, x„) = (x', x„). Prove the existence of a unique 
solution of that problem. 

Denote u + = u |nn{x„>o} and n~ = u |nn{:c„<o}> and assume that u ± are 
regular enough. Show that Au* = 0 and that 


- = 1 on O fl {x„ = 0}. 


( Cincinnati) 
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Solution. 

Define the scalar product in Hq(H) by 


(u,v) 1= / Vu-Vvdx. 

Jn 

By the Cauchy inequality and the trace theory in Sobolev spaces, we can 


get 


f <f>dx' < ( f da/l ( f 

•/nn{x„=o} \Jnn{*„=o} ) \ynn{x„=o} / 


where || • ||i is the norm in Hq(H). According to the Riesz theorem, there exists 
u € J?o(^) su ch that 

(«,^)i= / Wx', V<j> G H£(Sl). 

Jnn{x„=o) 

This proves the existence of the solution to the problem. 

The uniqueness of the solution to the problem is clear. 

Assume that m* are regular enough. Write the equation in the following 
form 

I Vu + -V^da; + f V u~ ■ V <t>dx — f <f>dx', 

J n + J n_ ^nn{®„=o} 

where = ft D {*„ > 0} and Q_ = 0 fl < 0}. Integrating the above 
equation by parts, we have 


• <j>dx 


— I A u + • <j)dx — / Au ■ <t 

Jfl+ 

+ I (^f-^P} dx '= / 4>dx '' ^ G 

ynn{x„=o} \ox n ox„ J ynn{x„=o} 

From the above equation, we get immediately that 


Am* = 0 in fl±, 
du~ du + __ 
dx n dx n 


onfifl {s n = 0}. 


The proof is completed. 
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6215 


a) Let u G W 0 1,2 (fi) satisfy 

Vu • V<j>dx >0 G w£’ 2 (ft), <t> > 0. 


L 


(I) 


Show that u > 0 a.e. in ft. 

b) Let u G W 1,2 (ft) satisfy (I) above, show that 


inf u > inf u (essinf) 
n - an v ' 

( Cincinnati) 

Solution. 

a) This is a corollary of the conclusion in b) of this problem. 

b) If inf u = — oo, the proposition is true. 

Assume that inf u = l > — oo. Let 
an 


</>(x) = max{/ - u, 0}. 

Then it can be verified that <l> G Wo’ 2 (fl) and 

TJA-i ~ Vu ’ u < 1 

V *={0, u>l. 

Now we have 

/ Vu • V<j>dx = - I \V<j>\ 2 dx < 0. 

Jn Ja 

From the above inequality and (I), it holds that 

f \V<l>\ 2 dx = 0. 

J n 

By the Poincare inequality with the above estimate, we obtain 

Jj 


i\ 2 dx = 0. 


Hence 


<t> = 0 a.e. in fl 


This implies that u > l a.e. in ft. 
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0216 


Consider functions u n ,v„, w G W 2 ' 2 (Sl) fl W^’ 2 (12), such that 

— Av n +Un = w, 

—A u n — nv„ = 0, 


in SI. Prove that u n — > w strongly in L 2 (Sl), as n — ► +oo. 

( Cincinnati) 

Solution. 

Multiplying the first equation and the second equation by u n and v n re- 
spectively, and then integrating the resulting equations in Si, we get 


- / Av n •u n dx + Hunll^s = 

Jn 

- / Au„ ■ v n dx - n\\v„\\ 2 L 2 = 

J n 


I wu n dx, 

Jfi 

0 . 


By using Green’s formula and noting that u n ,v„ € W 0 1,2 (O), both equations 
above can be written as 


I Vv n • Vu n dx + ||u n ||i,= 
Jn 

j Vu„ ■ Vv n dx - n||u n ||| 2 

Jn 


Then we have 


I wu n dx, 

Jn 

0 . 


IK Hi* + J i|klli* 


- L 


wu n dx 




. + 2IKH 


Therefore, we obtain 


{«„} is bounded in L 2 (Sl) 


and 


v n — > 0 strongly in L 2 (Sl). 

Multiplying the first equation by v„ and integrating it on SI, we have 

ll Vl, »lli* + / u n v n dx = / wv n dx. 

Jn Jn 


( 1 ) 

( 2 ) 
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By noting (1) and (2), it follows from above equality that 
v n — * 0 strongly in Wq’ 2 (0). 


(3) 


Multiplying the first equation and the second equation by Au n and Av n 
respectively, and then integrating the resulting equations, we can get 

— / Av n A u„dx — ||Vu„||^ 2 = / wAu n dx, 

Jn J si 

— j Au n Av n dx + n||Vu n |||,2 = 0. 

Jn 


Hence 


||Vu„||i 3 +n||Vt;„||^= [ VwVu n dx. 

Jn 


(4) 


This implies that 

{«„} is bounded in Wp’ 2 (fi). 

Multiply the first equation by Av n . By similar consideration, we can get 
finally 

-||Aw„||£ 3 - / Vu n • Vv„dx = / Vw'Vv n dx. 

Jsi J n 

By noting (3) and (4), it follows from the above equality that 
Av n — > 0 strongly in L 2 (0). 

This gives us the conclusion of the problem. 


6217 

Assume 0 C JR n is a bounded open set with smooth boundary and let 
/ € C£°(fi). Suppose Uk € C°°(il) satisfies Auj + u* = / and has the property 
that for some positive number M, 

j Uk(x) 2 dx < M 
Jn 

for k = 1,2, Prove that there exist a function u G C°°(n) satisfying 
Au + u = f and a subsequence {u^. } such that U) \ tj converges uniformly to u 
on each compact subset of Q. 


( Indiana ) 
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Solution. 

As {u k } is bounded in L 2 (Q), there exists a subsequence {u kj } such that 
u kj converges to u weakly in JD 2 (iI), and therefore in Then Au + u = f 

in the sense of the distribution. By the regularity theorem of the elliptic 
equations, we have u G C°°(fl). 

Now we show the second conclusion. Set v k = u k — ux. It is clear that v k 
satisfies 

Av k + v k ~ 0 in H 

and 

[ \v k {x)\ 2 dx<C, VJb = 1,2,-... 

Jsi 

Hereafter, by C we denote various constants. 

Let flj be a subdomain of fl such that Qi CC fi and R = dist(<?n, fii) 
fixed. For any x € Hi, by B(x,r) we denote the ball with the radius r (< R) 
centered at x. By the mean- value theorem for the equation Au + u = 0 (for 
the case n = 3, see the solution to the problem 6210), we have 

h(r) v*(x)= / v k (y)dS y , 

JdB(x,r) 

where h(r) is a continuous function of r. Integrating the above equality from 
0 to R with respect to r, we find that 

M 35 ) = ( / h(r)dr ] / v k (y)dy. 

\Jo ) JB(x,R ) 

Here R can be chosen so small that h(r)dr ^ 0. Therefore, it holds that 

k(x)|<C, VxGftx,Jk= 1,2, - - - . (1) 

Set v k = w k + z k , where w k and z k are defined by 

Aw k -- —v k in fix, 
w k = 0 on dfli 

and 

Az k = 0 in flj, 
z k = v k on , 
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respectively. By applying the solution formula of the Dirichlet’s problem for 
the Poisson’s equation, we can get from the estimation (1) 

\Vw k (x)\ < C, Vx £ Ox, k = 1, 2, • • • . 

It is clear that 

max |zjt(x)| < C, Vfc = l,2, 
n, 

And by applying the mean-value property for the harmonic solutions, we can 
obtain from the above estimation 

|Vzfc(:c)| < C in any compact subset of fix. 

Then by using the Ascoli-Arzela theorem, we prove the second conclusion 
of the problem immediately. 


0218 

Let 0 be a bounded Lipschits domain in ffi", and 
I(v) = \J n \*v\ 2 dx, 

A = {v 6 : hi < v < h 2 a.e. in fi}, 

where hi, hj : fi — » JR are given smooth functions. 

(a) Show that if A ^ 0, there exists uEA satisfying 

I(u) = minl(v). 

(b) Show that 

I VuV(v — u)dx >0 Vw E A- 
J n 


Solution. 

(a) Let {u„} be the minimizing sequence of I(v) in A, i.e., 
lim I(u„) = inf 7(a). 

n—*oo V&A. 


(Iowa) 



Define the norm of v in Hq(CI) as 
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Then we get the boundedness of {||un||i}. Therefore, there exists a subsequence 
of {«„}, for simplicity we still denote it by {tin}, such that 

ti n — u in Hq(H) 


and 

ti„ — ► ti in L 2 (Q). 

And there exists a subsequence of {«„}, denoted still by {ti„}, such that 

tin - ► ti a.e. in 0. 

Therefore, we get ti £ A and that 

||ti||i < liminf ||ti„||i = lim 2J(ti„) 

by the weak lower semicontinuity of ||v||i. This implies that 

/(ti) = min J(t>). 

The conclusion of (a) is proved. 

(b) It is easy to verify that 

ti + t(v — u) 6 A, Vt> £ A, 0 < t < 1. 


Let 


F(t) = f 
Jsi 


V(tt + 1( v — ti)) • V(ti + t(v — u))dx. 


Then F(t) has the minimum at t = 0. Therefore we have 


f'(0) > 0 . 


This implies 


The proof is completed. 



v — u)dx > 0. 


6219 

Let £1 C St n , n > 1, be a bounded domain with smooth boundary. Let 
u £ C 1 (fi) be harmonic in il. 
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a. Prove that 

max IVul = max |Vu|. 
n en 

(Note: In both parts a and b of this question, you may cite, without proof, 
any standard maximum principles you are using.) 

b. Suppose there exist functions $ 1 , <3> 2 6 C 2 (fi) fl C 1 (S2) such that 

A$i < 0, A $2 >0, = u = $2 on 9Q. 


Prove that 


max |Vu| < max 
a 



max 

an 



Solution. 


( Indiana ) 


a. The conclusion is an immediate corollary of the following inequality: 


A(|V«| 2 ) = 2 £<*.>(). 

i,j=i 

b. For the function $2 ~ tt, we have 


A (#2 — u) > 0 in 0 


and 


$2 — u = 0 on dQ. 

From the maximum principle, it holds that 


sup ($2 — u) = max($ 2 — u) = 0, 
n dn 


i.e., 

Similarly, we have 


$ 2 (®) < u(®), Va; 6 Q. 
u(x) < $i(x), Mx 6 0 . 


Therefore, it holds that 

$ 2 (®) ~ $ 2 ( 3 °) < u(a;) - u(g°) 


< V.e SI, 

~ |a; — ac°| 


This inequality implies the conclusion of the part b. 
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6220 

Let Cl be an open subset of lR n . Suppose u £ C 2 (fl) is a solution of the 
equation A u = u 3 with the property that |Vu(a;)| < 1 for each x 6 dCl. Prove 
that |Vu(a;)| < 1 for all x € Cl. 

(Indiana) 

Solution. 

Set 

w = |Vu| 2 . 

It is easy to see that w € C 2 (Cl) fl and 

Aw = 2 u lxj + 6u 2 |Vu| 2 > 0. 

i,j-l 

Therefore, w takes its maximum on Cl at some point on dCl. Hence w < 1 on 
dCl implies that w < 1 in Jl. 


6221 


Consider (a nonlinear) equation 

—Au = Au 2 (1 — u ) in Cl, 

u — 0 on dCl, (1) 

where A > 0 is a parameter, and dCl sufficiently smooth. 

(a) Prove that for any solution u of (1), 0 < u < 1. 

(b) Show that if A > 0 is sufficiently small, the only solution of (1) is u = 0. 

( Cincinnati ) 

Solution. 

(a) If u < 1 is false, then there exists ®° 6 Cl such that u takes maximum 
at x° and 

u(a; 0 ) > 1. 

For the maximum point a; 0 , it is clear that 

A«(i°) < 0, 

i.e., 


-Att(i°) > 0. 
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This contradicts the assumption that 

Au 2 (l — u)(x°) < 0. 

Hence u < 1. 

As Au 2 (l — u) > 0, u can not take minimum in fi unless u = 0. Hence 
u > 0. 

(b) Multiplying the equation by u and integrating the resulting equality on 
0, we can get 

/ |V«| 2 da: = A / u 3 (l — u)dx. 

Jn Jn 

By using the conclusion of (a), it holds that 

I |Vu| 2 da: < A f |u| 2 dx. 

Jn Jn 

Applying Poincare inequality, we obtain from the above inequality 

/ |Vu| 2 da; < A C [ |Vu| 2 dj:, 

Jn Jn 

where C is a constant. If A < C -1 , we have u = 0 immediately. 


0222 

Let be a bounded normal domain in JR” with smooth boundary Oil. Let 
it be the exterior unit normal on dSi. Show that the only solution of the 
boundary value problem for the biharmonic equation: 

A(Au) = 0 in ft 

u = 0 on Oft, 

— = 0 on dSl, 
on 

is the trivial one u = 0. Assume u £ C 4 (fi). 

(Indiana Purdue) 

Solution. 

Integrating by parts and taking the boundary conditions into account, we 
have 

/ A(A u)udx 

Jn 


0 
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= [ ~-(Au)udS — f V(A u) • Vudx 

Jan on J n 

= L{^ {A '‘ )u ~ Au £) ds+ l' Auf ‘ dx 

= f \Au\ 2 dx. 

Jto 


Therefore, u is harmonic in ft. Taking into account u = 0 on 9ft, we get u = 0 
immediately. 
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SECTION 3 

PARABOLIC EQUATIONS 

6301 


Consider the Cauchy problem for the Heat Operator in M 1 : 

u t = u xx (— oo < x < oo, t > 0) 
u(x, 0) = f(x) (-oo < x < oo), 

where / is bounded, continuous, and satisfies 

J \f(x)\ 2 dx < oo. 

Show that there exists a constant C such that 
!“(*’*)! - £174 

for all -oo < x < oo, t > 0. 

( Indiana ) 

Solution. 

The solution to the problem is given by the Poisson’s formula 

By the Cauchy inequality, we have 

wm)| s (L im ' 2dy ) ’ (L ’ - 

Set y = x + \/2 tt] in the second integral of the above inequality. Then we get 
immediately 

!“(*’*)!< §fi‘ 
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6302 

Let Si C JR n be an open set with smooth boundary and suppose u 6 
C°° (fi x [0, oo)) is a solution of the equation 

u t — A u = / 

with u = 0 on dSl x [0, oo). Assume that 

lim f f(x,t) 2 dx = 0. 

‘-* 00 Jn 

Let 

V>(t) = f u(x,t) 2 dx. 

Jn 

Prove that —* 0 as t — ♦ +oo. 

( Indiana ) 

Solution. 

Multiplying the equation by u and then integrating the resulting equation 
on Q, we can get 

| (|lK-»*)lli* ( n)) + l|V«(-,0lll» ( n) = j[ /«*• 

The Poincare inequality gives 

K-,*)lli» ( n) < C , ||Vt t (.,<)||i 3(0) , 
where C > 0 is a constant. For any e > 0, it holds that 

|/ f u dx | < ^ + “ll/(') i )lli 2 (n)^ • 

Taking e = 1/C, we obtain 

Solving this differential inequality, we have 

+ C f r ^||/(->'r)||£2(n) < * T - 

Jo 
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It is not difficult to verify that 

e - £ (t-r) ||/(-, T)||| 2 ( n )dr —* 0, as t — ► +oo 
if > 0 as t — > +oo. This completes the proof. 

0303 


Consider the Cauchy problem 

Ut = u xx ( — oo < x < oo,t > 0), 
u(x,0) = f(x), 

where / is bounded and continuous. 

a) Using the Fourier Transform, construct explicitly a fundamental solution 
for this problem, and write down the solution u. 

b) State a maximum principle for this problem. Why is the Tychanov 
non-uniqueness example possible? 

c) Suppose in addition that / £ L 1 (IR). Show that 

lim u(x,t) = 0. 

t — >oo v ' 

d) Show how to solve the problem 

u t =u xx (*>0,00) 
u(x, 0) = /(*) (* > 0) 
u(0,t) = 0 (OO) 

by using a) and an appropriate extension of /. 

{Indiana) 

Solution. 

a) Let u{£,t) be the Fourier transform of u(x,t) with respect to x. Trans- 
forming the following Cauchy problem with the initial data 6(x): 

u t = u xx (— oo < x < oo, t > 0) 
u(*,0) = 6(*), 

we get 

% + £ 2 S = 0, 

®(€, 0 ) = 1 . 
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The solution to the transformed problem is given by 


Then the inverse Fourier transform of u gives the fundamental solution to the 
problem 


u(x, t) 


2ir 






From this fundamental solution, we can get the explicit representation for 
the solution u(x,t) to the general Cauchy problem with the initial data f(x) 


u(x,t) = 


2\frt 


I <Kv)e 

J 1R 1 


dy. 


b) The maximum principle can be stated as follows: Suppose that u(x , t ) 
is bounded and continuous on 2R x [0, T], and satisfies the heat equation in 
1R x (0,T] with the initial data f(x). Then it holds that 


inf f(x) < u(x,t) < sup f(x ) for (x,t) € JR x (0,T1. 
xeK 


The Techanov non-uniqueness example is possible for some unbounded so- 
lutions. 

c) The conclusion is clear. 

d) Defined an odd function <f>{x) as follows: 



/(*)> 

-/(-*), 


x > 0, 
x < 0. 


Then by solving the following Cauchy problem: 


ut — u xx (— oo < x < oo, t > 0), 
u(x, 0) = <f>(x), 

we get the solution to the initial-boundary problem 


6304 


Consider the problem 
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ut = u xx (xeM,t>0) 
u(x, 0) = u 0 (x) G L 2 (M). 


Find a bound on \u x (x,t)\ 2 dx in t > 0. 

( Indiana ) 

Solution. 

From the Poisson’s formula for the Cauchy problem of the heat equation, 
we can find that 


u x (x,t) = - [ u 0 {y)(x-y)e 

4-v/Tr J-oo 


dy. 


Then by using the Cauchy inequality, we have 

MM )| 2 < J \uo(y)\ 2 e-^-dy ■ J (x- y) 2 e- i ^ } 1 dy. 

And therefore, it holds that 

J \u x (x,t)\ 2 dx < Yg^-||wo||i 2 (J j) J e-^dy J y 2 e~^dy 


— II 

2t 


IIZ/ 2 (JR)‘ 


We can also get the result by the method of energy integrals. 

Multiplying the heat equation by u and tu t respectively, and integrating 
the resulting equations in M x (0, T), we can obtain 

7}J \u(x,T)\ 2 dx + J J \u x (x,t)\ 2 dxdt = \u 0 (x)\ 2 dx 


and 


[ ! t\u t (x,t)\ 2 dxdt = f f tu xx (x,t)u t (x,t)dxdt. 

JO J — oo Jo J — oo 

Adding the double of the second equality to the first one, we have 

\J \u(x,T)\ 2 dx + J j \u x (x,t)\ 2 dxdt 
+2 J J t\ut(x,t)\ 2 dxdt 

= ^ / \uo(x)\ 2 dx + 2 f f tu xx (x,t)ut(x,t)dxdt. 

L J-OO Jo J-OO 



501 


It can be calculated that 
f T ,oo 


f r 

2 J J tu xx (x,t)u t (x,t)dxdt 

- tu x (x,t)u xt (x,t)dxdt 

- -J \u x (x,t)\ 2 dxtj dt + J J \u x (x,t)\ 2 dxdt 

= -t r K(x,T)i 2 d*+ r r \ Ux (x,t)\ 2 dxdt. 

J- oo JO J-oo 

Here we have applied the assumption 

/ oo 

\u x (x, e)\ 2 dx = 0, 

•00 

otherwise an approach to the function «o(®) by a sequence of functions in 
C%°(m n ) can be used. 

From the above two equalities, we have 

l r \u{x,T)\ 2 dx + T r \u x (x,T)\ 2 dx 
* J-oo J-OO 

f T r°° 

+2 / / t\u t (x,t)\ 2 dxdt 

Jo J-oo 

= Mz)| 2 da;. 

Therefore, we get an estimation 

J |u ;r (x,i)| 2 cla: < — J |«o(aO| 2 d*, Vt > 0. 


6305 

For the indicated domain ft (interior of the parabola) let SIt denote the 
points ( x,t ) with x G and t < T. Let Bi denote the open line-segment 
forming the top of dfij, and let B 2 = 5Qt\Si- Let u(x,t ) G C°(Qt) with 
u xx ,u t G C°(Qt U Bi) be a solution of 


u xx -ut+ a(x,t)u = f(x,t) 
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with a, / 6 C°(Q). Show that if a < 0, / < 0 in CIt, then every non-constant 
solution u assumes its negative minimum (if one exists) on B 2 . What can you 
say if a < 0, / > 0 in fly? 

(Iowa) 



Solution. 

Suppose that u assumes its negative minimum at (*°,t°) G fly U B\. Then 
we have 

u(a: o ,t o )<0, u t (x°,t 0 ) < 0 

and 

•u**(:n 0 ,i 0 ) > 0. 

Hence 

u xx (x°,t°) - ut(x°,t°) + a(x°,t 0 )u(x°,t 0 ) > 0. 

This contradicts f(x°,t°) < 0. (Here a < 0 should be assumed in flj U Bi). 

If a < 0, / > 0 in fly, we can say that every non-constant solution assumes 
its positive maximum (if there exists one) on B 2 . 


6300 

Consider the boundary-^ value problem 

u xx + u t = 0 (0<*<ir and t > 0), 

B.C. u(0,<) = 0, 

u x (ir,i) = 0, 

I.C. u(x, 0) = f(x). 

Use the sequence {/»(*) = sin ( !L ^ l :c)} and an appropriate space of con- 
tinuous functions to decide whether this problem is well-posed. 

(Indiana-Purdue) 
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Solution. 

When n is even integer, f n (x) is the eigenfunction of the corresponding 
two-point boundary value problem. By setting u = f n (x)T n (t), we can find 
the solution u n to the problem with the initial data f(x) = /„( x) 

Let 

ll/ll = 0 ™g, l/(*)l 

for all / € C[0, it], It is clear that 

||/ n ||-»0 asn-*oo. 


But for any fixed t > 0 


— * 00 asn-*°o. 

This implies that the problem is not well-posed in the space of continuous 
functions with the norm defined above. 


6307 


In Probability Theory one encounters the Ornstein-Uhlenbeck process, in 
which the particles of Brownian motion are subjected to an elastic force. One 
is required to solve 


u t = u xx — xu x (x € M, t > 0) 
u(x, 0) = «o(*)- 

Assume u 0 6 S and find u. (You should be able to find u explicitly; if not, 
leave your result in the form of a one-dimensional integral.) 

( Indiana ) 

Solution. 

By u(£,t) we denote the Fourier transform of u with respect to x. It is easy 
to see that ^ 

F{xu x ) = i-~F{u x ) = - 
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Then the transformed equation and initial condition are in the following form 
= (1 -02 *€*,*> 0 , 

S(f,0) = 2b(O- 

Solving the above Cauchy problem for the first order linear partial differ- 
ential equation, we can obtain 

«(£,*) = e <- 5( e:! '- 1 )« 2 So(e t ^). 

It is not difficult to verify that 

F~ 1 (u 0 (e t ^)) = e“*« 0 (e -t a:) 

and 


F-'ie-W*- 1 * 3 ) = ■ 


1 


y/2*(e« - 1) 

Therefore, we get the solution to the problem 


e 2 (<= 4 *-i) . 


“ (M) = 


)dy. 


Remark. From the above solution formula, we can find a convenient trans- 
formation of variables to the problem. In fact, set 

r =i(l-e- 2t ), Z = e-*x. 

Then the problem is transformed into the following 

r = 0 : u = u 0 (0- 

The above solution formula can be obtained easily from the Poisson’s formula 
for the Cauchy problem of the heat equation. 


6308 


Let L be the usual heat operator 


r d /a 2 

L -di-{d4 + '" + 


0*2/ ’ 


let <f> G D(M n ), and let h be a fixed point of M n . Consider the problem 
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( Lu)(x,t ) = u(x — h,t), x £ St n ,t > 0, 
u(x, 0) = 4>{ x )i x £ -K" 
for an unknown function u(x,t). 

a. Derive an explicit representation for a solution u(x,i) of the above 
problem in terms of the initial data. (You should prove that your u is well- 
defined, but you need not prove that it represents a smooth solution.) 

b. Assume that <f> is the Fourier transform of a function which vanishes in 
the ball of radius R > 0 centered at the origin. Show then that the solution u 
satisfies 

( Indiana ) 

Solution. 

a. Let 2(£, <) be the Fourier transform of u with respect to x. Transforming 
the above problem we obtain 

f tt* + (Kl a -e-“*)« = 0, tem n ,t> 0, 

\«(*,0) = &o, *eJR" 

which admids the following solution 


The inverse Fourier transform of u gives us the explicit representation for the 
solution u(x, t) to the problem 

«(*,*) =^J mn fe)e <x - € - (IC|3 - exp( - <h 0)t ^. 

It is clear that •*■€))* £ L l {JR n ) and <£(£) £ S. Therefore, the 

above representation is well defined. 

b. By the Plancherel theorem, we have 

= (2x)-« / |^)|V( c °s(fc-0-l«l’)t^ 

JR" 

= (2x)- n / |^)| 2 e 2 < cos < h -«>-l«> 3 )*^ 

< (2 7 r)-"e 2 ( 1 - iz2 )* J $(£)?** 

This is just the conclusion of the problem. 
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6309 


Let Si C JR" be a bounded domain and assume u(x, t) > 0 is a function 
with u G C 2 (Sl x [0, oo)), which solves the equation 

Uf — A u = —u 4 

(heat conduction with heat loss due to radiation) with the boundary condition 
u |an= 0. Prove that we can find a constant C such that 

E( 1)= / u 2 (x, l)dx < C 

J n 

regardless of the initial value u(x, 0). 

(Iowa) 

Solution. 

Multiplying both sides of the equation by u and integrating on SI, we have 


I utudx — / A u ■ udx = — u 5 dx. 

Jn Jsi Jsi 


By using the Green’s formula and noting the boundary condition, we get from 
above equality 

*(o+/ n |v «p* =-//*. 

where E(t) = f n u 2 dx. 

The Holder inequality gives 


(1) 


E(t) < ( f u 5 dx J ( [ dx j 

\Jn J \Ja J 


/ u 5 dx > |n|"t^(<). 

Jn 

Using above estimation, we get from (1) 


\jE(t) < E* (t). 
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The above inequality can be written as 

Integrating the above inequality from 0 to t, we have 

£-§(t) > £-t(0) + 3|fi|-ft. 

It follows that 2 

This completes the proof. 


6310 

Let 

u 6 C^BfO, r) x (0, T ]) n C(B( 0, r) x [0, T]) 

satisfy 

( u t + u 3 + sin(u) = A x u, B{ 0, r) x (0, T], 
u = h, dB(0,r) x [0,T], 

u = g , B(0,r) x {0} 

with g, h continuous and g,h < 1. Prove that maxu < 1 on B(0, r) x [0,T]. 

{Indiana) 

Solution. 

If the conclusion of the problem is false, then there exists (x°, t°) G 5(0, r) x 
(0, T ] such that u takes the maximum at (x°,t°) and 

u(x°,t°) > 1. 

It is clear that 

u t (x°,i°) > 0 and A x (®°,t°) < 0. 

Therefore, we must have 

(u t - A x n)(a; 0 ,t 0 ) > 0. (1) 

But from the equation we get 

( u t - A x u){x°,t°) = —(it 3 + sin(u))(a; 0 ,t 0 ) 

f — 1 — sin 1 < 0, if u(x°,t°) = 1, 

_ \ -u 3 (a; o ,t o )-sinw(a: o ,< o )<0, if u(x°,t°) > 1. 


This contradicts (1). 
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6311 


Let u £ C 2 (12 x (0, T )) fl C°(Q x [0, T]) be a solution to the problem 

u t = A u - u 3 igll.OO, 

u = 0 a; G <912,2 >0, 

«(*, 0) = f(x) i€fl, 

where 12 is a smooth bounded domain in St n . 

(a) Prove that 


IMU a (fl)(*) ^ ||/| jx, 2 («) for all t £ (0, T]. 


(b) Prove that 

IMU“(n)00 < ||/IU~(n) for all t £ (0,T]. 

(c) Prove that the solution to this boundary value problem is unique. 

(d) Show that for / € L 4 (l 2) fl H 1 (12), the following bound also holds: 

IMl£ 4 (fi)W + ^ ll/lli 4 (n) + ll/lllr^n)- 

( Indiana ) 

Solution. 

(a) Multiplying the equation by u, and integrating the resulting equation 
on 12, we get 


I UfUdx = / A u • udx — / vrdx. 

Jn Jn J n 


By applying Green’s formula, we obtain from above integral equality 

d^l 
dtl 


-- f u 2 dx = — f |Vu| 2 da; — f vJdx < 0. 
1 2 Jn Jn Jn 


Then we get the conclusion immediately. 

(b) First we show that u can not take the positive maximum in 12 x (0,T]. 
In fact, if u take the positive maximum at (x°,t°) £ 12 x (0,T], then we must 
have 

u t (x°,t°) > 0 and A u(x°,t°) < 0. 

Hence 

(u t — Au)(x°,t°) > 0. 
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This contradicts the inequality 

-u 3 (x°,t°) < 0. 

In a similar way, we can show that u can not take the negative minimum 
in 0 x (0,T]. 

Therefore, we have 


IMU-(n)(<) < ll/IU-(n), Vte( o,n 


(c) Let ui and u 2 be both solutions to the boundary value problem, and 
w = u 2 - u 2 . The w solves the following problem: 

! w t = A w — + u 2 u 2 + ul)w, x € O, t > 0, 

w = 0, x G 90, t > 0, 

w(x } 0) = 0, x E Si. 

By a similar deduction as done in (a), we can get 


HU*(o)(0 < 0 , vte(o,T] 


for above problem. 

This implies that U\ — u 2 , and the uniqueness of the solution is proved, 
(d) Multiplying the equation by Ut and u 3 respectively, and integrating the 
resulting equations, we get 


and 


/ u 3 dx = / Au • u t dx — I u 3 u t dx 

Jn Jn Jsi 

I u t u 3 = / Au • u 3 dx — / u 6 dx. 

Jn Jn Jn 


By applying Green’s formula to the first terms in the right side of the both 
equalities above, we can obtain 


S (U u,dx ) + S G I„ |V “ |,,,a; ) = - i "* ! dx 5 ° 

and 

5 (U u>d v = - L 3 ^ u ' 2d * -J/** so. 

Adding the both inequalities above, we have 


£ 

dt 


(/. 


u*dx + 



< 0. 
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This differential inequality, combining with (a) if necessary, implies the con- 
clusion of (d). 

0312 

For each p £ 2R", let A(p) be a real positive definite n x n matrix with 
entries aij(p). Assume A £ C 1 (iR n ). Let ft C JR" be a bounded open set. 
Prove (from first principles) the following comparison principle: 

Let u and v be C 2 solutions to the inequalities 

u< < <*y(V u)u XiXj for ( x,t ) £ ft x (0, oo) 

and 

vt > o,ij(yv)v x . x . for (x,t) 6fix (0, oo), 

respectively. Suppose, furthermore, that u and v are continuous on Q x [0, oo) 
and satisfy the condition u < v on the parabolic boundary 

(ft x {0}) U (5ft x [0, oo)). 

Then u < v on ft X [0, oo). 

( Indiana ) 

Solution. 

Set w = u — v and 

bk(x,t) = J" f 1 pi-(Vv + 0(Vu - Vv))d6v XiX .. 
jj Jo °U Xk 

Then from the given differential inequalities, we can obtain a differential in- 
equality for w as follow: 

a i:j (yu)w XiX . +'^2b k (x,t)w Xk -w t >0. 

>,j = i *=i 

By applying the maximum principle to the above differential inequality, we 
find 

w < 0 on ft x [0, oo). 


This is the result we need. 
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0313 

For SI C M n bounded and open, let u G C 2 (Sl x [0, oo)). Assume atj(x,t, 
z,p) and bi(x,t,z) are continuous functions of their arguments and assume 
that 

E a ij( x ,t, z ,P)Zitj > H x ,t,z,p ) |£| 2 > 0 for every £ G M n - {0}, 

*,. 7=1 

where A is a positive function. Suppose u satisfies the inequality 

n n 

Ut - E a ij( x ,t,u,'Vu)u XiXj - ^>2bi(x,t,u)u x . >0 for * G > 0. 
«',i=i *'=i 

Prove that for any T > 0 


min u(x,t) = minu(x,t) 
nx[o,T] Q K ; 


where Q = (SI x {0}) U (5Q x [0,T]). 

( Indiana ) 

Solution. 

First we prove that if w G C 2 (0 x [0,oo)) satisfies 

n n 

- E u, Vu)w XjXj — ' i ^b i (t,x^u)w x . > 0, at (a:,t) € 0 x (0,T], 

«,j=i »=i 

( 1 ) 

then (x,<) can not be the minimum point of to in ft x (0, T]. In fact, at the 
minimum point (a it must hold that 


w t < 0, w x . = 0 

and 

n 

E “tfOM."* Vu)iw XjXj > 0, 

which contradicts (1). 

Now suppose that u takes the minimum at (x°, t°) £ SI x (0, T] and 

u(x°,t°) < minu. 

V ’ Q 
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Take a > 0 large enough so that 

aan(x,t, u, Vtt) + bx(x,t, u, Vtt) > 0, for ( x,t ) x [0, T]. 

Then 

w = u — ee"* 1 

takes its minimum at some point in 0 x (0, T], if e > 0 is sufficiently small. 
However, for the function w we have 

n n 

w t - ^ aij(x,t,u,Vu)w x . Xj - y^bj(x,t,u)w Xi 

i,i = 1 *= 1 

> ea(au(x,t,u, Vu)a + bi(x,t, u))e aXl 

> 0, for all (x,t) G 0 x (0,T]. 

This is in contradiction with w having minimum point in Q x (0, T], 



SECTION 4 

HYPERBOLIC EQUATIONS 
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0401 


Assume that g is smooth and in L 1 (2R"), n arbitrary. Let u(£,<) be the 
Fourier transform (with respect to x) of the solution to the n-dimensional wave 
equation: 


u t t — c 2 A u = 0, 
u(x, 0) = 0, 

= g(x). 


Show that the L p norm of «(•,<) at time t for p > n is bounded by a constant 
times 

(Indiana) 

Solution. 

Transforming the equation and the initial conditions, we have 

[ Utt +c 2 |£| 2 u = 0, 

< w(£,0) = 0, 

{ Mt,0) = g(a 

and 

u((,t) = ~g({)sin(cl{lt). 

Then 

g G L 1 (1R") implies that <?(£) is bounded in St n . Therefore, it holds with a 
positive constant M that 




Set r) = c£t in the integrand. Then we get 


llLiq.R’*) 


: M(ctf~ n [ 


sin 77 | p 


w 


dr}. 
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p> n ensures the convergence of the integral. The above estimation gives the 
conclusion of the problem. 


6402 

Consider the Cauchy problem for the wave equation 

u t t — Au—Q, u = u(x,t), x£M n ,t> 0 
u(s,0) = u 0 (®), 
ut(x,0) = ui(x). 


Assume uo,«i G S. 

(a) Use the Fourier-transform to show that the total energy at time t 

E(t) = | f u?(x,t) + |V*u(M)| 2 dx 

" J ]R n 

is constant in time. 

(b) Let Eo denote the constant energy in (a), i.e., E(t) = Eo- Show that 

lim / v%(x,t)dx = lim / |V*u(x,t)| 2 d® = Eo- 

(_,0 ° JjR n t->°0 Jjfn 

(Iowa) 

Solution. 

(a) Taking the Fourier-transforms of the wave equation and of the initial 
conditions with respect to the variable x = (xx, •••,£„), we have 


u« + l£l 2 «(£,<) = o, 

2&0) = uo(O, 


where £ = Solving the above initial problem of the ordinary 

differential equation, we get 

«(&*) = «o(0«»(KI*) + ^p8in(Kl*) 

and 

= -«o(OKI 8in (KIO + «i(O cos (l^l < )- (!) 
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Therefore 

/ (\Mt,t )\ 2 + \t\ 2 m,t)\ 2 )di;= / (MOI 2 + I£I 2 I«o(OI 2 K- 

J R" JR" 

Then we can complete the proof of (a) by the Plancherel theorem. 

(b) From (1), we have 

M£,*)| 2 = l«i(0| 2 cos 2 (|£|i) 

— 2Re(«o«i) sin(|£|2) cos(|£|<) 

= ^o(0| 2 K| 2 (l - cos(2|^|t)) + ||Si(OI 2 (l + cos(2|£|<)) 

-Re(wo«i) sin(2|£|t) 

= |(l^i(0| 2 + KfMOl 2 ) - ||So(0| 2 eos(2|^|<) 

+^I S i(OI 2cos ( 2 I£I<) - Re(uo«i)sin(2|£|f). 

Integrating the above equation on JR n and noting that 

lim / |u 0 (0| 2 |^| 2 cos(2|£|f)d£ = lim / |£i(0| 2 cos(2|£|<)d£ 

t-'^jR’ ^oojR" 

= lim / Re(u 0 ui)sin(2|£|f)d£ 
*- >00 Jr* 

= 0 , 


we obtain 

lim / m,t)\ 2 <% = l[ (\Mt)\ 2 + \t\ 2 \MO\ 2 )d£. 

t->0 ° JR" & JR" 

Then the Plancherel theorem gives us 


lim / u?(x, t)dx = E 0 . 

t - 0 ° JR" 


Combining this with (a), we finish the proof of (b). 


0403 

Consider the initial problem for the wave equation in three space variables: 

u XlX2 + u X2X2 + M IJIa - u tt = 0; x £ JR 3 , t > 0, 
u(x, 0) = <j>(x); x € JR 3 , 
u t (x, 0) = ^(a;); x £ JR 3 . 
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(a) Write down the formula for the solution of the problem. 

(b) If <j> and i/ 1 vanish outside a ball of radius 3 centered at the origin, find 
the set of points in St 3 where you are sure that u vanishes when t — 10. 

(c) If </> vanishes everywhere in JR 3 , and 


i>(x) = 


0, for |k| < 1, 
k, for 1 < |*| < 2, 
0, for 2 < |*|, 


where A: is a constant, find u(0, t) for all t > 0. (Your answer should be explicit, 
no integrals). 

( Indiana - Purdue ) 


Solution. 


(a) 



(b) By applying the domain of dependence for the solutions to the wave 
equation, we can verify that u vanishes when t = 10 for |*| < 7 or |*| > 13. 

In fact, when |®| < 7, it holds that 


M > 3 for all y € {y:\y- x\ = 10}. 


Therefore 


/ </>(y)ds = [ ip(y) = 0. 

^| y -ar|=10 J|»-*| = 10 


Similarly, we can show that the above equality holds when \x\ > 13. 
(c) It is easy to verify that 


u(0,t) = 


0, 0 < t < 1, 

kt, 1 < t < 2, 

0, 2 < t. 


6404 


Let 0 be the upper-half space in M n 


0 = {(*i, x 2 ,x 3 ) e M 3 ; x 3 > 0}. 
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Consider the initial-boundary value problem 

d 2 u d 2 u d 2 u d 2 u „ A 

dx 2 + dx 2 + dx 2 ~ W~ 0; a:Gn ’ <>0, 

u(x,0) = <j>(x), u t (x, 0) = i£fi, 

u(x,t) = 0, 

(a) Write down a formula for the value u(x,t) of the solution at (x, t), 
i£fl, when 

t < x 3 . 

(b) Find a formula for the value u(x,tf) of the solution at (x,t), x 6 O for 
all t > 0. 

( Indiana-Purdue ) 

Solution. 

(a) When x £ Q and 0 < t < x 3 , the domain of dependence for the value 
u(x, t) at (x,t) is in Q. The value u(x,t) is given by the formula for the Cauchy 
problem of the equation: 

(b) Define $(x) and ^(x) as both odd functions with respect to x 3 in 2R 3 
as follows: 


*(«) = ( ^7’ 3:21X3)5 , 

l -<P{ X 1’X 2 ,-X 3), 
*(.)={ , 
respectively. Then the value u(x,<) is given by 


x 3 > 0, 
x 3 < 0, 
x 3 > 0, 
x 3 < 0, 


u(a; ’ <)= h{ y _ A J^ dS+ i \h{ y _ x[ J^ ds ) ■ 

If both <f> and V> satisfy certain compatibility conditions, it is easy to see 
that u(x, t) given by the above formula satisfies the wave equation and the 
initial conditions. When x 3 = 0, 


/ *(y)dS = [ 

J\y-x\=t Jyt= 

-l 




A{y^V2,yz)dS 


y>=-y/t 3 -(yi-Xi) 2 -(y 3 -x a ) 2 


.il>(yi,y2,-y3)dS = 0 . 
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In a similar way, we have 

/ $(y)ds = 0, when x 3 = 0. 

J\l/-x\=t 

Therefore, u(x,t ) satisfies the boundary condition on x 3 — 0. 

6405 

Let u(x,t) be a solution of class C 2 to the Cauchy problem 

u tt = A u ( x G M n ,t > 0), 

u(x, 0) = i f>(x), u t (x, 0) = i>(x)-, <t>,i> £ C °° , 

with compact support. Define the local energy by 

[ («? + |Vu| 2 )dx. 

1 J\x\<R 

(i) Use the energy indentity to show that 

£lje_x(u(0)) < Eji(u(t)) < Er+t(u( 0)). 

Conclude that the total energy f£oc(u(t)) is conserved. 

(ii) When n = 3, evaluate lim ER(u(t)). 

t—*OQ 

(iii) Do (ii) above when n = 1. 

(iv) Let n = 2, <j> = 0 and suppose that ij> = 0 for |a:| > jfc, where x = 
(xi,x 2 ). Show that u satisfies 

KM)| <c(t + r+ 2 k)~ 1/2 (t - r + 2k)- 1 / 2 f \i>{x)\dx 

J\x\<k 

for some constant c, on the set r < t — 4 k. (Here r = |z|). 

( Indiana ) 

Solution. 

(i) For t G [0, T], we have 

Er-thM*)) = « / / K 2 + |Vu| 2 )dSdp. 
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By the above expression, we can calculate that 


l -E R - T +t(u(t)) ~ \ f ( u t + |Vu| 2 )dS 

t £ J\x\=R-T+t 

+ I (u t u tt + Vu ■ Vu t )dx 

J\x\<R-T+t 


{u 2 t + |Vw| 2 )dS 


+ / (u t Au + Vm • T7u t )dx 

J{x\<R—T+t 

= U, l = J ,-r«(“ ?+|V “ |2 + 2 “‘^)' iS 

= - / YXut cos(w, ic<) + u x .) 2 dS > 0. 

2 J\x\=R-T+t <=1 


Hence 

Er- t(«(0)) < ^*-T+«(tt(0) < £*(«(«))■ 

Similarly, we can show that for t G [0,T] 

—ER +T -t(u(t)) < 0. 

Hence 

#fi+T-t(u(f)) < Eb+t(«( 0)), Vt £ [0,T]. 

Then the estimation 

£*(»(*)) < S R+T («(0)) 

is obtained from the clear inequality 

E R (u(t)) < E R +T-t («(*)), Vt € [0, T\. 

It is clear that the total energy -Eoo («■(*)) equals to £ oo (u(0)). 

(ii) From the formula of the solution to the problem 

= Ft (iS U ^ ),,S ) + ® md$ ' 

it is easy to verify 

E R (u(t)) = 0 if t> R + a, 
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where a is the radius of a ball in which supp</> U supp ij> is contained. Hence 


lim E R (u(t)) = 0. 

t—* OO 

(iii) By the formula 

1 1 f x+t 

u{x,t) = -{<f>(x-t) + 4>{x+t))+ -J ^ il>{y)dy, 

it is easy to evalute 

lim E R (u(t)) — 0. 


(iv) When n = 2, the solution is given by 


u(x 


• 0= sL* 


i>{y) 


J\y-X\<t y/t 2 - \y - x\ 2 
If |®| < t - 4 k, it is easy to see that 

{: v ■ \y\ <k} c {y:\y- x\< t}. 
Hence the formula of the solution can be rewritten as 

jHv) 


dy. 


2ir J |„| 


J\y\<k yjt 2 -| V- A 2 

When |x| < t - 4 k and |j/| < k , we have 

\y - x\ < j® | + 2k, 
and hence ^ ^ 


dy. 


sjt 2 - I y- x [ 2 y/(t + |®| + 2 k)(t - |®| - 2k) 
It is easy to verify that 




Therefore, we obtain 


K®,*H < + M + 2k) *(t — |®| + 2k) * ( \i>{y)\dy 

J |»|<fc 


l»l<fc 
Vt — |x| > 4 k. 
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6406 

Let Q C -K" be a bounded domain and assume u(x,t) is a function with 
u £ C 2 (il x [0, oo)), which solves the equation 

u t t — A u = u 

with the boundary condition w|an = 0- With 

E(t)=\J^(x,t) + \V xU (*,t)\ 2 dx 

prove that there is a C < oo such that 

E(t) < exp(Ct)E(Q) 


for all t > 0. 

(Iowa) 

Solution. 

Multiplying the equation by u t and integrating the resulting equation with 
respect to x in Q, we have 

5* w = i, 


Here we have applied the Green’s formula: 


I u t A udx = / V x u t 

J n Jsi 


V x udx. 


By the Poincare inequality, we can conclude that 


I L 


uu t dx 


< \ Jju 2 (x,t) + u 2 t (x,t))dx 

< CE(t). 


Thus we obtain a differential inequality for E(t) 
j t E(t) < CE(t). 

Then E(t) < exp(Ct)E(0) is an immediate consequence of the above differen- 
tial inequality. 
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0407 


(a) Find the explicit form of the solution of the initial value problem 

V 2 u = u tt , x e m?,t > 0, 

u(a:,0 ) = —, xelR 3 , 
r 

f f ( r \ 

Ut ( x ,o) = - J -AJ., xem 3 , 

where r 2 = xf + x^+xl, and f(rf) is a C 3 function on the real line with compact 
support such that 


m= o, < o, 
jf {(/')» + 

where f'(ri) is the derivative of / with respect to tj. 

(b) What is its energy at time t = 10. 

( Indiana-Purdue ) 

Solution. 

Find the spherically symmetric solution to the problem. In the symmetric 
case, the equation can be written as 

d 2 u 2 du 

Set w = ru. Then w solves the following problem: 

{ w rr = w t t , r > 0,t > 0, 
w = 0, r = 0, 
w = f(r), w t = -/'(r), t = 0. 


Solving this problem, and then we can get 


u(x,t) = 


{ 


0 , 


r > t, 

0 < r < t. 


(b) The energy of the problem is given by 



(u 2 + |Vu| 2 )da;. 


It is easy to verify that 


E(t) = S(0), Vf > 0. 
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And therefore 

£( 10 ) 


2tt f (f'(r) 2 + r~ 2 (f — rf') 2 )dr 
Jo 
2 x. 


6408 


Consider the wave equation in IR 3 : 

u t t — A u = 0 for a: 6 JR 3 , t > 0, 
u(*,0) = 0, 
u t (a;,0) = g(x), 


where g £ C^(IR 3 ). Prove that there exists a constant C depending only on 
the given data such that 

rj 

sup |u(a:,t)| < — , t > 0. 

*6 * 


Solution. 

Let R and M be positive constants such that 


(Indiana) 


suppg C B R = {x e IR 3 , |*| < £} 


and 

\g(x)\<M, V* £ 2R 3 . 
From the Poisson’s formula, we have 

«0M) = ~ I g(y)ds y . 

4 J\y-x\=t 

It is easy to verify that 


The area of the intersection {y £ IR 3 , \y — x\ = t} fl Br 
< The area of OBr. 
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Therefore, we obtain 

|u(z,t)| < ■ M -4iri2 2 = —f—, t > 0. 


6409 

Let u E C 2 (M n+1 (x, t)) be a solution of the equation u tt —Au = 0. Suppose 
also that u = u t = 0 on the ball B = {(z, 0) : |z| < to} in the plane t = 0. 
Prove that u vanishes in the conical region 

D = {(z,t) : 0 < f < to and |z| < t 0 - 1}. 


{Indiana) 

Solution. 

Let 

n r = {(z,t) e ]R n+1 , \x\ < to - t,t = r} 

for 0 < r < t 0 . Multiplying the wave equation by u t , and integrating the 
resulting equation with respect to x in Sl T , we can obtain 


I # ^ r n 

- / -r-(u 2 + |Vu| 2 )(z,r)dz - / u t Y, u Xi cos (n, Xj)dS - 0. 

I Jsi r dr J d n r " 


Set 


E{r) = \j n ( u t+ |Vu| 2 )(*,r)dz. 
It is not difficult to verify that 

dE{r) 1 [ d 
2 J(i r dr 


dr 


(u 2 + |Vu| 2 )(z, r)dx 
-If («?+ |Vu| 2 )(z,r)d5. 

1 Jdtlr 

Therefore, we have 

= -\ f («? + I Vu| 2 - 2u t Y] u Xi cos (n, Xi))dS 

1 Jd Sl T , = 1 

= cos (n, Zj) — u Xi ) 2 dS <0, V0 < r < t 0 . 

2 dan r 


dEjr) 

dr 
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It is clear that J3(0) = 0. Hence 

E(t) = 0, VO < t < t 0 . 

This implies that 

u = 0 in D. 


6410 


Let u(x,t) be a solution of the Cauchy problem 

Utt = Au (x € IR?,t > 0), 
u(x, 0) = /(x), «t(x, 0) = ff(x). 


Assume that /, g € Co°(2R 3 )- 
Prove that if 


then 


Solution. 

Let iZ > 0 such that 


lim / u 2 dx = 0, 
I gdx = 0. 


( Indiana ) 


supp/, suppg C Br = {x 6 2R 3 , (x| < iZ}. 

It is not difficult to verify that 

suppu(-,t) C {x € 2R 3 ,< — R < \x\<t + R) 

for any t > R. 

By using Green’s formula, we get the following equality from the equation 


/ u tt dx = / 


Audx = 0. 


— f utdx = 0, 
dt J jf» 

I u t dx = / ydx 


Therefore, we have 
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and 


I udx = / fdx + t I gdx 
Jr* Jr* Jr* 


by the initial conditions. 

In the other side, by Cauchy inequality it follows that 

[ udx < ( f u 2 dx\ ( f dx 

JR* \Jr* J \Jt-R<\x\<t+R 

= (3< 2 +j? 2 )5|| U || iS(ffiS)J 

for any t > R. This contradicts (1) provided that 

I gdx ^ 0. 

Jr* 


r 


(i) 


( 2 ) 


6411 

Consider the solution of the wave equation 

u t t — Att {x G lR?,t > 0) 

with data u(x , 0) = 0, u t(x, 0) = i/>(x) G Cq° • 

a) Use Fourier transform to show that there is a positive constant c such 
that 

lim / u 2 dx = c. 
t-°o y R5 

b) Show that there is a positive constant C\ such that 

t • max |it| > Ci 

for all sufficiently large t. 

( Indiana ) 

Solution. 

a) Let u denote the Fourier transform of u with respect to the variable 
x = (®i, ■ • • , x„). By taking the Fourier transforms of the wave equation and 
the initial conditions, we can get 
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Therefore 



II 

'to 

u 

lg> 

sn 

A 


JlR* 


= 

= 


- 2(2 Wj< rJWK)|!<ra<2(CT)e 

N oting 

K|- 2 |fe)| 2 e i x (iR 3 ), 

we have 

lim [ |^r 2 |f(OI 2 cos(2|^|t)^ = 0. 


*- >0 ° JjR 3 

Then we get 

lim / u 2 (a:,<) = c, 



where 


if V £ 0. 


b) Let Q(t) be the support of u(x, t) with respect to the variable x = 
(®i, xi, X3) for t > 0. If the conclusion is false, then there exists a sequence 

{t n } such that 

t n — ► 00, as n — » 00 

and 

t„ • max |u(a:,f„)| < }0(i„) |~ 2 . 

This gives 

HM»)I < 

Then we have 

f u 2 (x,t n )dx < f |f2(t n )| -1 <“ 2 d:c 


JlR> Jfi(t „) 


= t~ 2 — > 0, asn-too. 

This contradicts 

(a). The proof of (b) is completed. 
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6412 


Consider the Cauchy problem for the wave equation 

u tt - Au = 0 (xe IR n ,t > 0), 
u(x, 0) = <j>( a:), u t (x, 0) = il>(x). 

a) Let n = 3; <f>, G C^°(iZ? 3 ). Let 0 < 1. Determine the large time 
behavior of the integral 

u 4 (x,t)da:. 


L 


|<et 


b) Let n = 2, <f> — 0, i/> G Co°(iR 2 ). Show that for any 0 < 1, we have 

sup |w(®, t)| = 0(t _1 ) as t — > oo. 

M<« 


Solution. 

a) Assume that R > 0 is so large that 

supp^ U suppV> C{i6 JR 3 , |x| < R}. 


( Indiana ) 


From the Huygens’s principle for the 3-dimensional wave eauation, we conclude 
that if t > R and 

|x| < t - R, 


then 


u(x,<) = 0. 

Therefore, when t > it holds that 

u(x,t) = 0, V|x| < 6t, 


which implies that 


f R 

I u*(x,t)dx = 0, when t > 

J\x\<0t 1 _ 0 

b) From the Poisson’s formula, the solution to the 2-dimensional problem 
is given by 

u(xi, x 2 , *) = — / , = E dy - 

J\y- X \<t y/t 2 - | y- x\ 2 
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Let R > 0 be so large that 

suppV> C {x £ IR 2 , |x| < .R}. 

When t > ^ is clear that if |x| < Ot and |j/| < R then 

\y-x\<9t + R 


and 

y/t 2 - | y- x| 2 > y/t 2 -(0t + Ry. 


Therefore, we have 

|u(x 1 ,x 2 ,<)| < 

< 

where C is a constant. The 


J_ f \r/>(yi,y2)\ J „ 
J\y\<R V* 2 ~ ( 0t + R ) 2 

C _ _ ^ R 

yjt 2 - (Ot + R) 2 ' 1-9' 

proof is completed. 


|x| < 0f, 


6413 

The linear transport equation is following PDE for a scalar function / of 
seven variables x, v, t ( x £ lR 3 ,v € St 3 , t € 1R+): 

ft + v-V x f = 0. 

Consider the initial-value problem for this; i.e., let 

/(x, v, 0) =/ (x, v); f given, /£ C 1 . 

0 

a) Show that, if /> 0 for all x, v, then the same is true for / at all later 
times. 

b) Define the local density p by 

p(x,t) = I f(x,v,t)dv. 

Jr * 

0 

Suppose that 0 </ (x,u) < h(x), where h £ T 1 (1R 3 ). Show that 
sup p = 0(t~ 3 ) ast-»oo. 

X 


( Indiana ) 
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Solution. 

a) The characteristic curves of the equation are defined by 
dx 


and along which it holds that 


dt 


? = 0. 

dt 


( 1 ) 


Therefore, the forward characteristic curve departing from t — 0, x = a is 

x = a + tv. (2) 

From (1) and (2), we get the solution to the initial- value problem 


f(x, v,t) =f ( x — tv, v). 


It is clear that / > 0 if /> 0. 
b) From (3), we have 

P = 


I f(x,v,t)dv 

Jr* 

f f (x — tv, v)dv 
JjR* 

I h(x — tv)dv 

Jr 3 


This completes the proof. 


( 3 ) 


6414 

Solve the Cauchy problem 

xu x + yuUy = — xy (x > 0) 
u = 5 on xy = 1, 


if a solution exists. 

( Indiana ) 

Solution. 

The system of the characteristic equations for the problem is given by 
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dx 

-j- = x , 

ds 


dy 

ds 


du 

= yu, — = -xy 
ds 


with the initial conditions 


s = 0 : x = a, y = — , u = 5. 

a 

From the above Cauchy problem, we have immediately 
x = ae s 


and 


This implies that 


du ,du d , , . 

u~— = —ae — = — —(aey + u). 
ds ds ds 


- u 2 + u + xy = C, 


where C is a constant. The initial data gives C = Then we obtain imme- 
diately 

u = -1 + ^/38 - 2 xy. 


0415 


Compute an explicit solution u(x,t) to the initial- value problem 

+ (ux) 2 = 0 , 
u(a;,0) = x 2 . 


( Indiana ) 

Solution. 

Set v = u x . Differentiating the equation and the initial condition with 
respect to x, we get 


v t + 2vv x = 0, 
w(x,0) = 2x. 

The characteristic curve of the quasilinear equation (1) is given by 



( 1 ) 
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along which it holds that 


dv 

di=°- 


From the above characteristic equations, we can obtain immediately 

2x 


Hence 


4i + 1 
x 2 

~ 4< + r 

0416 


Solve the following initial value problem. 


u t + uu x = 0, x € 

a 

V 

O 

f 1, 

* < 0, 

jT 

0 

II 

1 

H 

0 < x < 1, 

l o, 

x > 1. 


Show that the continuous solution exists only for a finite time, and find the 
discontinuous entropy solution, giving explicitly the discontinuity curve and 
the Rankine-Hugoniot jump condition along it. 

( Indiana-Purdue ) 

Solution. 

The characteristic curve departing from t = 0, x = 0 is given by 


dx „ 

— = u, t = 0 : x = (3, 
at 

along which u is a constant, i.e., 

~ — 0, t = 0 :u = u°(/3), 
at 

where u°(x) = u(x,0). From (1) and (2), we have 

x = u°((3)t + (3, u = u°(/3), 


( 1 ) 

( 2 ) 


and 


t + (3, (3 < 0, 

(1 -/?)< + /?, 0 < /? < 1 , 
P, P > 1 , 

1 , P< 0 , 

1-0, 0<P<1, 

0, p > 1. 
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For 0 < t < 1, 0 < /3 < 1, we have 


and hence 


P = 


x — t 
1 -t 


u= 1 - 


X — t _ 1 — X 

1 -t - 1 -t 

Therefore we get the continuous solution to the problem 


for 0 < t < 1 (see Fig.6.2). 


1 , 

1 — X 

1 -t ’ 

0 , 


X < t, 

t<x< 1 , 

X > 1 , 



When t = 
For t > 1 , 
is given by 


1, the continuous solution to the problem blows up. 

the Rankine-Hugoniot condition along the discontinuous curve 


, dx (u\ u 2 _\ 


dx 1 

- = -(n++U-). 

Noting it + = 0, u_ = 1, we have 


dx _ 1 
dt = 2 ‘ 


Therefore, the discontinuous curve is 

*=^(* + l )> <>1 



534 


and the entropy solution to the problem is given by 

„ = J !. 

\ 0, x > |(t + 1). 


a) Let u{x , t) be a smooth solution of 

—■ + a(x, u)^- — bu = 0 for 0 < t < T, 
at ox 

where b is a constant and a is smooth. Show that if 
a < u(x, 0) < (3 for all x, 


ae bt < u(x, t) < (3e bi 


for all x and all t 6 (0, T). 

b) Let u(x,t) be smooth solution of 

+ a(«)^ = 0 for 0 < f < T, 

at ox 

u(x, 0) = no(*)) 

where Uo and a are smooth. Show that, if x(t, y) is the characteristic through 
(■ y , 0), then 

, u \ u x (y, 0) 

u x (x(t,y),t) = d \7TT- 

(E a (“o(*))U=*) * + 1 

i) Use this to compute the largest T for which a smooth solution can exist 
up to time T. 

ii) Show that, if 0 < fi < <2 < T, then 

J \u x (x,t 2 )\dx — J \u x (x,ti)\dx. 


{Indiana) 


Solution. 

a) Let u = e bt v. Then v satisfies the following equation 

dv M 

Tt +a(x,e .)jj=0. 
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The solution v maintains a constant along a characteristic of the above equa- 
tion, defined by the equation 

!=“<*’**’)* 

Therefore, it holds that 

infi;(a;, 0) < v(x,t) < supw(a;, 0). 

x X 


This gives the estimation in the problem immediately. 

b) u(x,t) is a constant along the characteristic x = x(t,y). Hence 

u(x(t,y),t) = uo(y) Vf € (0,T). 

Differertiating above equality with respect to y , we have 

u x (x(t,y),t)-^x(t,y) - u' 0 (y) Vt e (0 ,T). 

The characteristic x(t,y) through (y, 0) is given by the following Cauchy 
problem: 

/ §i x (^y) = «( u o(j/)), 

1 *(0,J/) = y. 

Differentiating this problem with respect to y, we get 
\ £*(0,y) = l. 

Then it follows from above problem that 

’(t,y) = a'( u o(i/))«o(y)< + 1 - 

Therefore, we have 


u x (x{t,y),t) 


u o (y) 

a'(u 0 (y))u' 0 (y)t + 1 


This is just that we want to show. 

i) Let m = inf a'(u 0 (y))u' 0 (y). From the above expression, we can get the 
following conclusions easily. 

If m > 0, the Cauchy problem admits a global smooth solution in (0, oo); 
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If — oo < m < 0, the largest T for which the problem admits a smooth 
solution in (0, T) is given by 


mT + 1 = 0. 


ii) For any fixed t £ (0, T), by the change of variables x = x(t, y) in the 
integral, we have 

J \u x (x,t)\dx = J \u x (x(t,y),t)\^-x(t,y)dy. 

Taking the expressions of u x (x(t,y),t) and -§jjx(t,y) into account, we obtain 

J \u x (x,t)\dx = J K(y)|dy. 

This completes the proof of the problem. 
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(Uniqueness of weak solutions) Consider the Cauchy problem 


{ 


v-t + u x = 0, on M x [0, T], 
u(x,Q) = uq(x), on ttt x {0}. 


( 2 ) 


A function u £ L P (M x [0,T]) is defined to be a weak solution of (2) iff 

f T f + °° 

/ / «) - <t>x{y , s))dyds 

JO J — oo 

+ [ u 0 (y)<f>(y, 0 )dy - 0 (2’) 

J -OO 


for all test functions </>(x,t) £ C°°(M x [0, T]) which are compactly supported 
and vanish on {t = T}. 

If u 0 (x) = 0, prove that the only U* solution of (2’) is u = 0. 

( Indiana ) 

Solution. 

Consider the following Cauchy problem: 

f <f>t + <l>x = f(t, *), on IK x [0,T], 

| </)(x, T) — 0, on IR x {T}, 
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where / E C°° (JR x [0, T]) with a compact support. 

It is not difficult to show that the above Cauchy problem admits a solution 
<j> E C°°(IR x [0, T]) which is compactly supported. Therefore, we have 



u(y , »)/(!/, s)dyds = 0 


(*) 


for all function f E C°°(JR x [0,T]) with a compact support, provided uq(x) = 
0. As the space C^°(St x [0, T]), consisting of all C°° -functions with compact 
support in JR x [0,T], is dense in L q (IR x [0, T]), where q — p/(p — 1), the 
equality (*) is valid for all functions / E L 9 (1R x [0, T]). Hence we have u = 0. 
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Consider the Cauchy problem for a function u = u(x,t), where x E JR and 
t > 0. 

( u t + a(x,t)u x = b(x,t), 

\ u(x , 0) = tt 0 (a;) E C(JR). 

a) Show that if b = 0, then TV(u(-,t)) < TV(u 0 (-)) for each t > 0 (where 
TV = “total variation”). 

b) Show that when b ^ 0, one still has the bound 

TV(u(-,t)) < TV(u 0 ) + f TV(b(;s))ds. 

Jo 


(Indiana) 

Solution. 

The characterstic curves of the equation are given by the equation 
dx 

— = a(x,t), 

along which the solutions to the equation satisfy 

£ = *om). 


a) Suppose that b — 0. Then u is a constant along a characteristic curve. 
We divide the line t = r into subintervals by the points 

® x , ■ • • , x„, ■ ■ Suppose that the backward characteristic curve through (x,,t) 
meets the line t — 0 at (&,0) (i = • • • , — n, • • • , —1,0, 1, • • • , n, • • •). Then we 
have 


u(xi,r) =u 0 (&)) 
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and 

+ oo +00 

\u{x i+1 ,T)-u(Xi,T)\= l U o(6 + l) - «o(6)|- 

* = — oo *= — oo 

Therefore, we get 

TV(u(-, r)) < TV(u 0 ( •)), Vr > 0. 
b) Let {x,} and {£;} be given as in a). When 6 ^ 0, we have 

u(xi,r) = tio(&) + / b(xi(s),s)ds, 

Jo 

where by x = x,(t) we denote the characteristic curve through (xj,r). From 
the above inequalities, we get 

+ 00 

$3 |«(*i+i, r) — u(xi, +J} 

* = — OO 

-foo j»r +°° 

< 5Z l u o(6+i) - ^o(e<)i + / X) \K*iU(s),s)-b(xi(s),s)\d8 

i =- oo «'=- oo 

< 7V(u 0 ) + [ T TV(b(;s))ds. 

Jo 

Then we can complete the proof easily. 
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